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ABSTRACT: Using methods from soft-collinear and heavy-quark effective theory, a system-
atic factorization analysis is performed for the B — X v photon spectrum in the endpoint
region my —2E, = O(Aqcp). It is proposed that, to all orders in 1/m;, the spectrum obeys
a novel factorization formula, which besides terms with the structure H J ® S familiar from
inclusive B — X,l 7 decay distributions contains “resolved photon” contributions of the
form HJ®S® J and HJ® S ® J ® J. Here S and J are new soft and jet functions,
whose form is derived. These contributions arise whenever the photon couples to light par-
tons instead of coupling directly to the effective weak interaction. The new contributions
appear first at order 1/m; and are related to operators other than @7, in the effective
weak Hamiltonian. They give rise to non-vanishing 1/my, corrections to the total decay
rate, which cannot be described using a local operator product expansion. A systematic
analysis of these effects is performed at tree level in hard and hard-collinear interactions.
The resulting uncertainty on the decay rate defined with a cut £, > 1.6 GeV is estimated
to be approximately +5%. It could be reduced by an improved measurement of the isospin
asymmetry Ag_ to the level of +£4%. We see no possibility to reduce this uncertainty
further using reliable theoretical methods.
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1 Introduction and outline

The radiative decay B — X,v plays an important role in testing the Standard Model and
constraining its possible extensions at or beyond the TeV scale. Comparing the predictions
for the branching ratio of this decay obtained in extensions of the Standard Model with ex-
periment provides powerful constraints on the parameter space of many new-physics models
(see e.g. [1-3] for analyses in the context of the MSSM, and [4] for an overview of several
other models). The calculation of the B — X,y branching ratio in the Standard Model
has been pushed to the next-to-next-to-leading order in renormalization-group improved
perturbation theory [5], leading to the prediction Br(B — Xgy) = (3.15 £ 0.23) - 1074
for a cut £/, > 1.6 GeV on the photon energy measured in the B-meson rest frame. A
dedicated analysis of cut-related effects and uncertainties gives the slightly lower value
Br(B — Xgv) = (2.9840.26)-10~* [6]. These theoretical estimates are in good agreement
with the current experimental world average Br(B — Xgv) = (3.5240.234-0.09)-107 [7, 8].

The shape of the photon energy spectrum in B — X,y decay is sensitive to non-
perturbative hadronic physics. At lowest order in the heavy-quark expansion, it is related
to a universal shape function describing the momentum distribution of the b quark inside
the B meson [9-12]. The same shape function parameterizes the leading bound-state
effects in the inclusive semileptonic decay B — X,l7. As a result, a precise measurement
of the photon spectrum can be used to derive useful hadronic input for the analysis of
B — X,lv decay spectra, and in this way enable a precise determination of |Vy| [13,
14]. One goal of the present paper is to complete the analysis of non-perturbative effects
on the B — X, v photon spectrum at subleading order in the heavy-quark expansion.
This will allow us to estimate the irreducible theoretical uncertainties in the calculation
of the B — X,v branching ratio computed with a cut on photon energy, and it will
also have implications for the extraction of |Vi;|. In the process, we will discuss that
certain terms in the standard formulae for the B — X, decay rate and photon spectrum
result from an incorrect matching procedure and thus carry unphysical sensitivity to long-
distance physics. A second goal of this paper is to properly factorize the short- and long-
distance contributions into perturbatively calculable functions and non-perturbative matrix
elements, using methods of effective field theory.

The B — X,y decay rate and photon spectrum can be calculated using the optical
theorem, which relates them to a restricted discontinuity of the forward B-meson matrix

element of the product of two effective weak Hamiltonians,
dl(B — X47) o< DiSC restr., [z / d*z (B|H!¢(x) He (0)|BY | - (1.1)

The discontinuity is restricted by the requirement that the cut propagators must include
that of the photon and a strange quark. The effective weak Hamiltonian H.g consists of a
sum of local operators, whose definitions are collected in appendix A. The most important
ones are the electromagnetic and chromomagnetic dipole operators Q7 and (g, as well
as the current-current operator Q. At the lowest order in o, and 1/my, only the dipole

operator ()7, contributes to the decay rate.



Note the important fact that, unlike for semileptonic inclusive B-meson decays, the
B — X, decay rate cannot be written as the discontinuity of a forward matrix elements
of time-ordered products of fields. The reason is that not all cuts of the relevant Feynman
graphs correspond to the B — X, v process. For example, diagrams with penguin contrac-
tions of the four-quark operator QY contain cuts corresponding to the decay b — c¢s without
a photon in the final state, which clearly do not contribute to the decay rate in (1.1). As a
result, the fields belonging to the B — X, amplitude are time-ordered, while those belong-
ing to the complex conjugate amplitude are anti-time-ordered. A path-integral method for
the evaluation of the cut diagrams contributing to expressions such as (1.1) is the Keldysh
(or time-loop) formalism [15, 16]. Here we will not expose the technical details of this
approach (see [17] for a concise recent discussion), but we will mention at the appropriate
places in our discussion where the anti-time-ordering of fields is important.

Theoretical calculations of the forward scattering amplitude utilize the fact that
Agcep < my to express the decay rate and the photon spectrum as a series of opera-
tor matrix elements suppressed by powers of 1/my [18-20]. The photon spectrum has been
measured accurately for energies E, > 2GeV, and some less accurate data is available in
the range between 1.7 and 2 GeV [21-25]. The partially inclusive rates obtained experi-
mentally are defined as integrals over the endpoint region Ey < E, < Mp/2. The shape of
the photon spectrum in the region above 2 GeV is most useful for extracting information
that can be used to determine |V,,| from B — X[ 7 decay distributions [13, 14]. Note that
in the relevant region of phase space the variable A = my — 2Ey is a hadronic scale of order
Aqcp, which is much smaller than the hard scale m; of the process. In this “endpoint
region”, the hadronic final state X has large energy Ex ~ my but small invariant mass
Mx ~ /mpA ~ \/mbAQCD- This follows from the fact that M% = Mp(Mp — 2E.), which
implies that the photon energy spectrum contains the same information as the hadronic
invariant mass distribution in B — X,y decay. In this case the appropriate theoretical
description of hadronic effects involves an expansion of the forward scattering amplitude
in non-local operator matrix elements called shape functions [9, 10]. If in the future it
will be possible to lower the photon cut to a value such that m; > A > Aqgcp (this
will require Ey < 1.6 GeV or so), then many (but not all) of the non-local matrix elements
can be expanded in matrix elements of local operators using a multi-scale operator product
expansion, consisting of a double expansion in powers of Aqcp/mp and Agep/A [26]. How-
ever, even in the hypothetical limit Fy — 0 some non-local effects remain, which cannot
be described using a local heavy-quark expansion in power of Aqcp/mp.

In this paper we perform a comprehensive study of the factorization properties of
the B — X,v photon spectrum in the endpoint region, which is more systematic than
previous analyses. Using methods of effective field theory, we propose a novel factorization
formula valid at any order in the 1/m; expansion, which is a generalization of the familiar

soft-collinear factorization formula [27-29, 31-33]
arB— X =% S HM 0 @ s (1.2)

)

for the differential distributions in the inclusive semileptonic decay B — X,l7. Here H Z(n



B
Figure 1. Graphical illustration of the three terms in the QCD factorization theorem (1.3) for

B — X,v decay in the endpoint region. The dashed lines represent soft interactions, which must
be power expanded and factored off the remaining building blocks to derive factorization.
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are jet functions describing

)

are soft functions incorporating hadronic physics associated with the scale Aqcp. The soft

are hard functions parameterizing physics at the scale my, Ji(n

the physics of the hadronic final state X,, with invariant mass Mx ~ \/ myAqep, and Si(n

or shape functions are defined in terms of forward matrix elements of non-local HQET
operators on the light cone. The symbol ® implies a convolution, which arises when the
soft and jet functions share some common variables.

The new element, which makes the analysis of B — X, decay more involved than that
of semileptonic decays, is the presence of “resolved photon” contributions, which contain
subprocesses in which the photon couples to light partons instead of connecting directly
to the effective weak-interaction vertex [34-39]. As we will show, these subprocesses probe

the hadronic substructure of the photon at a scale of order \/ 2FE,Aqcp. The corresponding
)

effects can be described by introducing new jet functions ji(n . There is no analog of this
phenomenon in semileptonic decays, because a lepton-neutrino pair can only couple to
light partons via W-boson exchange. The factorization formula we obtain for the photon

spectrum in the endpoint region is
— 1
dr(B—Xo) = " 3 H™M ™ @ 5™ (1.3)
n=0 b

— 1 (n) 1)  o(n) o 7n)
+> - [Z 75" s e g,
n=1 7
+3 B I @8 o I e ™.

It contains “direct photon” contributions of the same form as (1.2), accompanied by single
and double resolved photon contributions that are new. Our notation is symbolic; objects
denoted by the same symbol in the various terms refer, in general, to different quantities.
Note the important fact that the new contributions appear first at order 1/m; in the

)

heavy-quark expansion. While the jet functions Ji(n are cut propagator functions dressed
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by Wilson lines, the jet functions ji(n are given in terms of full propagator functions dressed
by Wilson lines. A graphical illustration of the factorization formula is shown in figure 1.

When the photon spectrum is integrated over an interval much larger than the endpoint
region, the direct photon contributions simplify to a series of hard coefficients multiply-
ing forward B-meson matrix elements of local operators, in analogy to what happens in
semileptonic B — X,lv decay [18-20]. In particular, it follows that the corrections of
first-order in Aqcp/my, integrate to zero, since there does not exist a local, gauge-invariant
operator that could account for such terms. An important result of our analysis is that
the resolved photon contributions do not reduce to matrix elements of local operators in
that case. Their effects on the total decay rate must still be described in terms of non-local
operator matrix elements, as illustrated with a specific example in [39].!

Resolved photon contributions can only arise from operators in the effective weak
Hamiltonian that do not contain the photon field as part of the effective, local weak inter-
actions. The most important such operators are the chromomagnetic dipole operator (g4
and the current-current operator ()f. Power-suppressed contributions from other operators
can be safely neglected for phenomenological purposes. It follows that double resolved pho-
ton contributions can only arise from the operator pairs Qg, — Qgg, QT — QF, and QT — Qsy,
while single resolved photon contributions can also arise from the pairs g, — @7, and
Qf — Q7. Direct photon contributions can arise from all operator pairings. Some effects
involving the conversion of the photon into light partons have been discussed previously
in the literature [34-39], and it is known (though not widely appreciated) that they fall
outside the realm of the local operator product expansion. Let us comment on the various

effects one by one:

e The perturbative analysis of the Qg, — (g contribution gives rise to IR-singular
contributions, which at one-loop order can be regularized by introducing a non-zero
mass for the strange quark [41]. It was argued in [34] that these singularities can be
absorbed into the photon fragmentation functions of the strange quark and the gluon.
We find that this factorization no longer holds in the endpoint region. Instead, the
IR singularities must be factored into a subleading four-quark shape function.

e The current-current operator ()Y can induce penguin-type transitions, in which two
charm or up quarks convert into a photon and soft gluon. Previous studies of this
effect have focused on its contribution to the total decay rate, which arises from its
interference with the matrix element of Q7, [35-38]. In the present work we will
generalize this analysis to the case of the photon spectrum in the endpoint region.

e The square of the charm-penguin amplitude, the Q{ —Q{ double resolved photon con-
tribution, has not yet been analyzed in the literature, but it is sometimes mentioned
as a potentially large source of power corrections due to the fact that the operator Q§
has by far the largest Wilson coefficient in the effective weak Hamiltonian. We will

!The total B — X,y decay rate is not an infrared (IR) safe observable. What is usually meant by this
term is the rate defined with a very low cut on photon energy, and with a subtraction of duality-violating
charmonium resonance contributions [40].



show that this contribution arises first at order 1/ mg in the heavy-quark expansion.
Its effects on the decay rate and spectrum are therefore strongly suppressed. The
same is true for the Qf — g, double resolved photon contribution.

e Resolved photon contributions from the Qg, — @7+ interference term were first studied
in [39], again with regard to their impact on the total decay rate. We will complete
this study and generalize it to the case of the photon spectrum.

We begin our analysis with a review of known results for the B — X, photon spectrum
in section 2, indicating a couple of problematic features in the formulae routinely used in
the literature. The new factorization formula (1.3) will be derived in section 3 using a two-
step matching procedure from QCD to soft-collinear effective theory (SCET) [28, 42, 43]
and heavy-quark effective theory (HQET) [44]. In section 4 we discuss the factorization
properties of the various contributions to the B — X v photon spectrum, which arise
from different pairs of operators in the effective weak Hamiltonian. This includes, in
particular, a detailed discussion of the new subleading shape functions for the contributions
from operator pairs other than @7, — Q7. These have not been considered previously in
the literature, except for a particular subleading shape-function contribution to the total
B — X, v decay rate arising from the operator pair Q7y — Qgg [39]. In section 5 we use
the invariance of the strong interaction under the discrete symmetry PT to prove that
the subleading soft functions are real, i.e., they do not carry non-trivial strong phases.
The implications of our findings for the integrated B — X v decay rate are studied in
section 6. We show that the resolved photon contributions must still be described in terms
of matrix elements of non-local operators, whose effects cannot be reduced by lowering
the cutoff on the photon energy. Finally, in section 7 we study the phenomenological
implications of our results by estimating the irreducible theoretical uncertainty in the
prediction for the B — X v decay rate integrated over the range E, > 1.6 GeV. We then
summarize our results and give some conclusions. Three appendices contain our definitions
of the operators in the effective weak Hamiltonian, a summary of input parameters, and
a detailed exposition of the matching of the effective weak Hamiltonian onto operators in
SCET. Readers not interested in the technical details of our derivations should consult
section 2 and then proceed with sections 6 and 7.

Even though we only sketch the derivation of the new factorization formula in section 3,
we consider this discussion as solid as that for many other processes discussed in the
context of SCET. Still, we do not claim to have a rigorous proof of factorization. Indeed,
in our analysis we will encounter one particular contribution to the B — X v photon
spectrum and decay rate, for which the resulting convolution integrals derived using SCET
suffer from an ultra-violet (UV) divergence. In its current formulation, the effective theory
does not provide a systematic framework for regularizing this divergence. The problem of
divergent convolution integrals in SCET has been encountered previously in the context
of heavy-to-light form factors [45-48] and power-suppressed contributions to hadronic B-
meson decays [49, 50]. It is to some extent still an open question whether these integrals
indicate a failure of factorization, or whether they can be cured by a generalization of
the theoretical framework of SCET (an attempt in this direction was initiated in [51]).



An important difference is that in all previous cases these divergences were of IR origin.
In our case, the convolution integrals diverge in the UV. Such divergences appear to be
rather generic in the description of higher-order power corrections, because the resulting
convolution integrals contain higher powers of soft momentum variables. The physical
origin of the divergence and its interpretation are entirely transparent. Still, the presence
of this effect is problematic for the consistency of SCET as a bona fide effective field theory
and calls for a cure. We will discuss a simple treatment of the divergence using a hard cutoff
on the convolution integrals. We do not claim, however, to have a systematic procedure that
would work at higher orders in perturbation theory and allow for a consistent resummation
of large logarithms. In that sense our derivation of factorization is incomplete.

2 Review of known results and preview of new ones

Let us briefly summarize what is known in the literature about the various terms in the
factorization formula (1.3). Separating the contributions from different operators in the
effective weak Hamiltonian, we write the heavy-quark expansion of the CP-averaged B —
X7 photon-energy spectrum in the endpoint region py = mp—2E, = O(Aqcp) in the form

A
0P [ domy (e + 1)) S )

—Pp+

L G2a|Vu V|2
g, = e MR

(2.1)
o S Re[C0) €] Fy(Brog) +-. |

i<j

where A = Mp — my, and the ellipses represent terms of order 1 /mg and higher. For
convenience we have factored out two powers of the running b-quark mass (defined in the
MS scheme) and three powers of the photon energy, as this is the correct energy dependence
of the leading contribution to the spectrum.

The term in the first line of (2.1) is the leading-power contribution and is well un-
derstood theoretically. At this order the effective weak Hamiltonian for B — X,y decay
matches onto a unique leading-order current operator in SCET. The hard matching coef-
ficient H, (1) = C7, (1) + O(ay) for this current receives contributions from all operators
in the effective weak Hamiltonian, not just ()7, as soon as one goes beyond the leading
order in perturbation theory [26]. The contribution proportional to C7, is known to order
a? [52, 53], while the remaining terms are known to order as. When the effective current
operator is further matched onto HQET, a single jet function J(p?, u) = 6(p?) + O(as)
arises, which is given by the discontinuity of the quark propagator in light-cone gauge and
has been calculated to two-loop order in [54]. The remaining HQET matrix element defines
a single, leading-order shape function via [10]

-7v_nnn,1 B (v
S = [ 2 cmir BOIBS(SOBOIBE) )

Here v denotes the four-velocity of the B meson, and n is a light-like vector pointing along
the direction of the final-state hadronic jet. We normalize these vectors such that v? = 1,



n?=0,v-n=1, and v° > 1. The soft Wilson line S,, is defined as

0

Sp(x) = Pexp (z’g /dun - Ag(x + un)) , (2.3)

—00

where the path-ordering symbol P means that fields with larger u values stand to the
left of those with smaller ones. The conjugate Wilson line S} has the opposite ordering
prescription. These definitions imply that S, (tn)S)(0) = [tn,0] is a straight line segment
connecting the points tn and 0, with gauge fields closer to the point tn standing to the left
of those closer to 0. Taking the complex conjugate of relation (2.2) and using translational
invariance, one finds that the shape function is real. The functions H.,, J, and S incorporate
contributions associated with different scales in the problem. The hard function H., receives
virtual corrections of order the hard scale up ~ mp, while the shape function S encodes
non-perturbative hadronic physics associated with the soft scale ps ~ py ~ Aqcp. The jet
function describes the properties of the final-state hadronic jet, whose invariant mass scales
like pipe ~ \/ mp Aqgep in the endpoint region. This intermediate scale is the scale of (anti-
Jhard-collinear virtualities. Large logarithms arising from ratios of these various scales
can be resummed to all orders in perturbation theory by solving renormalization-group
equations in the effective theory [26-28].

Beyond the leading power in the heavy-quark expansion, the proper factorization of
the various contributions to the decay rate has not yet been discussed systematically in
the literature. Such an analysis is the main goal of the present work. In phenomenological
discussions of B — X~ decay one usually starts from expressions for the power-suppressed
terms derived in the naive parton model, i.e., by computing the inclusive decay of an on-
shell b quark [12, 41, 55]. Including only the phenomenologically relevant contributions
from operator products of Qf, Q7,, and Qg4, and setting V,;;, = 0 for simplicity, this yields
for the first-order power corrections

P = T (160 - 15)

dm P+
R B = o (Bl ),
S
Fv%art(Efy,,U,) _ CFZ;(M) 130 ’ (24)
F () = FR () = P2
R = T (23 <o ),
(&

In this paper we adopt the scaling m? = O(mpAqep) for the charm-quark mass, meaning
that the ratio m2/my, remains a constant of order Aqcp in the heavy-quark limit. Note
that the expression for F' ™ includes a non-perturbative effect proportional to the HQET
parameter Ay = (M3. — M3)/4 ~ 0.12 GeV? [35-38], which is of the same order in power
counting as the perturbative contribution. It is related to charm-penguin diagrams with a



soft gluon emission. If we were to adopt the alternative counting scheme where m. = O(my)

in the heavy-quark limit, then some of the expressions in (2.4) would change. In that case

Fﬁart(EwM) = CFZ;(M) ;l /Oldac (1—2x) ‘1 - F(;) ‘2,

ar ar Cras M 4 ! z
R 8 = 3P (B = T (<0) [avare[1- £ ()],

where z = (m./my)?, and we have defined the penguin function

9 1
F(z) = 4x arctan <\/4x B 1) . (2.6)
The non-perturbative contribution to F7 ™ would be power-suppressed in that case and
should be dropped for consistency.

In order to account for non-perturbative effects other than those described by the Ao
term, the simplest recipe used in the literature is to replace p;. — w + p4 in the above
expressions and convolute them with the leading-order shape function S(w, i), e.g.

A
For(Ey, p) = Cras(p) / dw <161n . T’ - 15> S(w, p),

47 _
Cray(p) e " >0
ras(p) 10
Fs(Bro) = T [ oo,
—DP+

and similarly for the other terms [12, 13].

Beyond the leading order in 1/my, the photon spectrum also receives contributions
involving more complicated soft functions, usually called subleading shape functions. So
far they have been studied only for the direct photon contribution from two insertions of
the electromagnetic dipole operator Q74 [30-33]. In the notation of [32], one obtains at
tree level

FSY (B, 1) = pi S(—piy i) + 5(=piy i) — t(—pps 1) + u(—pisy 1) — v(—piy, 1)

—was(w) | [ (=pi, ) + £ (=py, M)} +0 (az(:)> :

(2.8)

These same functions also contribute, in other combinations, to the semileptonic B — Xl 7
decay spectra in the endpoint region. One can think of ¢ and v as non-local generalizations
of the B-meson matrix element of the subleading HQET chromomagnetic operator, and
of u as a non-local generalization of the matrix element of the kinetic operator. The
function s arises from an insertion of the subleading HQET Lagrangian into the matrix
element for the leading shape function in (2.2). The functions fé‘” and fng) arise from the
matrix elements of non-local four-quark operators. In the present paper we will encounter
other four-quark shape functions, which are unique to radiative decays. It is therefore
hopeless to try to find weighted distributions of B — X v and B — X, [ events, in which
the subleading shape functions enter in the same combinations — a goal pursued in [56],

working at tree level and neglecting all operators in the effective weak Hamiltonian except



Q7. As in all previous analyses of subleading shape-function contributions, it is sufficient
for phenomenological purposes to restrict the analysis to the tree level, since so little is
known about the functional forms of the subleading shape functions. In the language of
the factorization formula (1.3), this means that the corresponding hard and jet functions
are computed at zeroth order in ag/m. We do, however, include jet functions associated
with a factor g? = 4ma,, which can arise from tree-level hard-collinear gluon exchange. In
this work we complete the analysis of subleading shape functions for B — X v decay by
analyzing the contributions analogous to (2.8) for the remaining pairs of operators in the
effective weak Hamiltonian.

It would be incorrect to simply add the partonic contributions and the contributions
from subleading shape functions, such as (2.7) and (2.8), as this would lead to double
counting. In fact, since the partonic expressions (2.4) and (2.5) have not been derived
from a proper matching procedure, they secretly contain some soft contributions, which
should be subtracted and absorbed into the subleading shape functions. The explicit
expressions for FE' and FR™ in (2.4), which contain parametrically large logarithms,
already hint at the fact that such a subtraction is required. The dependence of Fggart 0
the strange-quark mass is clearly a sign of an unphysical sensitivity to the IR region, which
should not be present in a short-distance coefficient function. For the case of Fr* ™ one
might think that the large logarithm results from a combination of hard-collinear and hard
scales, In(my/p+) = In(m?) —In(mp py ), in which case it would have a short-distance origin.
We will see, however, that it results from a combination of hard-collinear and soft scales,
In(my/p+) = In(my ps) — 2In(p4). The sensitivity to the soft scale p must be subtracted
and absorbed into a subleading shape function.

Our improved expressions for the coefficient functions read

Cros A
Fre(Ero) = T [ o (100 ™ TP o) () + FS (B0,
P+

A
Fas(Brop) = T [ o (5™ TP ) S0+ dmas ) fst-pin).

ar ), N9 " 3
Cras(p) 10 (A
Frs(Byop) = 0 () + amas o) Re [ 1 pv )+ 18 ()]
-+

Crag 2 A
Fi7(Ey,p) = F47T(,u) <_3>/ dw S(w, 1) Z dqRe fir,q(—p4, 1)
—Db+ qg=c,u

Crag 2 A
Fua(Bys ) = Fis(Byop) = 5202 [ oo,
—P+

(2.9)
where we now also include the effects of up-quark loops in Fj7, i.e., we no longer set V,;, = 0.

We have defined
_ Re P\q Cl(:u) (—)\f) C;('y(lu)]

L A=V (2.10)
A2 Re |Cu (1) G, ()]

s>

where . + 0, = 1 by unitarity of the CKM matrix. Note that d, is of second order in

,10,



the Wolfenstein parameter A &~ 0.22 and thus numerically very small. The perturbative
terms involving convolutions with S(w, ) are now free of IR-sensitive contributions, and
all long-distance physics resides in the shape functions.

We finish this section with an important remark, which is somewhat orthogonal to the
main thrust of this paper but nevertheless relevant. In the analysis of the B — X, decay
rate and photon spectrum, it is customary to adopt for the charm-quark mass a running
mass defined at a hard-collinear scale pp. ~ \/ mpAqep ~ me [57]. For instance, the default
value adopted in [5] is m. = m.(1.5 GeV). This scale choice is indeed appropriate for charm-
quark mass effects residing in the jet functions entering the factorization formula (1.3). We
will be concerned with such effects in section 4.3. On the other hand, charm-quark mass
effects also enter some of the hard functions in the factorization formula, for instance via the
coefficient H., (1) in (2.1) [26], or via phase-space functions such as those shown in (2.5). In
this case the charm-penguin loops are probed at virtualities of order my, and it is therefore
appropriate to use a running mass m. = m.(uy) evaluated at a hard scale uj ~ mp. This
can have important numerical effects, enhancing the theoretical prediction for the total
decay rate by up to 3%.

3 Schematic derivation of the factorization formula

The endpoint region of the B — X+ photon spectrum is defined as the kinematical region
where the hadronic jet X, has large energy compared to its invariant mass: Ex ~ my, but
Mx ~ \/ mpAqep. We define two light-like vectors, n and 7, which are aligned with the
directions of the hadronic jet with total momentum Px and the photon with momentum q.
These two vectors satisfy n + n = 2v, where v is the velocity of the B meson. Specifically,
we have Px = Exn + (M%/4Ex)n and ¢ = E,fi. In the B-meson rest frame, we may
choose n* = (1,0,0,1) and 7* = (1,0,0,—1). It is convenient to decompose 4-vectors in
the light-cone basis spanned by n and n,
nt nt

a“zn-aQ—|—ﬁ-a2—|—alj_zai—|—a‘i+a‘j_. (3.1)
We will often use the short-hand notation a ~ (n-a,n-a,ay). Note that by definition the
external momenta Py, ¢, and Mpv have vanishing perpendicular components.

SCET and HQET are the appropriate effective field theories to study the factorization
properties of inclusive B-meson decay spectra in the endpoint region [28, 29, 31-33]. We
will need several types of SCET modes for our analysis, each one corresponding to a
particular physical scale relevant to the process. Indeed, once the relevant modes have
been identified, factorization follows from a sequence of simple and by now familiar steps.
High-energy scales such as the electro-weak scales m;, My, or the hard scale set by the
heavy-quark mass my, are integrated out before one enters the low-energy effective theories,
and hence there are no fields for such hard quantum fluctuations in SCET or HQET.

The expansion parameter in the factorization analysis is A = Aqcp/myp, where we do
not distinguish between Mp, my, Ex, and E,, all of which are of the same order in the
endpoint region. The partons that make up the final-state hadronic jet X carry momenta

— 11 —



that generically scale like the total jet momentum Py . In light-cone components this implies
Phe ~ myp (A, 1, Vv A). We will refer to modes with this scaling behavior as hard-collinear
(hc) fields. The final state as well as the initial B meson also contain soft partons with
momenta ps ~ my (A, A, A) of order Aqcp. The light-like photon momentum ¢ itself does
not set a physical scale; however, partons with momenta scaling like p,, . ~ my, (1, A, Vv A) can
convert into a photon accompanied by soft partons, which can be absorbed by the hadronic
final state or originate from the initial B meson. We will refer to modes with this scaling
behavior as anti-hard-collinear (hc). The invariant mass of a set of anti-hard-collinear
partons scales like \/ mpAqcp. Note that processes in which a parton fragments into a
photon plus an energetic parton moving along the n direction, such as those considered
in [34], are kinematically not allowed in the endpoint region. The produced energetic
parton cannot be absorbed by the low-mass final-state hadronic jet.

In this paper, we denote by &, and §, . the effective SCET fields for hard-collinear and
anti-hard-collinear quarks, respectively. We define them as

Che = Wit~ VA, & =Wl ~ VA, (3.2)

where &, and & are two-component spinor fields in the effective Lagrangian, which obey
h&, = f& = 0. The quantities W5 and W, are the familiar (anti-)hard-collinear Wil-
son lines of SCET. Similarly, we define the hard-collinear and anti-hard-collinear gluon
fields [58]

Ap = WH (iDL Wa) ~ (A 0,VA), Al =WIEDE W) ~ (0,4, V). (3.3)

Finally, we need the soft heavy- and light-quark fields h,q ~ A2 and the soft gluon
field AY ~ (XA A\, A). The effective heavy-quark field obeys yh = h. For clarity, soft
light-quark fields will often be denoted by the flavor of the corresponding particles (¢ =
u,d, s, ...). Finally, note that in general the gluon fields have the same scaling properties as
the corresponding momenta (apart from the large components of the (anti-)hard-collinear
gluon fields, which have been “gauged away” by the introduction of the Wilson lines), and
the same is true for derivatives acting on these fields.

The effective fields defined in (3.2) and (3.3) are invariant under (anti-)hard-collinear
gauge transformations, while they transform homogeneously under soft gauge transforma-
tions [43]. An important technical step in deriving factorization formulae using SCET is the
decoupling of the soft gluons from the (anti-)hard-collinear fields. This is accomplished by
introducing the soft Wilson lines Sy, (x) in (2.3) and corresponding Wilson lines Sy defined
analogously with n replaced by 7. We then perform the decoupling transformations [28, 59]

he(@) = Su(@-) G2 (1), Af(@) = Sue-) A" (@) S)(e-) (3.4)

C

and similarly for the anti-hard-collinear fields. When expressed in terms of the “sterile”
fields with superscript “(0)”, the SCET Lagrangian no longer contains interactions between
soft and (anti-)hard-collinear fields at leading order in A.

The derivation of the factorization formula (1.3) proceeds as follows. In the first step,
the QCD matrix element of the product of the two effective weak Hamiltonians in (1.1)
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is matched onto operators in the effective theory SCET(hc, he, s), which is the version
of SCET containing hard-collinear, anti-hard-collinear, and soft degrees of freedom. In
this step the hard functions Hi(n) appear as Wilson coefficients capturing the effects of
hard quantum fluctuations. A priori, an operator in the effective weak Hamiltonian can be
matched onto any operator in SCET with the right quantum numbers. One finds, however,
that up to order 1/m; only a small number of effective-theory operators contribute. Many
aspects of this first matching step have been discussed in [60], where a factorization theo-
rem was derived for the exclusive decays B — K*vy and B — pvy. Note that in the endpoint
region anti-hard-collinear partons cannot be part of the final state X, because this would
lead to an invariant hadronic mass Mx ~ my, in contrast with the required scaling Mx ~
\/ mpAqcp. We therefore need insertions from the SCET Lagrangian, which convert all
anti-hard-collinear particles into a photon plus a set of soft partons. As will be discussed in
section 4, these insertions are always power suppressed. After this is done, any given contri-
bution to the decay rate is related, in position space, to a matrix element of the generic form

Disc (B(v)|h(2)[¢s(i) - .- 1h(0) [Pnc(y;) - - -1 [bpe(2k) - - 8, (20) - - ]| B(v)) - (3.5)

Note that we have introduced two types of anti-hard-collinear fields. The fields ¢,
(¢, ) only couple to the photon connected to the initial (final) B-meson state via the
weak effective Hamiltonian, see figure 1. These fields should be thought of as different
entities, which do not interact with one another (i.e., there are no interaction terms in
the effective Lagrangian coupling ¢, . and QS;w) The reason is that the exchange of an
anti-hard-collinear particle across the two sides of the forward amplitude is forbidden
kinematically, as this would lead to a hadronic final state with mass of order my. In other
words, anti-hard-collinear propagators are never cut.

The soft heavy-quark fields need to be part of any effective-theory operator. The three
brackets [...]| can contain generic products of soft, hard-collinear, and anti-hard-collinear
fields. The presence of a hard-collinear jet in the final state requires that the hard-collinear
bracket must contain at least two fields, either a pair of strange quarks or of other light
partons (gluons or quarks). In the latter case, the strange-quark pair must appear in the
soft bracket. The anti-hard-collinear bracket, on the other hand, can be empty. Recall
that any field in the effective Lagrangian scales like a positive power of v/\, so adding an
additional field to an operator always leads to further power suppression.

Because of the particular scaling of soft and (anti-)hard-collinear momenta, the soft
fields must be multipole expanded when they couple to (anti-)hard-collinear fields [61].
The multipole expansion is subtle if there are external momenta in the problem whose
components are nearly identical, such as n - (mpv) &~ n - ¢ in our case. The correct form of
the expansion must then be determined on a case-by-case basis for each operator, rather
than derived from a simple set of rules. We find that the heavy-quark fields must always
be expanded about x_, while other soft fields can depend on either x_ or x, or both.

At this point the fields belonging to the three types of modes can still interact with
each other by the exchange of soft gluons. These interactions are unsuppressed in SCET,
but they have an eikonal structure and can be removed by field redefinitions [28, 59].
The remaining power-suppressed interactions are treated as Lagrangian insertions and so
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are included as parts of the operators in (3.5). After the decoupling transformations, the
forward B-meson matrix elements needed for the calculation of inclusive decay spectra can
therefore be factorized into a B-meson matrix element of soft fields multiplying vacuum
expectation values of hard-collinear and anti-hard-collinear fields:

(B(v)|h(z_)[¢s(wiz) - - . ]h(0)| B(v)) x Disc (0[[¢\ (y;) - ..][0)
x (0/16% (z1) ... 1[0) (0l (=) ... ]]0)

In this process the soft Wilson lines from (2.3) arise, which must be included as part of the

(3.6)

soft matrix elements. In fact, they render these non-local matrix element gauge invariant.

In the last step, we match SCET onto HQET by integrating out the (anti-)hard-
collinear fields. This can be done perturbatively, because the corresponding scales are
in the short-distance regime. The Wilson coefficients of this matching are simply the
perturbative expressions for the vacuum correlation functions of the (anti-)hard-collinear
fields. Their Fourier transforms define the momentum-space jet functions Ji(n) and ji(n),

and the Fourier transforms of the soft matrix elements define the soft functions Sl-(n):

97~ [De O )10 A [0,

S ~ |(BIh(@_)[@s(iz) .. 1n(O)|B) | .

If both anti-hard-collinear brackets in (3.6) are empty, the corresponding contribution to
the spectrum becomes part of the first term in the factorization formula (1.3). If only one
of them is empty, the contribution becomes part of the second term. Finally, if both anti-
hard-collinear brackets are not empty, the contribution belongs to the last term. Note that
the momentum-space functions defined above will, in general, depend on several Fourier
variables (one less than the number of space-time variables in the corresponding non-local
matrix elements), and as a result the convolutions in the factorization formula (1.3) involve
multi-dimensional integrals.

This concludes the derivation of the factorization formula. Our main focus in this work
is on the resolved photon contributions giving rise to the second and third terms in (1.3).
We will now present a detailed discussion of the matching procedure for these contributions.

4 Systematic analysis of resolved photon contributions

4.1 Matching onto SCET

As outlined in the previous section, the analysis of the B — X,y photon spectrum in
the effective theory consists of two steps. In the first step the effective weak Hamiltonian
summarized in appendix A is matched onto operators in SCET consisting of (anti-)hard-
collinear and soft fields. The Wilson coefficients arising in this step are the hard functions
H i(n) in (1.3). In the second step the (anti-)hard-collinear modes are integrated out, and the
theory is matched onto HQET. The Wilson coefficients arising in this step are the jet func-
tions Ji(n) and ji(n). The remaining hadronic matrix elements define the soft functions Si(n).
For simplicity, we will restrict ourselves to the tree-level approximation for hard quantum
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Figure 2. O(A\'/2) (top row) and O(\) (bottom row) conversions of anti-hard-collinear particles
into a photon accompanied by soft particles. Only some representative diagrams are shown.

corrections, and to the one-loop approximation for (anti-)hard-collinear quantum fluctua-
tions associated with the leading shape function in (2.2). The Wilson coefficients of the
new subleading shape functions will be computed at tree level, but including contributions
of order g? = 4may resulting from tree-level (anti-)hard-collinear gluon exchange.

In constructing the possible operator basis of SCET for B — X,v decay, we require
that the final state should contain only one anti-hard-collinear particle, which is the photon
field with momentum ¢* = E,n. All the other particles in the final state, including one
strange quark, need to be either hard-collinear or soft. At least one of the particles in
the final state must be hard-collinear, either the strange quark or a gluon. Note that we
can have several anti-hard-collinear and/or soft fields be part of the possible operators,
provided that all the anti-hard-collinear particles are converted into the photon plus soft
particles via SCET Lagrangian insertions. The number of soft particles in the final state
is restricted only in the sense that adding soft fields to an operator always leads to power
suppression. From these simple requirements, it is straightforward to find the possible
SCET operator basis systematically.

Since the SCET expansion parameter is v/A with A ~ Aqcp/mp, we need to consider
operators of leading, next-to-leading, and next-to-next-to-leading order in SCET power
counting in order to systematically analyze Aqcp/mp-suppressed contributions to the pho-
ton spectrum [43, 47, 60]. The possible effective weak-interaction operators can then be
divided into two classes, depending on whether they contain a photon field or not. The first
class of operators leads to direct photon contributions, whereas the second class gives rise
to resolved photon contributions. In the latter case, the operators must be supplemented
with Lagrangian insertions that convert the anti-hard-collinear particles into a photon.

As our main interest is in the resolved photon contributions, we begin by systemat-
ically analyzing how anti-hard-collinear partons can be converted into a photon. These
conversions can be derived from the SCET (he, he, s) Lagrangian. For power counting the
photon field scales like an anti-hard-collinear field, and hence the conversion of any number
of anti-hard-collinear particles into a photon is unsuppressed as long as it is allowed by
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the rules of the leading-order SCET Lagrangian. However, each conversion involving a soft
parton costs a certain power of vA. At O(v/\) we find the possibilities (here and below one
could add any number of anti-hard-collinear gluons on the left-hand side of the relations)

Se = AT+ q, ot AT+ A, A+ A, — AT+ A, (4.1)
Similarly, at O(\) we have
A, — AT +q+q, Ap. — AT+ As + As. (4.2)

These five possibilities are illustrated in figure 2. In each case the last conversion, which
involves three gluon fields, is not needed for our tree-level analysis.

In the matching of the effective weak Hamiltonian onto SCET we focus on the contri-
butions of the operators Q7,, Qsg, and Q7". Other four-quark operators, which could be
treated in a way analogous to Q7", give rise to negligible effects. There is a large number of
SCET operators appearing in the matching relations, all of which are listed in appendix C.
Here we will explicitly present only those operators that are needed for our tree-level anal-
ysis of resolved photon contributions. The unique leading-order operator arising in the
matching relation for @7, is

—emy

An? e Go()

Qry () — [in - OAT" ()] (1 +75) h(x-), (4.3)

2

where the derivative acting on the photon field produces a factor —n - ¢ = —2F,. This
operator arises at (9()\5/2) in SCET power counting. It is shown in the first row in figure 3.
The power suppression of other operators must be evaluated in comparison with this scaling.
While at tree level only @7, matches onto the operator in (4.3), at O(cs) the other operators
contribute as well, with Wilson coefficients that can be found in [26]. From the many
operators arising at subleading power in SCET, we only need those that can give rise to
1/my-suppressed resolved photon contributions. They must contain at least one anti-hard-
collinear field. From the matching relation for Q)gy, we need the leading-order operators

Qugla) = 0 s [ Gl im0, (@] (1 4+ 35 Ao )
(4.4)

16 (@) " (i Oflnes ()] (1 +75) hle-)

2

They are shown in the second row in figure 3. The conversions of the anti-hard-collinear
fields into the photon plus soft fields follow from (4.1) and (4.2) and give rise to power
suppression, as indicated in the figure. Finally, from the matching relation for the current-
current operators Q, we need the O(\3) operator

Qf(x) — eV Gt (1 = y5)h(2-) &, (@)(1 = 75)€,.(2) (4.5)

illustrated in the third row in figure 3. Here {j. is the strange-quark field, while &, . are fields
for the quark with flavor ¢ = ¢, v in the four-quark operator. The anti-hard-collinear quark
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Figure 3. Relevant operators arising in the matching of the effective weak Hamiltonian onto
SCET. While many other operators exist, only those shown here contribute to the resolved photon

=
(¢}

UL

contributions at tree-level in perturbative matching.

pair must be converted into a photon plus a hard-collinear or soft gluon via a penguin loop,
as indicated by the second relation in (4.1) and the second graph in the first row of figure 2.

In our analysis we will also include power corrections of O(«yg) to the direct photon
contributions in the factorization formula (1.3). They involve a hard-collinear loop and
give rise to a convolution of subleading jet functions with the leading shape function.
The operators Q7,, Qsg, and Q7" can all be matched onto O(A\?) and O(A\7/?) SCET
operators containing a photon field accompanied by hard-collinear quark and gluon fields.
A complete list of the corresponding operators can be found in appendix C. A specific
example, which we will need in the analysis in section 4.5, is the unique O(\?) four-particle
operator containing the photon field in the matching relation for the dipole operator (s,
which reads

Q ( —9Mb _impvz £ 1 em o

sg(z) = o€ Ehe() e eAT" (@) [in - Ofner (2)] (1 +75) h(z-),  (4.6)
where eq = —1/3 is the electric charge of a down-type quark in units of e. We refrain from
listing the relevant operators descending from @7, and Q7" here. The resulting O(1/my,)
direct photon contributions are of the form shown in figure 4, where the two diagrams on
the left show the possible operator products in SCET. In the second graph, the operator
on the right vertex represents the leading-order matching contribution given in (4.3). This
diagram therefore only arises in pairings of the form Q; — @7,. The graph on the right
illustrates the structure of soft fields remaining after the hard-collinear fields have been
integrated out in the second matching step. Here the dashed horizontal line represents a
Wilson line along the n direction. In this case the soft matrix element in HQET is the

leading shape function S(w, u).

,17,



65 660%3\
Q

hc

Figure 4. Diagrams representing the O(1/my) direct photon contributions arising from hard-
collinear loops. The two graphs on the left represent products of SCET operators (see appendix C
for a complete list), while the graph on the right represents non-local operators built out of the soft
fields remaining after the matching onto HQET.

4.2 Analysis of the ()7, — ()7, contribution

We have discussed in section 2 that at order 1/my, in the heavy-quark expansion the Q7 —
@7, terms in the B — X v photon spectrum contain a parton-model contribution of
order ay as well as a tree-level contribution from subleading shape functions. They are
given in (2.4) and (2.8), respectively. We have argued that F2"(E,, ;) contains a soft
contribution, which needs to be extracted and absorbed into the subleading shape-function
contribution to avoid double counting. We will now discuss this subtraction in more detail.

Evaluating the diagrams in figure 4 with two insertions of ()7, we find that they give
rise to a convolution of the leading shape function in (2.2) with a subleading jet function
Joup1(p?) resulting from the cuts of hard-collinear loop diagrams. This jet function is
divergent, and using dimensional regularization with d = 4 — 2¢ space-time dimensions we
obtain the bare expression [62]

d—2 Cras(p) (16 2
bar _ 2 FOs( 1%
R Rl G TR (4.7
where 1/é = 1/¢ — yg + In4n, and the factor of (d — 2) arises from the Dirac algebra in d
dimensions. Subtracting the pole term, we obtain

A
FO(E, p) = CFZ‘;(“) / dw <161n e (“:; P+) 4 o5 160RS> S(w,p),  (4.8)
—pt

where the scheme-dependent constant cgrs vanishes in the MS scheme, ¢\;q = 0. The
In(myp) term in the above result agrees with that in the parton-model inspired expression
for Fr7 given in (2.7). However, the pi-dependent terms and the constant accompanying
the logarithm are different in the two expressions. This difference is accounted for by the
subleading shape-function contribution F7($) (Ey,p) = FSY(E,, 1) given in (2.8).

In order to show that this is indeed the case, we derive the partonic expressions resulting
from a naive, perturbative calculation of the subleading shape functions. To this end, we
need to calculate the one-loop corrections to the matrix elements of the soft operators
corresponding to the subleading shape functions w S(w, i), s(w, 1), t(w, p), w(w, ©), v(w, ©),
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as well as the tree-level matrix elements of the soft operators corresponding to f,(w, u) and
fo(w, ) between on-shell heavy-quark states with velocity v. Without loss of generality we
take v, = 0, and as a result the matrix elements of the soft operators corresponding to ¢
and v vanish at one-loop order, since they only contain gluons with transverse polarization.
The tree-level matrix elements of the soft operators corresponding to f, and f, also vanish,
since they contain scaleless integrals over the n-components of the light-quark momenta.
Finally, the matrix element of the soft operator corresponding to s is non-zero only when
the heavy quarks are off shell with a non-zero n-component of the residual momentum. As
a result it does not contribute when we set the residual momentum to zero in the partonic
calculation. We are therefore left with only w.S and w. The former can be extracted from
the calculations performed in [29]. After setting v - k to zero, we find

2
w Spare(w) = O(—w) CFZ;(“) (-i —4In (_"w)z + 4> . (4.9)

For the latter, one finds by explicit calculation that [62]

—0(—w Cras(p) (12 n I _
Upare(w) = O(—w) A < - + 121 (—w)? 20) . (4.10)

Subtracting the UV poles in the MS scheme, we obtain from (2.8)

Cras(p) 2
SSF _ LFras(p H
FXY(E, M)(pert = <161n @ 24 ), (4.11)
where the subscript “pert” indicates that these are naive perturbative expressions for non-
perturbative hadronic functions. Adding to this result the naive perturbative expression
for F;?)(Efy,,u) in (4.8) obtained by replacing S(w, 1) — 0(w) yields

(B, )] et + FB (B )] oy = CFZ;(M) (16111 Zib +1- 160RS> ; (4.12)
which coincides with expression for FR2**(E,, ;) in (2.4) apart from the constant term.
The remaining difference has its origin in the (d — 2) prefactor in (4.7), which results
from the d-dimensional Dirac algebra. The reason is that relation (2.8) was derived in [32]
by working in d = 4 dimensions. Indeed, it is convenient to renormalize the subleading
shape functions before evaluating the traces arising from the Dirac structures specific to a
given process. Only in that case the definitions of the subleading shape functions are the
same for different processes, such as B — X,y and B — X, v decays. However, in this case
it is crucial that the same subtraction scheme is adopted in the calculation of the subleading
jet-function contribution in (4.8). In other words, we should work in the DR subtraction
scheme [63, 64], where the Dirac algebra is performed in d = 4 dimensions, while loop
integrals are evaluated with d = 4 — 2e. In this scheme cgg = 1 in (4.8) and (4.12), and
the latter expression then agrees with that in (2.4). Our final result is therefore

Crag A my(w +
Frr(Eqy,pt) = F4W(“)/ dw <161n ol 2 p+) +9> S(w, ) + FEY (B, p).  (4.13)
—DP+
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This is the first equation in (2.9), which replaces the “incorrect” (in the sense of improper
factorization) result in (2.4).

Throughout this paper we set the strange-quark mass to zero, which turns out to
be an excellent approximation numerically. Let us nevertheless briefly comment on finite
strange-quark mass effects. Taking mg to be non-zero gives rise to a subleading jet function
proportional to m?2 /p%w, where pp. is the momentum of the hard-collinear jet containing
the strange quark [65]. If we adopt the scaling my ~ O(Aqcp), this function scales as
Aqcp/myp in the endpoint region and contributes to Fr7. From [65], we find that the extra
contribution is

A
Frpe (By, p) = —H77/ dw mp jm (W + Py 1) S(w, 1) (4.14)
P+

where we have defined j,, = ! Im J . Both Hy7 = 14+ 0O(a) and Jom, can be found in [65].

At the lowest order in oy,

2
‘ ms;
Jm(w + Py, p) = me &' (w +p4) + O(as), (4.15)

and indeed 7, is suppressed by m?2/ (mpAqep) compared to the leading-order jet function
J(p2, ). One could argue that for mg ~ 100 MeV and Agcp ~ 500 MeV the parameter m
should scale as a higher power of the SCET expansion parameter A, e.g. ms ~ A2. This
would imply that j,, can be neglected at order Aqcp/myp. Contributions of j,, to coefficient
functions Fj; other than F77 are further suppressed by hard functions ﬁ[ij = O(as). We
will not consider them in the following, since they are bound to be tiny.

4.3 Analysis of the Q! — Q7, contributions

Evaluating the diagrams in figure 4 for this pairing of operators, we obtain the direct
photon contribution

A
FP B = T (23) [ dwstown, (4.16)

dm -t

which involves a convolution of the leading shape function (2.2) with a jet function con-
sisting of the cut of a hard-collinear loop. This is the expected extension of the first term
in the expression for Ff?rt(Efy, W) given in (2.4).

Much more interesting is the single resolved photon contribution arising from this
operator pair. As shown in the left graph of figure 5, it is obtained by combining the
O()\?) SCET four-quark operator in (4.5), which contains two anti-hard-collinear quark
fields in addition to a hard-collinear strange quark and a heavy quark, with the leading-
power contribution (4.3) descending from Q7. According to the rules (4.1), the conversion
of the two anti-hard-collinear fields into a photon and a soft gluon costs a factor of A\/2,
giving a total suppression with respect to the leading term of A ~ Aqcp/my. When the
(anti-)hard-collinear fields are integrated out in the second matching step, we obtain the
HQET diagram shown in the right graph of figure 5. Here and below, horizontal (vertical)
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Figure 5. Diagrams arising from the matching of the Q7 — Q7. contribution onto SCET (left) and
HQET (right). Horizontal (vertical) dashed lines denote non-localities obtained after (anti-)hard-
collinear fields have been integrated out.

dotted lines represent Wilson lines along the n (n) direction. The HQET matrix element
corresponding to the graph on the right in figure 5 contains a soft gluon field in addition to
the two heavy quarks. In the language of the factorization formula (1.3) this corresponds
to a single resolved contribution with a subleading shape function. For the contribution
from the operator QJ{ we obtain

2) A
- (4.17)

* dwy m2 — ie
R 1-F| ¢ S W1, 1),
X e/oo Wy + e [ <2E7w1 )} gi7(w, w1, p)

where the CKM-suppressed parameter §, has been introduced in (2.10), and we have
defined the subleading shape function

gir(w,wr, p) = / ;i; e / jfr e ! (4.18)
y (B|(hSy) (tn) f1(145) (.55 (0) ivtng (ST 9G27S5) (rm) (SEh) (0)|B)
2Mp '

The penguin function F'(z) has been defined in (2.6). For 0 < 2 < 1/4 this function devel-
ops an imaginary part. Note that we adopt a power counting for the charm-quark mass such
that m2 = O(mpAqep). The argument of the penguin function in the convolution (4.17)
then counts as O(1).

The structure of the soft Wilson lines in (4.18), which are directed either along n or 7,
follows when the decoupling transformation is applied to the (anti-)hard-collinear fields in
SCET to remove their soft interactions from the effective Lagrangian and absorb them into
eikonal factors. The Wilson lines reflect the space-time topology of the HQET diagrams
shown on the right-hand side in figure 5. Let us label the two weak vertices by coordinates
0 (left) and x = tn+ x4 +x, (right), and the vertex of the soft gluon by y = rn+y_ +y,.
The multipole expansion of the effective-theory fields implies that x4 | and y_ | can be
set to zero at this order. Gauge invariance then requires that the fields h(tn) and G4(rn)
are joined by a Wilson line, and the rules of SCET determine that this line consists of two
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segments: a straight line [tn, 0] along the light-like direction n followed by a straight line
[0,rn] along the light-like direction 7. The fields Gs(rn) and h(0) are joined by a straight
Wilson line [rf1,0] along the light-like direction 7. Using that [tn,0] = S, (tn)S)(0) etc.,
we recover the structure of the Wilson lines in the non-local operator in (4.18). We note
for completeness that soft functions closely related to our functions g;7 in (4.18) and gi;
in (4.38) were introduced, in a context not related to B — X7y decay, in [66].

There is more to the space-time structure of the soft operator that is worth pointing
out. Since hard-collinear fields in SCET carry large momentum components, the particles
created by these fields always move forward in time. As a result, after convolution with
the jet functions, the quantum fields in the definition of the subleading shape functions are
ordered in the same way as they appear in Feynman graphs [32]. The operators considered
in the present paper contain fields that propagate along the two light-like directions n and
n, as indicated by the dotted lines in the right graph in figure 5. If we assign coordinate 0
to the first of the weak vertices in the figure, the gluon is emitted at space-time point rn
with 7 > 0. This is ensured by the i prescription in the jet function in (4.17), since

/dw1 et _op o(r). (4.19)

The gluon thus lives at a later time than the field h(0) (recall that n® = a° = +1), and
indeed it appears to the left of that field.

Another comment is in order concerning the structure of the result (4.17). From the
diagrams shown in figure 5 we derive one half times the expression (4.17) without the
real-part prescription in front of the integral and in expressions (2.1) and (2.10). The
mirror diagrams not shown in the figure, in which the two weak vertices are interchanged,
give an analogous contribution with the complex conjugate Wilson coefficients and CKM
matrix elements, the complex conjugate penguin function F*(r),2 the propagator factor
1/(wy —ig), and the soft function

dr . dt .
/ _ WLT —iwt
gr7(w,wi, 1) = / o e / o e (4.20)

ABI(RS:) () (=it g) (S1.9G5”S2) (m + 7) (S10) (4m) #(1 -+ 5) (S (0)|B)

2Mp ’
which is related to the original one by complex conjugation: ¢};(w,wr, ) = [g17(w, w1, p)]*.
To show this, one uses translational invariance to shift all position arguments by —tn and
then changes the sign of the integration variable ¢t. The sum of the diagrams in figure 5
plus their mirror graphs thus gives a real result, and after averaging over CP-conjugate
decay modes we obtain (4.17).

The real-part symbols in (2.10) and (4.17) refer to different kinds of complex param-
eters. The various products of Wilson coefficients and CKM factors carry, in general, CP-
violating weak phases. The convolution of the jet and soft functions, on the other hand, can
carry CP-even, strong-rescattering phases, which in principle can result either from anti-
hard-collinear loops (i.e., the jet functions J;) or from the soft matrix elements themselves.

2This is because the fields in the charm-quark loop of the mirror graphs are anti-time-ordered.
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(However, in section 5 we will argue that the soft functions are real.) When both types of
phases are present, a non-zero direct CP asymmetry arises. The subleading power correc-
tions investigated in this paper provide new mechanisms for generating such an asymmetry.
A more detailed exploration of their phenomenological relevance is left for further study.

The range of support of the soft functions in HQET can be derived by noting that
the light-cone projections n - p; and 7 - p; of all parton momenta in the B meson must be
non-negative, and that the total momentum of all partons in the B meson is Mpv. Since
in HQET the momentum of a heavy quark is decomposed as p, = mpv + k, where k is the
residual momentum, it follows that

Zn-pi—kn-k:]&, Zﬁ-pi—kﬁ-k:]&, (4.21)

i#b i#£b
where n -k > —my and - kK > —my. In the heavy-quark limit m; — oo it follows that
—o0 <n-k<Aand 0 < n-p; < oo (for i # b), and similarly for 2 - k and 7 - p;.
In the special case of the soft function g;7 in (4.18), the variable w corresponds to the
residual-momentum component n - k of the initial-state heavy quark, while w; can either
correspond to the component 7i-p, of a gluon in the final-state B meson or to the component
—n - pg of a gluon in the initial-state B meson. It thus follows that —oo < w < A and
—00 < w1 < oo. This implies that the penguin-loop function F'(x) is sampled over both
positive and negative values of its argument.

In principle, each of the six QCD penguin four-quark operators in the effective weak
Hamiltonian can give rise to a similar contribution, either via loops of massless quarks
(¢ = u,d, s) or via a charm-quark loop. (b-quark loops lead to further power suppression.)
Of these options only ) has both a large Wilson coefficient C; ~ 1 and a large CKM factor
ViV = O()2), so it will give rise to the dominant effects. However, for academic reasons
we will also consider the case of the CKM-suppressed operator Qf. Using that F'(0) = 0,
it follows that the resolved photon contribution resulting from this operator is given by
A

0 dw1

2

W, W1, (t) - 4.22
- e gi17(w, w1, 1) (4.22)

Note that the soft function is the same as in (4.17).

Let us now investigate the convergence properties of the convolution integrals in (4.17)
and (4.22). In the UV region, for w; > Aqcp, the first integral approaches the form
of the second one, since mass effects become negligible. It follows that the convolution
over wi converges as long as the soft function gi7 vanishes for w; — +oo. In general, the
asymptotic behavior of the soft functions for large values of the w; variables can be analyzed
using short-distance methods [29]. This shows, for instance, that the leading shape function
behaves as S(w, ) ~ 1/w modulo logarithms for w — —oo. For the present case, naive
dimensional analysis suggests the behavior g17(w, w1, 1) o< wy for large wy but fixed w, in
which case the convolution integral would diverge linearly. To obtain such a contribution,
however, would require a non-zero matrix element of the soft operator between two on-shell
b quarks. But this matrix element vanishes by Lorentz invariance. A non-zero contribution
is only obtained if, in addition to the heavy quarks, one adds a soft external gluon. This
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costs two orders in power counting, so that the asymptotic fall-off is at least as strong
as gi17(w,wi, ) x 1/wy for w; — +oo. It follows that the convolution integrals (4.17)
and (4.22) are UV convergent.

The behavior of the soft functions in the IR region cannot be derived from a perturba-
tive analysis. In the present case, however, it suffices to make the reasonable assumption
that gi7(w, w1, 1) is non-singular at wy = 0. Using the expansion

1 1 1

1—F(z)=— — — _ _
@) == 1200 ~ 9022 ~ 5603

(4.23)

valid for large x, we find that for small w; the convolution integral (4.17) arising from the

charm-quark loop behaves as

dw m?2 — ie E
/ ' [1 - F( )} g17(w, w1, p) ~ —GnZQ / dwi gi7(w, w1, 1) . (4.24)

w1 + 1€ 2Efy w1 -

w10 w1~0

For the convolution integral (4.22) arising from the up-quark loop, we find instead

dw1 dwq .
=P — 0 4.25
/wl—l—ie g17(w,wi, 1) / o gr7(w,wi, ) — i gi7(w, 0, 1), (4.25)

where the symbol P denotes the Cauchy principal value of the integral. We conclude that
the convolution integrals indeed exist as long as the subleading shape function is non-
singular at w; = 0. Note that for the case of the up-quark loop it is important that the
integral over w; runs over both positive and negative values. Previous authors have already
pointed out that the up-quark loop contribution to the B — X+ decay rate, while strongly
CKM suppressed, is described by an uncalculable long-distance contribution [35, 37, 38].
Our relation (4.25) provides a rigorous field-theoretic definition of this contribution in terms
of a well-defined, non-local soft matrix element.
For phenomenological purposes it is useful to define a new function

00 m2 —
firq(w, p) = 2 / dwr 1-— F<( T >] gi7(w, w1, 1) . (4.26)

3 ) oo wr +ie mp + w) wi

Our final expression for the QY — Q74 contribution can then be written as

A
Fir(Ey, 1) = szz;(u) <_§>/ dw S(w, i)+ > G Re fi7,4(—ps, 1) - (4.27)

—Db+ q=c,u

Note that the argument of the penguin function entering fi74(—p4,p) is mg/[(mb —
py)wi] = m2/(2E, w1), as it should be.

Our result differs from the parton-model expression given in (2.4) by the now familiar

integral over the leading shape function in the first term, and by the fact that a non-trivial
mpA2

function f17,.(—py, ) replaces (=g
if one made the unjustified approximation of neglecting the dependence of the soft fields

)d(p4+). The latter expression would be obtained
in (4.18) on ¢ and r, i.e., of evaluating all fields and Wilson lines at the origin. This

would replace
gr7(w,wi, 1) — 2X20(w) 0(w1), (4.28)
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and from (4.26) we would then recover the parton-model expression given above. However,
there is no reason why (4.28) should provide a decent model for the soft function. All we
know is that the definition of the soft function g7 in (4.18) implies the normalization con-

A 00 R\ F i i~nLs af R
B|hipivyng gGs” h|B
/ dw/ dwi g17(w, wi, p) = (Bl 72]\55 1B =2\g, (4.29)

dition

where we have used a general relation derived in [67] to evaluate the matrix element of
the local quark-gluon operator in terms of the hadronic parameter A\s. Moreover, the trace
formalism of HQET [44, 67] implies that the soft function can be written as

L+9¢

92 (v,ﬁ,wawlnu) :452((‘}’("]1’/‘)’ (430)

L 1+9
P +ys)ing " B

917(Wawl,,u) =Tr |:

where we have used that the most general decomposition of the quantity =%+ is of the form
=% (v, n,w,wr, p) = iy*+ (E1+7 E2) with scalar functions E; = =;(w, w1, i). It follows from
this argument that the factor (1 4+ v5) in (4.18) can be replaced by 1, since the part of the
trace involving <5 vanishes. It is then easy to see that

*

A A
/ dwg17(w,w1,u)=/ dw [917(“’7—011,#) . (4-31)

—00 —00

One can constrain the function gi7(w,ws, ) further by looking at its first moments
with respect to w and wy. These can be related to linear combinations of HQET matrix
elements with three covariant derivatives. Such matrix elements can be expressed in terms
of two hadronic parameters, p; and py, via [68]

B|hT 531D D% DPh|B 1 1 1
(BINTaoriDAIDSDIIB) _ 1y (g5 11 (g — oty os 2 s 2] 1Y)

oMp adf o 3 2] 2
(4.32)
Thus, we find
A 0 50T . . . =
Blh ain-D[iDY,in- D|h|B
/ dww/ dwy gr7(w, w1, 1) = (Blhgir. 2]\[4 + In1B) =—p2,
- (Bl hiyLa[[iD . D),in- D] h|B) 39
o o [[iD% in - D), if -
/ dw/ dwy wy gr7(w,wi, ) = s l2MB =0

where the HQET parameter po is related to the parameter p%s introduced in [69] via
p?i g = 3p2. The vanishing of the first moment with respect to wy of g17 is not a coincidence.
As we will see in section 5, g17 is in fact a real function. Relation (4.31) then implies that
all the odd moments in w; vanish.

As a final comment, let us add that even in the limit where the charm quark is treated
as a heavy quark, m. = O(my), the penguin contribution to the photon spectrum must
still be described by a subleading shape function. In this limit the argument of the penguin
function in (4.17) is of order my/Aqcp. Expanding then the function [1 — F'(z)] to first
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Figure 6. Examples of SCET diagrams giving rise to resolved photon contributions suppressed by
at least two powers of of 1/my,. The left graph arises from the pairing QY — Q%, while the right one
contributes to the Q] — Qsgy term.

order in 1/x leads to®

f17,c(w7 ,LL) - =

my+ w / dt i (BI(RS,) (tn) (L +75) i (Sh 9G2” 1) (0)|B)
18m? 2w 2Mp
(4.34)
Integrating this expression over w, and dropping higher power corrections, we obtain a
contribution to the total decay rate proportional to

Mo mb)\g
dps frro(—paypt) — — 072 4,
/A Py fir.e(—=pe, 1) — 9m? (4.35)

This agrees with the result found in [35-38] (the correct sign was obtained in the last ref-

erence).

4.4 Analysis of the Qf — Q and Qf — Qs, contributions

The power-counting rules described in appendix C show that for these two cases there
do not exist operators arising at order 1/m; in the heavy-quark expansion that contain
soft fields other than the two heavy quarks. In particular, the diagrams shown in figure 6
contribute to the B — X,y photon spectrum only at order 1 /mg. This is an important
finding. Since for the case of two charm-quark loops the first diagram in the figure is
proportional to the large Wilson coefficient |C1|? ~ 1, it has sometimes been mentioned as
a potentially dangerous source of power corrections. It follows from our analysis that this
contribution scales as (Aqcp/ myp)? relative to the leading term. It is therefore expected to
be a small correction (see below).

It thus remains to calculate the leading power corrections to the direct photon term in
the factorization formula, by analyzing graphs of the type shown in figure 4. Note that here
only the first diagram on the left in this figure can contribute. After a straightforward cal-
culation (summing over ¢ = ¢, u), we find once again contributions involving a convolution
of the leading shape function with a jet function consisting of the cut of a hard-collinear

30nly the first term in this expansion gives rise to a UV-convergent convolution integral.
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loop. The results are the same in the two cases and given by

A
R ) = 20 R () = T [ o). (4.36)
mpy 4m 9 —p+
This is the obvious generalization of the parton-model results in (2.4). Note that the prefac-
tor my,/2E,, in the result for Fig follows from the SCET calculation, and we have therefore
presented it here. In the endpoint region this factor equals 1 up to power corrections, and
it could therefore be omitted, as we have done in (2.9).

In order to substantiate the statement about the smallness of the O(1/m?) double
resolved photon contribution represented by the first diagram in figure 6, we have evaluated
this graph explicitly. The result is

1 (A

2 A 0 oo
2
4.
N 9/_Oodw5(w +p+)/_oodw1 /_Oodwg (4.37)

1 m? — ie 1 m2 — ie
X 1—-—F ¢ 1— F* c
W1+i€ |: <2E,yw1 >:| WQ—’i€ |: <2va2>]gll(w,w17w27,u)a

where the 1/my, prefactor indicates the additional power suppression. We have defined the
soft function

b
Fl(l)(EwM) = -

dt ) d . du
g11(w, wy,wa, pt) = / o 6_“”’5/ 27: e_“””/ 2Z e g n*nf (4.38)
y (B|(hSy)(tn) (Sh gG¥PSy) (tn + un) T(SLS,) (tn) (S157)(0) (SL gGH S, ) (ri2) (SEh) (0)|B)
2Mp ’

where T' = (1 — 75). This function satisfies g11(w, w1, wo, 1) = [g11(w,wa, w1, 1)]*, which
implies that Fl(i)) is real. In order to obtain an estimate of the magnitude of this contribu-
tion, we expand the penguin functions to first order using (4.23). This yields

5 1 /2E,\?
Y (B, p) = T 648 (mZ)

C

)\ 2 mb 60 o0
A m‘cl /Oodw1 /Oode g11(=p4, wi,wa, 1), (4.39)

where the remaining double integral over the soft function scales like A3QCD. For any reason-
able value of this quantity, the prefactor 1/648 and the additional 1/m; suppression render
this contribution negligible. For instance, if we model the double integral by Af; S(—p, i)
with some hadronic scale Aj; ~ Aqcp, the contribution of this term relative to the leading

direct photon contribution in (2.1) is approximately given by

2 4 4
_o Gl T Ay g (A ) (4.40)
648 | C7 (1) M 0.5GeV
4.5 Analysis of the (Y3, — 3, contribution

As we shall see, this contribution is more subtle than the remaining ones, so we will present
its calculations in more detail. As mentioned in section 4.1, the relevant matching rela-
tions for the dipole operator (Jg, contains three SCET operators: the O(\3) four-particle
operator in (4.6) containing the photon along with a hard-collinear strange quark and a
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Figure 7. Diagrams arising from the matching of the QJs; — Qg4 contribution onto SCET (left) and
HQET (right). Dashed lines denote non-localities obtained after (anti-)hard-collinear fields have
been integrated out.

hard-collinear gluon, and the two leading-order operators in (4.4) containing either a hard-
collinear strange quark and an anti-hard-collinear gluon, or an anti-hard-collinear strange
quark and a hard-collinear gluon (see the second row in figure 3). After the conversion of
the anti-hard-collinear partons into a photon plus soft particles only the second operator
contributes at O()\?), while the third one receives a stronger power suppression. Note, in
particular, that matching ()3, onto an operator containing any soft fields does not give rise
to a contribution at order 1/my, in the heavy-quark expansion. It follows that the Qg, — Qs
term receives two contributions: a direct photon contribution from a pair of two SCET
operators of the form shown in (4.6), and a double resolved photon contribution from a
pair of two SCET operators of the form shown in the second line in (4.4), followed by
the O(\/2) conversions of the anti-hard-collinear quark fields into photons. The resulting
SCET diagrams are shown in the left panels in figure 7. When the (anti-)hard-collinear
fields are integrated out in the second matching step, we obtain the HQET diagrams shown
in the right panels.

The direct photon contribution involves a convolution of the leading shape function
in (2.2) with a subleading jet function consisting of the cut of a hard-collinear loop. In the
present case the jet function is divergent and needs to be regularized. Using dimensional
regularization and subtracting its 1/€ pole in the MS scheme, we obtain

a Cras(p) [ mp 2/A 2. mplw+py) 1 4

F$ By, p) = 1 - .

88 ( 'Y’Iu) 47 2E'y _p+dw 9 n ,LL2 + 9 9 CRS S(W,,LL)
(4.41)

The scheme-dependent constant crs vanishes in the MS scheme, ¢y;q = 0. If, one the other
hand, we adopt the dimensional reduction scheme, in which the Dirac algebra is performed
in 4 rather than d = 4 — 2¢ dimensions, then cpy = 1. We will see later that the final
answer for Fgg is scheme independent.
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The double resolved photon contribution gives rise to a more complicated structure, as
the resulting soft matrix element contains four quark fields located at different space-time
points. We find

2 rA oo 0o
b 8 my dwq dws .,
FO(B,, 1) = 9 mos (1) <2E7> /Oodw 5(w+P+)/OO w1+i€/oo Wi 988" (w, w1, wa, 1) ,
(4.42)

where we have defined the subleading shape function

dr du dt .
Qggt(w,whwzau) :/271_6 zwm"/ o ezwzu/ 27Te zwti

. (Bl(ASn) (tn) TA(SS5) (tn) I (Sh8) (tn + ui)| Xs) (X (357) (r) T (51,5) (0) T4 (S 1) (0)| B)
2Mp

dr _, du dt
_ —twr Twatu —iw 4.4
/ 2w ¢ / 2w ¢ / 2w ¢ (4.43)

y (B|(hSy) (tn) TA(S5Sn) (tn) T (St s) (tn + uni) (3S5) (rA)Ts (S;Sn) (0) T4(S}h)(0)|B)
2Mp '

As before, the Wilson lines render the soft matrix element gauge invariant. The sum over

soft intermediate states Xs with strangeness S = —1 in the first equation arises since in this
particular case the hard-collinear jet does not contain the strange quark. Note that only
color-octet partonic states contribute to the sum, not physical hadronic ones. Performing
the complete sum over states gives rise to the second equation, in which the two strange-
quark fields are not time ordered but appear in the order shown in the formula. In the
definition above

L=y, Ta=" -y (1.44)
are projectors onto two-component light-quark spinors. In deriving the result (4.42) we
have simplified the Dirac structure using the identity [48]

g ﬂf Y @Y1y %Zi Yia = (d—2)? ﬁf ® %f : (4.45)

where d is the number of space-time dimensions.

According to the discussion of the previous section, it follows that gi® has support
for —co < w < A and —c0 < w12 < 00. Note the difference in the sign of the ie terms in
the two anti-hard-collinear propagators in (4.42), which is due to the fact that the anti-
hard-collinear fields connected to the right weak vertex in the diagrams are anti-timed-
ordered. Consequently, after convolution with the jet functions the position variables r
and w in (4.43) are restricted to positive values, such that the fields in the soft (X;]...|B)
matrix elements are time ordered, while those in the (B]...|X;) matrix elements are anti-
time-ordered, as it should be. Finally, we observe that the second equality in (4.43) implies

the relation i
gggt(wvwhw%ﬂ)] = gggt(w7w27wlau) ) (446)

and since the convolution in (4.42) is symmetric in w; and wy up to complex conjugation,

it follows that the final result is real. Contrary to (4.29) there is no useful normalization

condition for the soft function gga*.
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For phenomenological purposes, it will be convenient to define a new, real function

2 0 dwl > dCUQ
Jes(w, p) = 9/ wl—i—ig/ - IS8 (w, wy, wa, 1), (4.47)
—0o0 —00

in terms of which the second contribution to the photon spectrum is simply

Fé?(Ewu):A‘ms(u)(QE) Fos (=), (4.48)

Note that the poles at w; = 0 and we = 0 are regularized by the ie prescriptions, in analogy
with (4.25).

Let us briefly comment on the structure of our result in light of the general factorization
formula (1.3). The present case is our only example of a double resolved photon contribu-
tion at order 1/my,. The jet function for the hard-collinear gluon is given by the cut of the
gluon propagator, which up to trivial prefactors yields J(p?) = 6(p?) with p? = my(w-+p.),
in analogy with the tree-level expression for the quark jet function in (2.1). The jet func-
tions for the two anti-hard-collinear quark propagators are, up to a trivial numerator factor,
given by J(p?) = 1/(p* + ic), where p> = 2E, w2 in the present case. Hence, the triple
convolution can be recast in the form (omitting scale dependences for brevity)

d d
/dw 5(p++w)/ L / MZZ, 9558 (w, w1, wo) (4.49)

wi+1e
= H/ my dw J (my(p+- —i—w))/ 2E., dwy J(2E, wl)/ 2B, dws [J(2Ey ws)] " g5 (W, wy, wa)

in agreement with the factorization formula (1.3). The hard matching coefficient H = 1 at
tree level.

Our presentation above has hidden an important subtlety. The scale dependence should
cancel (up to terms of order a2) in the sum of the two contributions (4.41) and (4.42), but in
order for this to happen the convolution (4.47) must contain a u-dependent term at zeroth
order in the strong coupling. This fact is incompatible with a multiplicative renormalization
of SCET operators in the usual (convolution) sense. The resolution of this puzzle is that
the convolution integrals over the soft function themselves are not convergent. In order
to demonstrate this, we calculate the asymptotic behavior of the soft function for large
values w12 > Aqcp, corresponding to highly energetic light quarks. This behavior can be
extracted using short-distance methods [29]. At leading order in perturbation theory, we
simply need to replace the light-quark fields in the definition (4.43) by a cut propagator
and perform some phase-space integrations. Working in d = 4 — 2¢ dimensions, we obtain

CF 9(&)1) 1—¢

cut
w, W1, wa, =
Grs (@ wnwa | = e F(l—e)

A
5(w1—w2)/ dw'S(w', ) (W' —w) +... .
w
(4.50)
Corrections to this result are suppressed by powers of o or Aqcp/wi,2. The limit € — 0

cut

is smooth and gives rise to a dependence gg§' o< w1 6(w1 — wo). It is then obvious that the

double convolution integral in (4.47) is logarithmically divergent in the UV region.* When

“Note that according to (4.50) there are no UV divergences from the region of large negative values of
w1,2. In this region the convolution integrals are cut off by non-perturbative dynamics.
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the convolution is understood in the usual sense as an integral over renormalized functions,
then this divergence is not regularized.

On the other hand, our explicit expression (4.50) shows that the convolution integral
would be regularized by the dimensional regulator if the limit e — 0 was taken after the
convolutions have been evaluated. In that case we obtain a 1/e pole from the UV-divergent
convolution integral, which needs to be subtracted in the MS scheme. We thus proceed
as follows: we introduce a hard cutoff Ayy and split up the convolution integral in a
low-momentum region defined by wy,ws < Ayy and a high-momentum region defined by
the complement. In the high-momentum region we can replace the soft function by the
perturbative expression (4.50) up to higher-order terms in a4 and power-suppressed con-
tributions. We then evaluate the high-momentum contribution to the double convolution
integral before taking the limit ¢ — 0. In doing so, we must remember to reinstate a factor
(1—¢€)? from the Dirac algebra, see (4.45), and a factor p?¢ from the conversion of the bare

coupling constant g2 into the renormalized coupling 4ma (). In this way, we obtain

2 o dw o dw cu are
sty = g [ =2 [ [T i )]

0o W1 Fi€ J_o wo

o 2 Auvy dw1 Auvy dCUQ cut
= . . g88 (W7W17W27M)
9 ) o witic ) o wo—ic

A A r_
Cr / dw' S(W', 1) (ln UV(:Q w) +2- 2CRS> ,

MS subtracted

- 72m2
(4.51)
where cgg is the same scheme-dependent constant as in (4.41). This expression is indepen-
dent of the auxiliary scale Ayy, which for consistency should be taken to be several times
Aqcp, so that perturbation theory can be trusted. In the above result the dependence on
the factorization scale of dimensional regularization is explicit, and it is now evident that

the sum of the two contributions (4.41) and (4.42) is both scale and scheme independent.
Indeed, we find

_ Cras(p) [ my 279 my 1 /A

—P+

8 my \? AV den /AUV dwy oy
+ 97ra5(u) <2Ey> /_OO w1 +ie | ws—ie 958 (—D+, w1, w2, 1) .
(4.52)

The large logarithm In(my,/Avv) in the first term results from the ratio of the hard-collinear
scale my(w + p4) in (4.41) and the soft (yet perturbative) scale Ayy(w + p4) contained
in the function fgg(—p4,u) in (4.48). Resumming these large logarithms would require
solving evolution equations in the effective theory. In the case of UV-divergent convolution
integrals, the derivation of such equations is an open problem.

Note that our result (4.52) is insensitive to the mass of the strange quark, as it should
be. This is in contrast with the parton-model expression derived in [41] and shown in (2.4).
The IR regulator mg introduced in the parton-model calculation is replaced in real QCD
by a subleading shape function, i.e., by a hadronic matrix element of a non-local operator.
We have checked that one recovers the parton-model expression for Fgg if one calculates the
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soft matrix element in perturbation theory, i.e., if one assumes the validity of (4.50) also at

/ —€

small values of wy 2 and introduces m; as an IR regulator, which replaces w; ‘(W' —w)™¢ —

2
s

[wi(w —w) —mZ]~€ in this formula. Of course, such a treatment cannot be justified due
to the non-perturbative nature of QCD at low energies.

It was argued in [34] that the IR-sensitive terms in the Qg — Qg contribution to
the B — X, photon spectrum can be absorbed into photon fragmentation functions of a
strange quark or gluon. While no formal proof of this assertion was given in that paper,
it is likely to be true in the kinematic region away from the endpoint, where the splitting
processes s — v+ s and g — v + g can be treated using the collinear approximation.
In the language of SCET this means that the partons after the splitting are still anti-
hard-collinear fields, and hence the photon energy cannot be near the endpoint. In the
endpoint region, on the other hand, these partons are soft, and they do not factorize from
the remaining soft matrix element. Hence, in this region the non-perturbative physics
is encoded in a complicated subleading four-quark shape function rather than a simpler

fragmentation function.

4.6 Analysis of the ()7, — ()3, contribution

Evaluating the diagrams in figure 4 for this operator pair, we find the direct photon con-
tribution

~ Crag(p) my 10

A
F’;g)(E'Y’iU’) - 47 2E’y 3 / dw S(whu‘)a (453)
—P+

which generalizes the parton-model result in (2.4). The case of the Q7, — Qg4 interference
term is special in that, even though the parton-model expression for F%art (Ey, 1) does not
indicate any problematic feature that would call for non-trivial soft contributions, there
actually do exist some O(1/my) effects that are described by subleading shape functions.
Moreover, these effects remain non-local even for the total decay rate [39].

In order to study the resolved photon contributions, we must combine either one of
the two SCET operators in (4.4) arising from the matching relation for Qg, with the
leading-order operator in (4.3) descending from Q7. (see also figure 3). In both cases, the
conversion of the anti-hard-collinear fields gives rise to one or more soft quark fields. The
relevant SCET diagrams are depicted in the left panels in figure 8, while the corresponding
soft graphs resulting after the second matching step are shown in the right panels. In the
first case, the second soft quark is generated by an insertion of a subleading term in the
SCET Lagrangian.

Evaluating the first contribution in detail, we find

A oo 00
(b) 16 my, / / dwy / dws
Fy(Ey,p) = s Re [ dwo
vs (s 1) g T () 2B, e [ dw (w+py) Cowi e ) o we —ie (4.54)

X [grs(w, w1, wa, ) — G558 (w, w1, wa, )] -

The soft function grg arises when the hard-collinear strange-quark line in the left diagram
in the first row of figure 8 is cut, while the function gSi* originates from the cut through

the hard-collinear gluon line. In this latter case the soft strange-quark line must also be
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S S

Figure 8. Diagrams arising from the matching of the Q7 — Qs, contribution onto SCET (left) and
HQET (right). Dashed lines denote non-localities obtained after (anti-)hard-collinear fields have
been integrated out.

cut. Specifically, we define the corresponding subleading shape functions as

d ; du ; dt _;
grs(w,wi, wa, p) = / 27: e“"”/ 2: e“"?”/ o et

(B|(RS,) (tn) TAT,, (Shs)(un)(5S5)(r) T (S1S,) (0) T4 (ShR) (0)|B)

- 2Mp , (4.55)
and
g%lt(w,wl,wz,,u) = / ;i;: eiw““/ ;l: eiwzu/ ;ijr eiwti
Xs
 BI(RS) (tn) TA Ty (Shs) (¢ w)m)|Xs) (| (55) () Ta (S,9) (0) T4 (Suh) (0)|B)
IMp

— / d?" eiwlT‘/ du eiuJQU/ dt e*iu}t (456)
27 27 27

 (BI(RSn) (tn) TA Ty (Shs) (¢ + w)n) (557) (r7) T (S550) (0) T4 (k) (0)] B)
2Mp ’

where I'; was introduced in (4.44), and T',, is defined in the same way as I';, but with n and
7 interchanged. One half of the contribution shown in (4.54), but without the real part
prescription, arises from the original diagrams, while the mirror diagrams not shown in
the figure give the complex conjugate of the above expressions. The two results combined
give a real result, as indicated in (4.54). Note that there is no need to insert a time-
ordering symbol in front of the light-quark fields in the definition of gzg in (4.55), since
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after convolution with the jet functions the integration variables r and u are restricted to
take positive values, and hence the light-quark fields have a space-like separation. In the
second equation in (4.56), on the other hand, the fields are not time ordered because the
non-local four-fermion operator arises upon performing a sum over intermediate states, as
shown in the first equation.

Consider next the contribution shown in the second row of figure 8. In this case the
soft light-quark pair can carry any flavor. We obtain

(c) my, A o0 o0 1
2O (B, 1) =4ma Re/ dw o (w—+ / dw / dw . 4.57

78 ( o ) (1) 28, . (w+p+) . 1 . 2 D1 — g i ( )

X [<w1+i€+w2_i€>g7s (w, w1, w2, 1) <w1+ie wz_%) 975 (W, w1, wa, 1) |

where we have defined the subleading shape functions

1) dr . du dt
ggg (w,wl,w%ﬂ) :/277.6 zw1r/ o ezw2u/ 27Te iwt

(B| (RSn) (tn) (S§,57) (0) T4 (1 + 35) (Sh) (0) T Y g eq (aSn) (r) T4 (Shq) (un)| B)

8 2Mp ’
ggg) (wawlvw%M) = / 57: e*iwlr/ ;lz einu/ ;l:r eith (458)
. (Bl (BSn) (tn) (S],55) (0) TA (1 + 75) (SER)(0) T X g e (@Sn) (rn) fivs T4(Sha) (un)| B)
2Mp ’

where the sum extends over light quark flavors (¢ = u,d,s), and e, denote the quark
electric charges in units of e. One half of the contribution shown in (4.57), but without
the real part prescription, arises from the original diagrams, while the mirror diagrams not
shown in the figure give the complex conjugate of the above expressions.

In these definitions the light-quark fields are time-ordered, as indicated by the T
symbols. That this is the appropriate ordering can be seen as follows. After convolution
with the jet functions, for the terms containing the propagator 1/(w; + i€) in the second
line of (4.57) the integration variables r and w are restricted to the range r > u > 0.
These terms correspond to the Feynman graph shown on the left in the second row of
figure 8, in which g(rn) should appear to the left of g(un). For the terms containing the
propagator 1/(wg — i) the integration variables are restricted to the range u > r > 0.
These terms correspond to the analogous Feynman graph with the opposite direction of
the fermion arrow on the light-quark line, for which g(rn) should appear to the right of
g(un). Hence, the proper ordering is indeed the ordering according to (light-cone) time. On
the other hand, arguments along the lines discussed in [70] suggest that the time-ordering
prescription is, in fact, not required for forward matrix elements and fields at light-like
separation. We assume in what follows that the T symbol can be dropped in (4.58).

Very little is known about the complicated four-quark shape-functions defined
in (4.55), (4.56), and (4.58). Following the general arguments presented in section 4.2,
we conclude that the soft functions gzgs and 9%’5) have support for —co < w < A and

—00 < wi2 < oo. However, in the case of g;gt we must require that wy o > 0. Note also
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the symmetry property

A A
/ dw [g%’5) (w,wl,wQ,,u)]* = / dw g%’5) (w, wa, w1, 1), (4.59)
—0o0 —00

which follows from the definitions of the soft functions in (4.58).

The fact that in the case of 9%’5) the operators involve light quarks of all flavors offers a
strategy for modeling their matrix elements between B-meson states. Unlike the case of the
four-quark operators encountered for g§i°, grs, and g<at, here it is possible to (very roughly)
estimate the matrix element by inserting the vacuum intermediate state between the two
light-quark fields. The “vacuum-insertion approximation” (VIA) is used extensively in the
study of local four-quark operator matrix elements, and we see no reason why it should
work less accurately for non-local operators. Following [39], we then obtain

A (1,5) F 2(#) 1 B B
/_Oodw 978 (wv w1, w2, :U’) VIA = ~Espec 8 (1 - Nc2> ¢+(_w1’ :U’) ¢+(_w2’ :U’) ) (4'60)
where egpec denotes the charge of the spectator quark inside the B meson, i.e., espec = 2/3
for BE, and egpec = —1/3 for BY and B°. The quantity F () is the HQET matrix element
corresponding to the asymptotic value of the product fgy/Mp in the heavy-quark limit [71].
Finally, qﬁf(w, w) is the leading light-cone distribution amplitude of the B meson [72]. It
is a real function with support for w > 0, which vanishes at w = 0 and asymptotically falls
off like 1/w modulo logarithms [73]. Useful forms for this function have been derived based
on QCD sum rules [72, 74, 75], the relativistic quark model [76], and model-independent
moment relations obtained using the operator-product expansion [73, 77]. The support of
qﬁf(w, ) implies that only negative values of wy and we give rise to non-zero contributions
n (4.60), which is in accordance with the fact that ¢ (¢) describes an anti-quark in the
initial (final) state.
To conclude this analysis, we define the phenomenological functions

4 © dw1 o0 dw2 et
f ( ) / w1+l€/ w2_7/6 [978((4‘) w13w2?/‘1’)_g$181 (W,W1’w2,u)] ,

£ d d 4.61
w M / wl/ w9 wl_w2+2(€ ( . )

(1) 1 1 (5)
X + W, w1, w W, w1, wa, )| .
[(wl—i—za w2—25> 918 ( 1 w2, 1) = (wl—i—ia wg—ies) 918 ( et )]

In the VIA, we obtain

A 2 o) B 2
(10 B F?(u) 1 1 . (05 (w, )]
| o], = e (1— N3> { et [

/A dw Re f%l) (w, u)‘ = —€spec F2(u) <1— ]\1[2> L (4.62)

VIA 8

where A\p = fooodw gbf(w, 1) /w denotes the first inverse moment of the B-meson light-cone

(LII)

distribution amplitude [49]. In terms of the functions f% , the direct and resolved photon
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contributions to the B — X7 photon spectrum can be summarized as

Crog my 10 A
—P+ .

Re [f%) (=P 1)+ fi5) (=P, u)] :

m
+ dma (1) QE:

5 Constraints from PT invariance

In the expressions presented in the previous section there are four potential sources of
complex phases: weak (CP-violating) phases from the CKM matrix elements and the
Wilson coefficients, and strong (CP-conserving) phases from the new jet functions .J; and
the various subleading shape functions. The CKM phases are non-zero only for the Q({—Qm
contributions (with ¢ = ¢, u), where they are suppressed by two powers of the Cabbibo
angle. The Wilson coefficients are real in the Standard Model, although they can be
complex in many of its extensions (see e.g. [78]).

A unique property of the resolved photon contribution is that the new jet functions J;
are given in terms of full propagators (dressed by Wilson lines) and not by cut propagators.
As a result, these functions are in general complex and give rise to strong phases. Since
the relevant scale of the jet functions is \/ 2F., Aqcp, which is perturbative in the endpoint
region, these strong phases are calculable in perturbation theory. The other potential source
of strong phases are the soft functions, whose phases are of a non-perturbative nature. In
studying the effects of the resolved photon contributions on the rate and C'P asymmetry in
B — X,y decay, it is important to obtain some handle on these non-perturbative phases.
In order to do so, we employ the invariance of strong-interaction matrix elements under
parity (P) and time reversal (7).

Under the combined transformation P7T, a spinor field (xz) transforms as
PT¢(x) PT = Apri(—z), where in the Weyl representation of the Dirac matrices
Apr = —7%y'y3 up to an irrelevant phase factor. The soft Wilson line S,,(z) in (2.2) trans-
forms into S, (—x).> Finite-length Wilson lines, as they appear in the definitions of the soft
functions, transform as PT [tn,0] PT = PT S,(tn) S}(0) PT = S,(—tn) S5(0) = [—tn,0].
Finally, the external B-meson states transform as PT |B(v)) = —|B(v)). Also, because the
time-reversal transformation is anti-linear, matrix elements get complex conjugated under
application of PT. Consider now the definition of the soft function g7 in (4.18). Using the
fact that the position-space strong-interaction matrix element is PT invariant, we find that

gi7(w,wi, p) = / ;i; ei‘"”/ jfr e ! (5.1)
" (B|(hSn) (—tn) (1 = 5) (ShSr) (0) ivd g (S 9G7S5) (—rn) (SEh)(0)|B)*
2Mp ’

where we have used that ALT fiye Apr = fiys and ATPT s iye Apr = —iiysiys. How-
ever, we have already argued after (4.30) that the term containing 75 vanishes. Hence,

®Strictly speaking the lower limit of integration is also changed from —oco to +oc, but this provides an
equally valid definition of the same object.
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PT transforms the position-space matrix element into the complex conjugate of the same
matrix element with all position arguments x; replaced by —z;. By taking the complex
conjugate of relation (5.1) and reversing the sign of the integration variables r and t, it
then follows that gi7(w,wi, i) is a real function.

(1,5)

An analogous argument can be presented for the soft functions grg in (4.55) and g%’
in (4.58), where it is important however that we can avoid the time-ordering prescription
for the soft light-quark fields. The HQET trace formalism can be used to show that in
the definitions of these matrix elements only even numbers of 75 matrices can give rise to
non-vanishing contributions, and then the Dirac structures are in all cases even under PT'.
More specifically, in analogy to (4.30) we can write

1+¢

9 FAgl(U,ﬁ)FB

gr8(w,wi,wa, 1) = Tr [

1+ _ B _ N 1+
+ Tr [75 5 ?AI‘A .:3(U,7’L):| Tr [;4(2},11) T'p 7/75] ,

where 'y = I', and I'p = I'z, and for brevity we have suppressed the dependence of
the coefficient functions =; on w, wi, wo, and p. A similar expression, but with different

matrices I'4 and I' g, holds for 9%75)

after a Fierz transformation. The most general Lorentz-
invariant decompositions of the functions =Z; involve products of up to four ¥, i, and ~¢
matrices, where all transverse indices must be contracted. No 5 matrices appear in this
decomposition. Note also that the relation n +n = 2v allows us to eliminate 7 in favor of
¥ and 7. With only two independent external vectors v and 7, however, it is impossible to
saturate the four indices of an €,g,5 symbol, and hence only even numbers of v5 matrices
in the product structure I'y ® I'p can give rise to non-zero traces. For the case of grg
considered above, it follows that we can replace 16", @ ', — 77t ® figh — 7h9hy5 @ foghys. Both
of these product structures are even under PT. In the case of g% and 972 , we find similarly
that (1 +75) @ % — % @7 and (1 + v5) @ s — y5 @ fAy5. Once again,(5‘c)hese product

structures are even under PT. It follows that the functions grs, g%), and g,¢ are all real.

Let us finally consider the functions g§a® in (4.43) and gSa® in (4.56), which are defined
in terms of sums over intermediate states |Xs), which without loss of generality can be
chosen to be eigenstates of PT with eigenvalues 1. After summing over the polarizations
of the intermediate states and integrating over their momenta, we find that each term in
the sum over states can be written as a product of two traces, in analogy to the second

term in (5.2). The same arguments as above then show that ggi® and g<it are real.

In conclusion, we find that all of the subleading shape functions are real. The strong
phases mentioned in the introduction to this section thus arise only from the new jet
functions J;. Given that the soft functions are real, it now follows from (4.31), (4.46),
and (4.59) that [ dw gi7(w,ws, i) is an even function of wy, and that gga*(w,ws, w2, ) and

[ dw g%’5) (w,w1,we, p) are symmetric under the exchange of w; and wy.

,37,



6 Partially integrated decay rate

In the various parts of section 4, we have derived explicit expressions for the direct
and resolved photon contributions to the coefficient functions Fj;(E.,u) entering the
master formula for the B — X,y photon spectrum in (2.1). The results are given
in (4.13), (4.27), (4.36), (4.52), and (4.63). For phenomenological purposes, it is most
interesting to study the partial B — X, decay rate

Mp/2 - dr
IKEb)Ez/; 1By 15 (6.1)
0

obtained by integrating the photon spectrum over a region Fy < E, < Mp/2. Provided
that A = my, — 2E) is much larger than Agcp, the direct photon contributions to this
integrated rate can be calculated in terms of local operator matrix elements [26] using a
combined expansion in powers of A/my, and Aqep/A. In the limit Ey — 0 one obtains the
total decay rate, and A = my; however, the rates measured experimentally are obtained
with values of Fy larger than 1.7 GeV, so that A < 1.25 GeV.

An important feature of the resolved photon contributions studied in this work is that
they do not reduce to local operator matrix element in the limit A > Aqcp. Rather, the
corresponding contributions to the integrated decay rate must still be described in terms
of matrix elements of non-local operators. This implies that the corresponding theoretical
uncertainties do not reduce significantly as the cutoff Fy is taken out of the endpoint region.
We will now illustrate this by deriving expressions for the first-order power corrections to

the integrated decay rate

G%athbW;IQ 2

I'(Eo) = m (1) iy bfﬂKuNQH-%CKaQ]

3274 b
(6.2)

*_%; > Re[CF (1) Ci ()] Fi(A, )+ |
i<

valid for A > Aqcp. Here my denotes the pole mass of the b quark. The dots represent
terms of order 1/ m% and higher, which we ignore. The integrated coefficient functions are

obtained as
A

Pyl = [ dpy By, (6.3)

where p; = my — 2E,. As will be explained below, with the exception of g§i* the non-

perturbative soft functions have support for values w = O(Aqcp).% In the limit A > Aqep,
the w integrals in the definitions of the subleading shape function can then be performed
over the entire range from —oo to A, and this leads to simplifications. However, the integrals
over the remaining w; variables cannot be simplified.

“We ignore radiative tails of these functions, which can exhibit power behavior and extend to larger w
values. These effects only contribute at higher orders in .
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For the direct photon contributions, we need the integrals

A A
[ e [ doswm=a,
—A —p+

A A
/ dp+/ dw In my(w _2'_er) S(w, p) =~ A (ln meA - 1> ,
7[\ —P+ Iu’ lu’

(6.4)

where the approximate expressions on the right are valid up to corrections of order as(A)
and (Aqcp/A)?, both of which are known [26]. It follows that the direct photon terms
contribute to (6.2) at order A/my in power counting and can be computed using a local
operator-product expansion. In the formal limit £y — 0 these terms are promoted to
O(1) contributions.

Let us now discuss what happens to the subleading shape-function contributions to
the integrated decay rate. For the operator pair Q7, — @7, the subleading shape-function
contributions also reduce to matrix elements of local operators, as discussed in detail in [30—
33]. From (4.11)—(4.15) it follows that

— CFas (,U') my
Frr(A, ) = A (161 1). 6.5
Note that, at order 1/my, the non-zero strange-quark mass effect discussed in section 4.2
integrates to zero in the partially integrated decay rate (at tree level in «y), as long as
A > Aqcp. Similarly, for the operator pairs Q7 — Qf and QY — Qsgy, only direct photon
contributions contribute at order 1/my, and we obtain

Cras(p) 2

Fii(A, p) = Fig(A,p) = i 9

A (6.6)

The remaining contributions, all of which contain resolved photon terms, are more
interesting. For the operator pairs Qf — Q7,, we obtain

R = 0 (S3) A aare [T [1—F(m3‘“)}hn<w1,u>,

47 —c0 W1+i€ mpWwi
(6.7)
where
A A
hy7(w, 1) :/ dw g17(w, w1, ) ’“/ dw g17(w, w1, )
A o —e ) (6.8)
[dr i, (BI(hSR)(0)fhivang (Sh 9GS S5) (rn) (ShR)(0)]B)
- / o7 2Mp '

The integral over p, in (6.3) eliminates the §(w-+py ) distribution in (4.17), and integrating
the soft function ¢17(w,ws, p) in (4.18) over w then eliminates the ¢-integral and sets ¢ = 0,
so that part of the non-localities of the operator are eliminated. However, the gluon field
is still smeared out on the 7 light-cone. Note that there is no contribution from the up-
quark penguin loop to the integrated rate. As noted in section 5, the integral over w of
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917(w, w1, 1) is symmetric in wq, so that the integral over Fl(s?u in (4.22) vanishes.” In
the approximation where the penguin function is expanded to first order using (4.23), one

would obtain

_ _ Cras(p) 2 mMpA2

which equals the integral over the partonic expression in (2.4), where we had neglected the
small correction proportional to dy,.
For the case of the pair ()7, — (g4, we obtain
Cra 10 dw * dw
ras(p) 5 A+ 4o (i) Re/ ! / 2 h%)(wl,wg,,u) , (6.10)

4 oo W1t J_ o wo — i€

(e.o]

F78(A7 M) =

where in analogy with (6.8) we have introduced

W rwn ) = [ o et [0 (6.11)
BI(hS3) ()T i (SER)(0) 3= g€ (aSw) (rm) s T4 (Sha) (un)| B)
2Mp ’

Note that the contribution from g%)

vanishes, since the integral over w of this function is
symmetric under the exchange of wy and wy. Likewise, the contributions from the functions
grs and gSat to the integrated decay rate cancel each other. This follows from the fact that

the two non-local operators in (4.55) and (4.56) coincide for ¢t = 0. In the VIA we obtain

. Cras(p) 10 mag(p) 1 F?(p)
Fog(A, ( - A — 1— . 6.12
(A1) VIA 4r 3 2 P N2 ) 2% () (6.12)
The second term coincides with the result derived first in [39].
Finally, for the case of the operator pair Qg; — Qgq, we find from (4.52)
_ 2 1
47 9 Auyv 3
8 Auvv dw1 Auvv dWQ (613)
hcut A
+ gﬂas(ﬂ)/oo w1—|—i6 /Oo UJ2—7:6 88 ( ’wlyw%:u)’
where B
A
ggt(Aawlaw%M) = /Adwgggt(w7w17w27u) . (614)

Naively, we would expect that for A > Aqcp this function becomes independent of A and
reduces to the expression

higt (w1, wa, 1) = / ;l; et / ;i: el (6.15)
 (BI(RS,) (0) T*(51,55) (0) T (Shs) (wn) (855) (rm)Ta (SES0) (0) T4 (S1h) (0)] B)
2Mp ’

"It has been pointed out in the past that up-quark penguin loops might give rise to an O(Aqep /mw)
uncertainty in the integrated rate for B — Xg47v decay [38], where unlike in B — X,v they are not CKM
suppressed. Applying our analysis to B — X4v shows that this contribution actually vanishes, removing
that source of uncertainty in the integrated decay rate. Note that the same is not true for the CP asymmetry
in B — X7 decay, where the corresponding contribution is proportional to h17(0), which is non-zero in
general. We further comment on B — X4v decay in the conclusions.
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in which case the second term in (6.13) would be strictly positive. However, in the present
case the limit ¢ — 0 in (4.43) is singular, since then the separation between the two light-
quark fields s and 5 becomes light-like. As a result, the integral over w in (6.14) diverges
linearly as A is raised to infinity, and hence it must be evaluated at large but finite A.
In other words, unlike for the other soft functions, the support of the function gSi® is not
restricted to values w = O(Aqcp) but extends to large negative values of w. This is in
accordance with the asymptotic behavior derived in (4.50).

The convolutions of the soft functions with anti-hard-collinear jet functions in the
results given above cannot be expressed in terms of local operator matrix elements, but
rather define unknown hadronic parameters of order Aqcp. These are the sources of
genuine, first-order power corrections to the integrated decay rate, which are not reduced
by lowering the cutoff £y on the photon energy.

7 Phenomenological implications

The results of the previous sections can be used to quantify the effect of the resolved photon
terms on the B — X,y photon spectrum, as well as on the decay rate and CP asymmetry.
In this paper we will restrict our attention to the decay rate integrated over a sufficiently
wide energy range. The photon spectrum and CP asymmetry will be studied in a future
publication.

In order to estimate the irreducible theoretical uncertainty from these new non-local
effects on the integrated decay rate, we define the function

I'(Eo) — I'(Eo)|opE

F(A) = I'(Eo)|opE

(7.1)
where Ejy is the lower cutoff on the photon energy, and A = my — 2Ey. This definition is
such that the true decay rate I'(Ey) is obtained from the theoretical expression I'(Ey)|opg
obtained using a local operator product expansion by multiplying it with [1 + Fg(A)].
Note that I'(Ep)|opg refers to the formula used in previous calculations of the B — Xy
rate, see e.g. [5]. The function Fg(A) corresponds to the relative theoretical error made in
these calculations due to the neglect of non-local power corrections from resolved photon
contributions.

To the order we are working, we obtain

Fu(d) = { [FW(A,M — CFZ‘;(“) A <161n TZ” n 1)}

n 001((#)) [_17(A, )+ CFZs(M) §A+ 7”517)\22]
CH(Z) - C o:T( ) 10 e (7.2)
oty [P = |
Csg(1) ) _ Crag(p) (2, mpA 5
" (Cw(u)) [FgS(A’ )T e A<91 m2 9>] }+ ’
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where we have assumed that the Wilson coefficients are real (like in the Standard Model)
and neglected effects proportional to V,;. Note that the terms in the first line on the right-
hand side vanish due to the relation (6.5). We can express the various other contributions
in terms of suitably defined hadronic parameters of order Aqcp, using the expressions
for the quantities F’ij(A,,u) derived in the previous section under the assumption that
A > Aqcop. Making explicit the dependence on the Wilson coefficients and factors of the
strong coupling ¢ = 4ma,, we arrive at

2 spec
Fu(A) = Ci(p) Arr(mg/my, ) n Csg(1) drare (1) Azg (1)
CSg(M)>2 [ Ags(A,p)  Cras(p) A A} .
+ 4o — In +...,
<C7W(M) (k) mp 9r  mp My
where
m?2 *° dwy m2—ic\  mywi
A17<mb,,u’> == ecRe/;oo w1 |:1—F< — >+ 12mg:| hl?(wlnu’)a
spec o0 dwl o0 d(,UQ 5
AR = Re/_ w1+i€/_ Wy — 1€ h(78) (Wi w2, 1), 74

Auv Auv
M = | [ B T gt A (1))

oo Wi1tiE J_ o wo—iE 872 A

In the case of Ai7 and Agg we have factored out the appropriate powers of the quark
electric charges. Because of the sum over light-quark flavors in (6.11), the parameter A2
receives contributions proportional to any one of the light-quark charges. The resulting
hard breaking of isospin symmetry implies that its value will be different for charged and
neutral B mesons, even in the limit of exact isospin symmetry of the strong interaction.
We will show in section 7.2 that, in certain approximation schemes, A2 is proportional
to the electric charge of the spectator quark in the B meson.

Note that the parameters m2/m; and A entering the arguments of A7 and Agg count
as O(Aqcp). The dependence on the strange-quark mass in (7.3) arises only because the
function Fr(A) is defined as the deviation from the partonic rate I'part(Ep). The true de-
cay rate I'(Ep) in (7.1) is independent of ms. Note also that the result for Agg is formally
independent of the UV cutoff Ayy, and that it is the only hadronic parameter in (7.3)
that depends on the quantity A. In the formal limit where the cut on the photon energy is
removed, A — my, the linear growth (modulo logarithms) of the parameter Agg with A im-
plies that the corresponding contribution to Fg(A) is promoted from a power-suppressed to
a leading-order effect. Indeed, it is well known that in this limit there exists a leading-power,
non-perturbative @z, — Qg4 contribution related to the photon fragmentation off a strange
quark or gluon [34]. For practical applications this observation is irrelevant. We will argue
in section 7.3 that, for realistic values of Ej outside the endpoint region, the dependence
of Agg on A is very weak, and therefore the function Fg(A) is almost equal to a constant.

Without further information about the soft functions, the A;; parameters are expected
to be of order Aqcp apart from the electric charges factored out in (7.4). This would lead
to very large effects of up to 30% on the decay rate. Fortunately, it is possible to constrain
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the values of A17 and AR™ by means of simple considerations, as we will now discuss.
The input parameters used for the estimates in the following discussion are collected in
appendix B. The accuracy of our calculations is such that we are insensitive to the scale
dependence of the subleading soft functions and the corresponding hadronic parameters.
Even though we have indicated their p dependence in the formulae given above, to properly
control this dependence would require to extend our calculations to the next order in the
expansion in powers of a;(pu).

7.1 Analysis of the Qf — ()7, contribution

In order to obtain a reasonable estimate for the parameter Ay7, we first collect everything
we know about the function hy7(wi,p) defined below (6.8). As proved in section 6, this
function must be real, and the symmetry relation (4.31) then implies that it is an even
function of wy. It follows that all odd moments of hy7 vanish. Moreover, from (4.29) the
normalization of hi7 is fixed to 2A3. About the higher even moments nothing definite
is known, but we can expect them to be proportional to an appropriate power of Aqcp
times a not too large numerical factor. Finally, as a soft function, h17 should not have any
significant structures, such as peaks or zeros, outside the hadronic energy range.

The first functions that come to mind are an exponential and a Gaussian,

Ay el 29 _ P
h17(w1,,u): o e ¢, Or hl?(wl,,u)z \/27106 202 (7-5)

for which all even moments are finite. As long as o < 4m?/m; ~ 1.1 GeV, which with the
power counting adopted in this paper is formally of order Aqcp, then for all relevant wq
values the argument of the penguin function F'(z) entering the definition of A7 in (7.4) is
much larger than 1/4, which is the radius of convergence for the Taylor expansion given
in (4.23). It is then a good approximation to expand the penguin function [1 — F(x)] to
O(1/x3). The first term in this expansion corresponds to the non-perturbative correction
identified in [35], which was already included in the partonic result and subtracted in (7.4).
It therefore does not contribute to Fr(A). The next term gives rise to an odd moment of
h17 and thus vanishes. The third term in the expansion contributes the amount

e, mp

xpanded
ATgPanded = ~ g0 mg Ao (w?) (7.6)

c

to Aj7. Here (w?) denotes the (normalized) variance of the function hy7(ws, i), which
equals 202 for the exponential form and ¢? for the Gaussian. For a typical hadronic
scale o = 0.5 GeV this gives A'i);panded = —6.9MeV and —3.4 MeV, respectively. Here and
below we have used the input parameters collected in appendix B. The corresponding
contributions to the decay rate are very small, below 0.5% in magnitude.

It is interesting that, due to a weaker numerical suppression, certain 1/m; corrections
to Ay7 can give a contribution of comparable size. They arise from the fact that the first
moment of the function g17(w, w1, 1) with respect to w does not vanish, see (4.33). In order
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to calculate the resulting power-suppressed term, we replace the first relation in (7.4) by
2 A e’}
m dw
A17( C,u):ecRe/ dw/ !
mp —c0 —c0 W1

3 9 .
mp + w m2 — e —

X 1—F c
{< my > |: <(mb+W)W1>:| + 12mg}gl7(w7w17:u')7

mp+w
my

penguin function to first order yields

<mz ) R /A g /OO d(,()l w mpwi mp w1 ( )
1&7 H) =e (6] ) — 1—|— + —+... gi7\w,wi, W
! ’I’I’I,b’ ¢ 0o 0o Wi my 12mg 12’[’)’1,% ! b ’

where the dots represent higher-order terms in the expansion of the penguin function,

(7.7)

where the factor ( )3 appears because of the prefactor E% in (2.1). Expanding now the

which in particular give rise to the contribution (7.6). The expression shown above yields
a 1/my-suppressed contribution to the parameter Aj7, which we denote by dAj7. It is
proportional to the normalized first moment of the function g7 with respect to w, which
according to (4.29) and (4.33) is given by (w) = —p3 ¢/(6)2) ~ 0.24 GeV. We obtain

2
SA17 = pﬁf ~ —(9.8 + 5.2) MeV (7.9)

which is formally a power correction proportional to A(QQCD /myp to the result in (7.6). Here
p% g = 3p2 corresponds to the spin-orbit term of the HQET Lagrangian introduced in (4.33).

In practice, it turns out that (7.6) provides a reasonable approximation only as long
as 0 < 0.3GeV. Performing the convolution integral in (7.4) exactly, we find that for
both model functions in (7.5) the resulting value of |A;7| is maximized for certain values
of o, which depend on the functional form of hy7. Using the input parameters collected
in appendix B, we obtain (A7Z)max = —4.6 MeV for o = 0.51 GeV with the exponential
model, and (AF#USS),.. = —8.1MeV for 0 = 0.77 GeV with the Gaussian model. Note
that the maximum values are smaller in magnitude than those one would derive from (7.6)
with these values of o.

The above estimates do not provide a conservative bound on the size of the hadronic
parameter Aj7. A significantly larger effect can be obtained if the soft function g17(w, w1, 1)
exhibits a tail outside the region |wi| < 4m?2/m;. In analogy with the leading-order shape
function, we expect that the function g;7 exhibits a radiative tail proportional to 1/wq
for large wi. But even at the non-perturbative level, it is conceivable that a significant
contribution to the integral results from the region of larger w; values. Consider, as an

example, the model
2)\2 w% — A2 _ “"%2
= o 7.10
V2no 02 — A? T (7.10)

which for A and o of order Aqcp satisfies all requirements one would reasonably impose on

h17(w17 M)

the soft function. The solid curve in figure 9 shows this function evaluated with o = 0.5 GeV
and A = 0.425 GeV. It features regions of positive and negative values and hence is less
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Figure 9. Model function hj7(wy, ) from (7.10) in units of GeV, with ¢ = 0.5GeV and A =
0.425 GeV (solid line); weight function under the convolution integral in the definition of Ay7 in (7.4)
in units of GeV~! (long-dashed line); weight function including 1/m; corrections, obtained by the
substitution w — (w) in (7.7) (short-dashed line). See text for explanations.

constrained at larger w; by the fact that the normalization is fixed to 2)\9. Having values
of either sign is not problematic, because there is no probabilistic interpretation of the
subleading soft functions. The long-dashed line in the figure shows the weight function
under the convolution integral in the definition of Aj7 in (7.4), including the charge factor e..
With the above parameter choices for the soft function, we obtain A;7 = —42 MeV. By using
another set of values, a correction with the opposite sign and of the same magnitude can
be obtained. For example, taking 0 = 0.5 GeV and A = 0.575 GeV we find Ay7 = 27 MeV.
If we include the 1/m; corrections as shown in (7.7), using (my + w) — (mp + (w)) =
(mp — p3g/6X2), we find —62MeV and 21 MeV, respectively. Of course, these are just
illustrative values, and one could obtain even larger negative or positive values by reducing
the separation between o and A, which however will also increase the value of the soft
function at w; = 0. Nevertheless, based on these considerations, it seems to us that

—60MeV < A7 < 25 MeV (7.11)

is a reasonably conservative range, which we will adopt for our analysis below. While
this allows for a value significantly larger in magnitude than the naive estimate (7.6), it
nevertheless strongly suggests that A7 is considerably smaller in magnitude than Agcp.
Note that the effect of a value of Ai7 near the extreme values indicated above would be
of the same magnitude as the effect of the leading-order, non-perturbative correction [35]
resulting from the term proportional to Ay in the expression for F}r' ™ in (2.4), which
corresponds to —mpAg/(9m?2) ~ —48 MeV.
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7.2 Analysis of the Q7, — Qg, contribution

It is instructive to analyze this contribution using the language of flavor symmetry of the
strong interaction. Due to the weighting by the quark electric charges, the relevant four-
quark operator in (4.58) is a pure SU(3) octet, which can be decomposed into two parts
corresponding to isospin I = 0,1. The Wigner-Eckart theorem implies that

spec L (8 1 s 1 8 8 8
A?% = 6 Agz)o + 9 A§=)1 = 6 <A§=)o - A§=)1> + Espec Ag:)1 ) (7.12)

where the upper (lower) sign in the first equation refers to charged (neutral) B mesons, and
as before egpec denotes the electric charge of the spectator quark in units of e. In the limit of
unbroken SU(3) flavor symmetry, it follows that A(Izo = A(Iézl, since both parameters arise
from the matrix element of the same SU(3) octet operator. Hence, in this limit we obtain
spec

Azg

8
s = Cspee A2 - (7.13)

Interestingly, the VIA discussed in section 4.6 also predicts that A2 is proportional
to espec [39], and we can use this fact to obtain a model estimate of the relevant SU(3)
reduced matrix element. From (4.62), we read off

() NG _ 1 F2(u)
AI:I{VIA AI:O{VIA (1 Nc2> 8)‘2B (1)
where in the last step we have used the parameter ranges discussed in appendix B.

According to (7.12), the isospin-averaged decay rate [['(BY — Xv)+T(B~ — X4v)]/2

depends only on Agﬂo, while the isospin difference [['(B? — X v) — I'(B~ — Xgv)] is

proportional to Aggz)l. While a priori these two non-perturbative parameters are unrelated,

€ [~386 MeV, —35 MeV] (7.14)

we have just shown that they coincide both in the SU(3) flavor-symmetry limit and in the
VIA. It was first pointed out in [79] that, in the limit of exact SU(3) flavor symmetry, the
isospin-averaged decay rate can be related to the isospin asymmetry,

Ay = P(Bio - XS’Y) - P(Bi - XSV) ’ (7.15)

(B — X)) +T(B~ — X,7)

without employing the VIA. This asymmetry has been measured by the BaBar Collab-
oration using two different experimental methods. For the “sum-over-exclusive-modes
method” with £, > 1.9GeV, they find Ag_ = (—0.6 £5.8 £ 0.9 + 2.4)% [23], where
the errors are statistical, systematic, and due to the production ratio B°/B~, respectively.
For the “recoil method” with E, > 2.2 GeV, they obtain instead Ag_ = (—=6+£1547)% [80],
where the errors are statistical and systematic, respectively. The naive average of these
two results is Ag— = (—=1.3 £5.9)%. To the order we are working, the parameter A(Iézl is
related to Ag_ via

A® Cry(p)  my

== Ag- ~ (59 + 268) M 1

where in the last step we have used the average experimental result with its large uncer-
tainty given above. This value is consistent with the prediction (7.14) obtained in the VIA
within errors, even though the central value has the opposite sign.

,46,



Allowing for SU(3) flavor-symmetry breaking at the level of 30%, i.e. A?QO =(1+
0.3) A(Iézl, we finally obtain
AP = (egpec £ 0.05) A%~ —4.5GeV (egpec £ 0.05) Ag_ (7.17)
which is meant as a range, not an error bar. This formula implies that, within the quoted
uncertainty, the isospin asymmetry also determines the flavor-averaged value of AT
For the corresponding contribution to the flavor-averaged value of the function Fg(A),
we obtain A
07
Fp8(A)]g=—(1£0.3) 3 (7.18)
which adds SU(3)-breaking effects to the estimate derived in [79]. Note that this relation
is independent of the values of the Wilson coefficients and other theoretical parameters.
Due to the current large experimental uncertainties in the measurement of the isospin
asymmetry, it is difficult to give a reliable estimate for A2X™. Based on (7.14) and (7.16), we
expect that the parameter A§8:)1 is negative (assuming that the VIA is sufficiently reliable
to predict the sign correctly), but since the experimental value allows for the entire range
in (7.14) at the level of two standard deviations, we cannot restrict that range further at
present. A future, more accurate measurement of Ag_ could improve the situation.

7.3 Analysis of the Qg, — ()3, contribution

Unfortunately, we have very little useful information about the soft function hs® enter-

ing the definition of the hadronic parameter Agg in (7.4). Its asymptotic behavior for
large values of wy and wy can be derived from (4.50), and it ensures that Agg is indepen-
dent of the UV cutoff Ayy. Note that the second term in the definition of Agg, which
contains the logarithm of Ayy/A, is bound to give a very small contribution to Agg, be-
cause (Cre2A)/(872) < 3MeV is very small for realistic values Ey > 1.6 GeV. We thus
expect that the hadronic parameter Agg receives its dominant contributions from values
wi2 = O(Aqep), for which no useful constraints on the soft function hggt exist. For the
same reason, we expect that the linear growth of Agg for large A is a numerically irrelevant
effect. It then follows that the function h$E*(A,wi,ws, p) is approzimately equal to the
function hgg (w1, ws, p) shown in (6.15), even though this relation is not strictly valid. As
mentioned earlier in the paragraph following that equation, this form would imply that the
contribution to Agg resulting from the double integral in (7.4) were strictly positive.

In summary, we expect that the hadronic parameter Agg(A, u) is, to a good approx-
imation, independent of A and given by a positive, non-perturbative constant of order
eg AQCD3

Ass(A p) = ez A(p),  A(p) >0. (7.19)

cut

We have backed up this expectation by using different models for the soft function hgg', for
example by writing it as a product of two functions fi(w1) f2(w2) and using various models
such as exponentials or Gaussians. A particularly simple example is provided by functions

Ut (w1, wa, 1) that are symmetric in both w; variables and have support for w; = O(Aqcep).
In this case the third relation in (7.4) implies A(u) ~ 272h53%(0,0, 1), and the value at the
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origin scales like hgE*(0,0, ) ~ Aqep. For our numerical analysis, we will consider the

rather generous range 0 < A(u) < 1GeV. Even for the largest value, the suppression by
the charge factor 2 = 1/9 in (7.19) renders the effect of this term on the decay rate to be
very small.

7.4 Summary of phenomenological estimates

We are now in a position to study the implications of our analysis for the function Fg(A)
in (7.3). Using the parameter values collected in appendix B, we obtain from (7.11)
and (7.19) the contributions

Fel,, € [-1.7,44.01 %,

(7.20)
Fir|gg € [-0.3,+1.9] %

The value of Fpglss depends slightly on A and is obtained using A = 1.45 GeV, corre-
sponding to a cut at Ey = 1.6 GeV. For the case of Fg|7s, we consider the charge-averaged
contribution and quote separately the theoretical estimate obtained using the VIA and
the experimental estimate derived from the measurement of the isospin asymmetry. In
the latter case we allow for 30% SU(3) violation, as indicated in (7.18), and take the 95%
confidence level experimental range. This yields

Frlat € [-2.8,-0.3]%,

Filog €[-4.4,+5.6]% (95% CL).

(7.21)

In order to obtain a conservative estimate of the combined theoretical analysis, we
adopt a Baysean approach and add up the various contributions using the scanning method.
In this way, we arrive at our final result

—4.8% < Fp(A) < 4+5.6% (VIA for A%, (7.22)

where we have used the theoretical estimate for Fg|7s. When the experimental estimate is
used instead, the range is expanded to

—6.4% < Fp(A) < +11.5% (A from Ag_). (7.23)

We emphasize that the estimates in this sections should be considered as ranges, within
which we expect the actual values of Fp to lie, without making a statement about the
most likely values within these ranges.

If in the future a more precise value of the isospin asymmetry can be measured, this
could be used to reduce the uncertainty range somewhat. If, for example, we assume
that the true isospin asymmetry lies in the center of the interval predicted by the VIA,
Ag— = +4.6%, then in the absence of experimental uncertainties we would derive Fg|7g" €
[—2.0, —1.1] %, where the remaining uncertainty stems from the unknown effects of SU(3)
breaking. In this “ideal” case, the combined result would be

—4.0% < Fg(A) < +4.8% (ideal case). (7.24)

We do not see a possibility to reduce this uncertainty in the foreseeable future, given
that no theoretical tools exist to constrain the non-local matrix elements defining the soft
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functions entering the various resolved photon contributions studied in this paper. We
therefore consider the range in (7.24) as the irreducible theoretical uncertainty affecting
any theoretical prediction of the B — X,y branching ratio.

8 Conclusions

The inclusive radiative decay B — X,v is used extensively in constraining extensions of
the Standard Model. For example, it provides very stringent constraints on extended Higgs
sectors in type-II 2-Higgs-doublet models and supersymmetric models. The theoretical pre-
diction for the corresponding branching ratio is at a stage of precision where the remaining
perturbative uncertainties are estimated to be of order 3% [5]. The limiting theoretical
uncertainty arises from non-perturbative effects outside the realm of the local operator
product expansion [39]. It is therefore important to analyze these effects in a systematic
fashion. In this paper, we have for the first time provided a complete analysis of non-local
1/my corrections to the B — X,y photon spectrum and decay rate, working at tree level
in perturbation theory. Compared to inclusive semileptonic B decays, non-perturbative
effects in radiative decays are much more complicated to analyze. First of all, one must
consider the contributions of many different operators in the effective weak Hamiltonian,
not just one operator. More importantly, however, new types of non-local effects arise due
to the hadronic substructure of the photon. Because photon conversion into light partons
is a genuinely long-distance process, the decay B — X,v is not a truly inclusive process,
for which an expansion in local operators would apply. Indeed, from a conceptual point of
view, it is as complicated as the semi-inclusive decay B — X h, with h denoting a specific
light hadron. No analogous effects arise in semileptonic processes, since the conversion of
heavy W bosons into light partons is a short-distance process.

Effective field theories, such as soft-collinear and heavy-quark effective theory, provide
the necessary tools to analyze inclusive B decays into light partons in the kinematical
region of low hadronic invariant mass and large recoil energy, in which the hadronic final
state is made up of a jet of collinear partons. For B — X,v this is the endpoint region,
where the photon has large energy E, ~ m;/2 in the B-meson rest frame. Effective field
theories are systematic, taking into account all possible contributions to a given decay
amplitude and describing them in terms of well-defined, field-theoretic objects. This is
especially important for radiative B decays, where the diagrammatic approach used in the
previous decade has missed the largest source of non-perturbative uncertainty [39].

In this paper, we have shown that the B — X,y photon spectrum in the endpoint
region obeys the novel factorization formula (1.3). The first term in this formula has the
structure familiar from semileptonic B decays. At each order in the 1/m; expansion, it
features products of hard functions H; and jet functions J; convoluted with soft functions
S;. We refer to this term as the direct photon contribution, since the photon couples directly
to the weak vertex in a local interaction. The two remaining terms in the factorization
formula describe resolved photon contributions, in which the photon couples indirectly to
the weak vertex via conversion into light partons. The partonic substructure of the photon
is described in terms of a new class of jet functions .J;. These new terms appear first at
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order 1/m; and arise from the contribution of operators other than @7, in the effective
Hamiltonian. The new soft functions .S; entering the resolved photon terms contain non-
localities in two light-cone directions. Only one non-locality is removed when the photon
spectrum is integrated over energy to obtain the total decay rate.® As a result, we find
that even the total decay rate receives non-local corrections of order Aqcp/mp. The new
jet functions J;, which are defined in terms of propagators dressed by Wilson lines, are
complex quantities carrying calculable, perturbative strong-interaction phases. The soft
functions, on the other hand, were shown to be real in by the use of heavy-quark symmetry
and the invariance of the strong interaction under parity and time reversal. The impact
of the new strong phases on CP violation in B — X, v decay will be considered in a
future publication.

Phenomenologically the most important operators in the effective weak Hamiltonian
are Q7-, Qsg, and Q. We have explicitly evaluated the 1/my corrections to the B — X,y
photon spectrum arising from these operators, at tree-level in hard and hard-collinear inter-
actions. This includes important contributions involving a hard-collinear gluon exchange,
which carry a factor g2 = 4mwas. Our results are summarized in relations (2.9), which replace
the relations (2.4) used in previous analyses of B — Xy decay. The systematic methodol-
ogy offered by the effective field-theory approach resolves a couple of puzzling features of
the expressions (2.4), such as the appearance of the strange-quark mass in the expression
for Fiy' rt, or of large logarithms in the expressions for FL" ™ and FY " We point out that
these features result from an improper separation of short- and long-distance physics. In
our improved expressions (2.9), all long-distance physics is parameterized by well-defined
hadronic matrix elements (the soft functions), while the logarithms entering the short-
distance perturbative contributions contain O(1) ratios of scales. At order 1/my, we find
resolved photon contributions arising from the operator pairings Qg, — Qgg, @7y — Qsg,
and Qf — @7, in the squared decay amplitude. We also prove that the resolved photon
contributions arising from the Qf — Qf and Q{ — Qg4 operator pairings are suppressed by
two powers of 1/m;. Detailed analyses of the resolved photon contributions were presented

in section 4, which constitutes the main technical part of the paper.

The non-perturbative soft functions, which are needed to describe the photon spectrum
at order 1/my in the heavy-quark expansion, introduce new sources of hadronic uncertain-
ties in the description of the photon spectrum in the endpoint region. These functions
can neither be extracted from experiment, nor can they be computed using lattice gauge
theory (since they involve operators containing fields separated by light-like distances),
and unfortunately they are not much restricted by constraints on their normalization and
moments. Hence, there is a vast freedom in constructing phenomenological models for the
soft functions, which often depend on several convolution variables. The resulting uncer-
tainties will impact any extraction of |V,;| via a combination of inclusive semileptonic and
radiative decays. They will also affect the extraction of heavy-quark parameters such as
my, A, p2 etc. from moments of the B — X,y photon spectrum. A dedicated analysis of
the resulting uncertainties will be presented elsewhere.

8 As before, by “total” rate we mean the rate defined with a lower cut Eo on the photon energy that lies
far outside the endpoint region, i.e., my — 2Ey > Aqcp.
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Our most important phenomenological result concerns the non-local power corrections
to the B — X7 decay rate defined with a cut E, > Ep, where Ej is chosen to be far outside
the endpoint region, my — 2Ey > Aqcp. In this region the direct photon contributions
reduce to local matrix elements, and deviations from the naive model of a free heavy-quark
decay start at order 1/m2 and 1/m? and are calculable in terms of well-known heavy-quark
parameters. The resolved photon contributions, on the other hand, are still expressed in
terms of non-local operators, whose matrix elements are of order 1/my. Their contributions
to the integrated rate can be parameterized in terms of three non-perturbative parameters,
Aq7, A3%, and Agg, as shown in (7.3). In (7.4), these parameters are expressed in terms of
convolutions of calculable jet functions with non-perturbative soft functions. Needless to
say, it is very difficult to estimate the values of these hadronic parameters. Nevertheless,
we have provided arguments suggesting that all three parameters are much smaller than
the naive expectation ~ Aqcp. For the most important case of Ay7, a detailed modeling
of the corresponding soft function, taking into account the normalization conditions and
moment relations we have derived in (4.29) and (4.33), suggests that Ay7 is significantly
smaller in magnitude than Aqcp, see (7.11). For the second-most important case of A%,
we have provided two different arguments, based on the vacuum insertion approximation
and on SU(3) flavor symmetry, suggesting that to a good approximation this hadronic
parameter is proportional to the electric charge of the light spectator inside the B meson,
see (7.13). While the parameter Agil entering in this relation can indeed be of order Agcp
— see (7.14) and (7.16) — the weighting by the spectator charge reduces the corresponding
contribution to the isospin-averaged decay rate by a factor (e, + e4)/2 = 1/6. Finally, as
shown in (7.19), the parameter Agg is suppressed by a charge factor €2 = 1/9, and its value
is therefore bound to be much smaller than Aqcp. Our final estimates for the hadronic
uncertainty from non-local 1/m; corrections in the theoretical prediction for the B — Xy
decay rate defined with the cut E, > 1.6 GeV has been given in (7.22) and (7.23). It
depends on whether the contribution from A is estimated using the vacuum insertion
approximation or the current experimental value of the isospin asymmetry Ag_. We have
emphasized that even a precision measurement of the isospin asymmetry would not help
to reduce the uncertainty by a significant amount. Relation (7.24) shows that in this ideal
case an irreducible uncertainty of about 4-5% remains. At present, we do not see any hope
to reduce this error using well-controlled theoretical methods.

The analysis presented in this paper applies without alteration, apart from some ob-
vious substitutions, to the decay B — Xgv. First, one needs to change the definition
of Ag to ViV, and replace my in (4.14) and (4.15) by mq ~ 0. Second, one has to re-
place the s-quark fields by d-quark fields in the definitions of the soft functions f, and f,
contributing to F7S7SF(E7,M) in (2.8), and in the definitions of grs and g5i' contributing
to Fég) (Ey, pn) in (4.54). Notice, however, that none of these functions contribute to the
integrated decay rate.
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A Effective weak Hamiltonian

We use the form of the effective weak Hamiltonian for B — X,y decay as presented
in [49], i.e.

G
Her = \/g Z Ag <Cl Q1+ C2 Q5 + Z Ci Qi + Cry Qry + Gy QSy) ; (A1)
g—c i=3,..6

where A\j = ViV

qs
are renormalized. The explicit form of the operator basis is

and the Wilson coefficients depend on the scale p at which the operators

QY = (gb)v_a (5¢)v—-a, Q3 = (qibj)v-a (5j¢)v-a,
Q3 = (8b)v-a Zq (qQ)v-a, Q4= (5;bj)v-a Zq (G;9i)v—a
A2
Qs = (b)v-a Y _q(G@)via, Qs = (5ib))v-a Y q(Gai)via, (4.2)
Qrv = oy 50w (L +9)Pb,  Quy= 0" 5o (1 +75)G™,

where 7 and j are color indices, and for the penguin operators a summation over quark
flavors ¢ = u,d, s, ¢, b is implied. We use the short-hand notation (gb)v+a = gv*(1 F v5)b
etc. Our sign convention is such that iD,, = i0, +gT*Af, +eeq Ay, where T are the SU(3)
color generators, and e, are the quark electric charges in units of e.

B Input parameters

Here we collect the input parameter values used in the numerical analysis in section 7. As
our default choice for the factorization scale u entering the Wilson coefficients, the strong
coupling constant, and the various hadronic quantities, we take the hard-collinear scale
u = 1.5GeV, which is indeed a scale of order \/mbAQCD. This is an appropriate scale
choice, given that we neglect RG evolution effects.

The b-quark mass enters our expressions either via the photon energy (E, ~ my/2
near the peak of the spectrum) or as the heavy-quark expansion parameter. It is therefore
appropriate to adopt a low-scale subtracted heavy-quark mass, such as the mass defined in
the shape-function scheme [29]. Specifically, we use my = 4.65 GeV. The charm-quark mass
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enters as a running mass in charm-penguin diagrams with a soft gluon emission, which are
characterized by a hard-collinear virtuality. We therefore use m. = m.(p) defined in the
MS scheme, with p = 1.5 GeV fixed as described above. This corresponds to the choice
adopted in [5], and following these authors we set m.(u) = 1.131 GeV. Finally, for the
strange-quark mass we take ms = my;/50, which is the value commonly adopted in the
literature on B — X, decay.

We also need input values for some HQET matrix elements. The parameters Ao and
15 g are extracted from a global fit to B — X_ v experimental data by the Heavy Flavor
Averaging Group (HFAG) [7]. Unfortunately, in many cases these and other parameters
are extracted from a combined fit to B — X/ 7 and B — X,v, an approach that was
criticized in [81]. Only recently HFAG has started quoting also values obtained using only
semileptonic data. The most recent results are Ay = (0.1240.02) GeV? and p3 ¢ = (—0.17+
0.09) GeV? [82]. For simplicity, we always use the central values for these quantities. For the
first inverse moment of the B-meson light-cone distribution amplitude, we take the range
250 MeV < Ap < 750MeV, which covers predictions obtained using QCD sum rules and
other methods [72-77]. Finally, to the level of accuracy of our calculations, the parameter
F can be extracted from the relation F' = fgy/Mp, and using fp = (193 & 10) MeV [83]
we obtain 0.177 GeV?® < F? < 0.217 GeV®.

C NNLO matching of H.g to SCET

In this appendix we present the matching of the effective weak Hamiltonian operators Q7-,
Qsg, and Q7" onto SCET up to NNLO in the expansion parameter VA, with A ~ Aqcep/mep.
Although there is a large number of possible operators, only some of them are needed in
practice. One subset, which was presented already in section 4.1, is needed for the study of
the resolved photon contributions at tree level. Another subset is needed for the analysis
of the power corrections to the direct photon contributions at O(ayg). In the first part of
this appendix we perform the matching at tree level. In the second part we include also
the contribution of one-loop quantum fluctuations.

C.1 Tree-level matching

We begin with the current-type operators @7, and Qg,. At LO, with a scaling of A\°/2 the
operator ()7, is the only one which gives a contribution to B — X,vy. The contribution
of the operator (g, begins at NLO, i.e. O(X\3). We then perform the tree-level matching
of Q7", whose contribution begins at the NNLO, (’)()\7/ 2). For simplicity, we denote LO,
NLO, and NNLO operators by superscripts (0), (1), and (2), respectively.

C.1.1 Matching of @7,

The operator (Q7, in the weak Hamiltonian is given by
EMyp _ v emp _ . m
~ g2 50, (1 +75)F''b = —4W23[z@4{j (L4 5)b, (C.1)

where it is assumed that the photon is real, i.e., it is transversely polarized. The tree-

Q?’y =

level matching of Q7, can be read off from [43]. As was done there, we separate ()7, into
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“A” and “B” terms, according to whether they contain hard-collinear gluon fields or not.

ik e~ MU' factor, Q7+ is matched onto the operators

7
2

Q%)A = Ene A [in - OAT™] (1 +5) | Dph + &pe [id1 AT (L4 75)h

Suppressing the —

QU =&ne | lin - 045 (14 33)h,

2
: v : C.2)
2 _¢ % : em n-x_ wlj_xj_ ZlD (
Q7ya = Ehe 9 [in - OAT] (1 + 75) 9 n-Dh+ ” D,D,h + 2mbh
Ay
¢ ) e 12 - % ZaJ- . em
+&he [P AT (L +5) ! Dyh 4 Gpe 5 [idL AT (14 45) b,
wm -
and
_ [in - 04em
QW= f Tl e (1 4 2m)h
7

. em 1 = [in- 04T
2[Zn'aAL](1+'75)Z-ﬁ.agn'ﬂhch+£hc -

[in - OAT"]
my

Q%)B = —&he gn - Ape(l —75)h

+ Ehe g Aner (1 +75)2' Dyh

G i oA (L) L P9
m - mp

Gy o AT+ )b,
" (C.3)

where the covariant derivative D* only contains soft fields. Note that the hard-collinear
fields are not sterile (see the discussion in section 3), so they still couple to soft gluons.

C.1.2 Matching of Qg

The operator (Jg, in the weak Hamiltonian is given by

" 56 (1 + 75)GHb. (C.4)

QSg = - 2
We can discard the non-abelian part of G, since we only work to first order in g. A priori,
we can match the s quark onto either a hard-collinear or anti-hard-collinear quark and the
gluon onto a hard-collinear or anti-hard-collinear gluon. We do not consider matching the
s quark onto a soft particle, since it will only give rise to a contribution beyond NNLO.
Also, the gluon and the s quark cannot both be anti-hard-collinear, since the necessary
conversions would lead to a suppression beyond NNLO. The three remaining cases will be
considered in turn.

For the case of an anti-hard-collinear gluon and hard-collinear s quark in Qg4, the
conversion of the anti-hard-collinear gluon onto a photon is O(A) in power counting. This

process is illustrated in figure 10. In this case (g4 is matched onto a single operator (again

suppressing the overall —9 e~ "% factor):
ng), he glion — Ehe Zi [in- 04, ] (1 +75)h, followed by O(X) conversion. (C.5)
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SCET Lscer, O(N)

[VAVAVAVAV
he s s
S + =] — S
2 he he hc 2
& 0001 ®

Figure 10. Graphical illustration of the tree-level matching procedure for a (g, contribution,
showing how a resolved photon contribution arises after a SCET Lagrangian insertion.

SCET
s s s
8 8 B
O/ O

: ) s
Figure 11. Graphical illustration of the tree-level matching procedure for the operator QJg, for the
case when the s quark is matched onto a hard-collinear field.

This is the first example of an operator that gives rise to a resolved photon contribution.
The conversion is displaced along the light cone by the anti-hard-collinear propagator.

For the case of a hard-collinear gluon in (g4, we have to distinguish between the
different scaling of the components of G*”. We will need the following components of
o G

O\ : zgun-aﬁg

O : 20idu Ay —i0y - AL] + (7;“7; - Z“;‘) i - O - 4]

If the s quark is matched onto a hard-collinear field, we need to have the anti-hard-
collinear photon emitted from the b or s quark lines, as shown in figure 11. This would
match onto SCET operators that contain both a hard-collinear gluon and an anti-hard-
collinear photon suppressed by my, for the b-quark line, and by 7 - 9 for the s-quark line.
We also need to consider the three possibilities for G* and the multipole expansion of the
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heavy-quark field. In total we have
- 1 .
Qélg), he quark — Ehe L —eae AT [in - Oflper] (1 +75)h,
in- 0
- 1 -
Qgg), he quark — She - (gedeAim [ZTL ’ aﬂhCJ-] (1 + 75)xlj_DMh
mn -

—
- ghc ,Z ? <L— 2% [ifh - OApey|eae AT (1 + 5)h
in mp

n- 0

= 1 . .
+ &he gedezﬂ‘im? [i@1 Aper — 001 - Aper] (14 75)h (C.7)
Z .

n
~ Gl s —i0L Anet] ) cac T+ 200

em%

- 1 l
+£hc. <—6deAJ_ [Qﬁanﬂhc} (1+r75)h

in - 0 2
- % Z'— em
+£hc2mb 2”'3n'ﬂhc eae AT (1 +5)h.

If the s quark is matched onto an anti-hard-collinear field, it can only be converted
to an anti-hard-collinear photon and a soft s quark. The conversion costs us A\/2, so the
lowest-order operator possible is O(A\3). Considering all the possible structures for GH”
and the multipole expansion, we find

Qélg), hc quark = g_hcgi [Zﬁ ’ aAth] (1 + 75)h, followed by O(A1/2) conversion,
Qé(fg) hoquark = §hc7§ it - Ofner] (1 + vs)a! Dyh,  followed by O(A\/2) conversion, (C.8)

+&,,, [i@1 Aner — 01 - Apei] (L +75)h,  followed by O(A/?) conversion,

2
C.1.3 Matching of Qf

+&,, t [;n -on - Ahc} (1+~5)h, followed by O(A/?) conversion.

To simplify the notation we write the operator as Qi = sT'1qql'2b, where I'y ® I'y =
(1 = v5) @ (1 — v5). At tree level, the light quarks can only be matched onto hard-
collinear or anti-hard-collinear fields. A matching of any of the light quarks onto even one
soft field would lead to a suppression of O(A*). As a result, Q; is matched at NLO, before
taking into account any conversions. When there is more than one anti-hard-collinear
quark field, no conversion is allowed at tree-level. Hence, we are left with the following

cases (suppressing the =¥ % factor).

5 = €hey, q = Ehey, § = &ne: We need to consider an attachment of one anti-hard-
collinear photon emitted either from the heavy or one of the hard-collinear quark lines.
This leads to four possible O(A7/2?) operators:

_ _ _ 1 _
—&hel1 277; eae AT h Enel'26he + Ene edezﬂimzi - 10 &pel26he
m -
(C.9)
_ _ 1 _ - 1
+ Encl'1h&ne eae AT D Toplpe — €th1h§th2% eqe AT L &he.
24n-0 2 in- 0
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5="Ehe, q= €her 4= €he and 5 = €hey, ¢ = Ehe, § = Ehc: In this case we need to
convert the anti-hard-collinear quark to a photon via £, . — AT + ¢ and §,, — A" + ¢,
which is O(A\!/2). Therefore, we can only have

Enel1hE hel 26he,  followed by (’)()\1/ %) conversion,

_ _ C.10
Encl'1hépelag,,. . followed by (’)()\1/ %) conversion. ( )

s = E_hc’ q = €ne, @ = &ne: Supplemented with SCET Lagrangian for Shc — AT +q,
only one NNLO operator is possible:

&, L1h&ncl2&ne,  followed by O(A/?) conversion. (C.11)

C.2 Loop matching

We now perform the matching including the contributions of loops. These are only relevant
for ()1, where the two up-type quarks are contracted and a number of gauge bosons are
emitted from the internal lines. The contribution of three gauge bosons would lead to
further power or loop suppression, so we only need to consider one or two bosons.

The one gauge boson loops are easy to analyze. In the NDR scheme only Q5 and Qg
give a non zero contribution. Furthermore, this contribution only modifies the coefficients
Q7 and Qg, to O [84], with

6 6
C = Cry+ > wiCi,  Cgi =Cgg+ > zCi, (C.12)
=1 =1

where y;, z; depend on the scheme. They vanish in the 't Hooft-Veltman scheme, while
in the NDR scheme the non zero ones are y5 = —1/3, ys = —1, 25 = 1. The effective
coefficients are regularization-scheme invariant. The contribution of the one-boson loop
would therefore be to change C7, g, to C?ﬁsg-

A more involved contribution arises for the loops with two external bosons, which is
the main focus in this subsection. These can only be one photon and one gluon. Two
external gluons would lead to further power or loop suppression.

As usual, the b quark is matched onto the heavy quark field h. Since there is already
a photon in the operator, the s quark cannot be anti-hard-collinear. On the other hand, a
soft s quark would lead to power suppression, so it must be hard-collinear. There are two
possibilities for the gluon emitted from the loop: it can either be hard-collinear or it can
be soft. If the gluon is hard-collinear, the loop momentum is hard. If the gluon is soft, the
loop momentum is anti-hard-collinear. For the first case, a photon and a hard-collinear
gluon, we need to calculate the loop diagram in QCD in order to perform the matching.
For the second case, a photon and and a soft gluon, one would need the tree-level matching
of @1 onto the operator of (4.5). The conversion of the two anti-hard collinear quarks to
a photon and a soft gluon would be calculated in SCET. Alternatively, one can calculate
the process in QCD and use the fact that the two calculations are equivalent, since only
one momentum region, anti-hard-collinear, contributes in this case.

We have explicitly calculated the appropriate QCD one-loop diagram, arising from the
four-quark operator (5,I'2¢;) (GxI'1b;). Alternatively, the result can be read off from the
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two gluon calculation in [85], where one of the gluons is replaced by a photon. Using the
notation of [85] the amplitude is given by

€€ 9 a g * *a v
A - 47_;1 Ar (T )mnsmFQAuyrlbnelu(ql)GQ (q2)52j5kl7 (C13)

where

Ay = = DF () = ar] |37 g = 5| 4 (F0) = Wiy af = )27

Mg
2 s F(r) ;
+ m2 [F(r) —1] [quiepcauqi}qg - QViEpoaMQ{)qg] Y4y = m ifpa;w‘lfqg'Y .
q q

Here m, and e, are the mass and charge of the quark in the loop, q1,€1 (g2, €2) are the
momentum and polarization of the photon (gluon), r = mﬁ/qQ—ie, ¢®> = (q1+q2)%, and F(r)
is the penguin function defined in (2.6). Alternatively, one could write in a gauge-invariant
notation

* *a v 1 v a F(r ~a .
A ()5 (@) = [(1 - ar)F @) +ar] L P, + T Go g

5 M 2my (C.15)
HI-FE) (GaF™ + oG ) ig® 575
Here we are using the convention
~ 1
Ja- _zeuvaﬁpaﬁ (912 = 1) (C.16)

and the fact that for an external gluon ¢o - €5* = 0.

C.2.1 Matching with A" and A$""

The diagram with an anti-hard-collinear photon and a soft gluon emitted from the internal
line already contributes at O(A7/2). Since AZuon Scales homogeneously ~ (A AN, it s
natural to use the gauge invariant form for the resulting operators, rather than decomposing
the gauge fields into their light-cone components. Furthermore, only the axial part of A,
in (C.14) yields a non-zero result, as the I'; in (C.13) are the usual V' — A Dirac structures,

when matching Q1. Therefore we only need

* *a v 2 a 17 ~a el
AMVelu(ql)Q (QQ) = 9 <GuaFﬂ'6 + F;sz ﬂﬁ) q 7,6"75[1 - F(?“)]
b ~ (C.17)
a (Goa ™) ig™yasll = F(r)],

which follows from the fact, that ¢*F),, vanishes at the lowest order in \.

For @1 the loop can consist of any up-type quark that is not integrated out in the
weak effective Lagrangian. When matching onto SCET the u quark should be taken to be
massless, so we can replace F/(m?/q?) by 0. For charmed quarks we have m?2 ~ myAqcp,
which is of the same order as ¢°>. As a result, F(m?/q?) should not be expanded for
¢ quarks.
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In position space, we find that at NNLO the Qf operators are matched onto

19@) = (1 5) @@ T (1=rs)h(a)e e

472
d'ar d'e i) 1 ; 1Bp
? x a a a UFU :
: / (2m)* (27T)46 (1 —l-QQ)Q—H'eZ(ql +43)9G 10 (g2) € po(q1)
4 4
6(2) = €€c 3 a 6 _ fimbv-:z: d ql d q2 i(qﬁqz)m
1 (@) <4W2)5hc(~’6)T 77 (1=75)h(y)e /(27T)4 (2m)1° (C.18)

2

1 m ' ' i
Q1+QQ)2+ie |:1_F <(q1+;2)2 —’LE>:| Z(Q?_Fqg)nga(QQ) e,u,,@p Fpa(q1),

where we show explicitly the dependence of the momentum-space Fj, and Gy, on g1 and ga.

“

C:2:2 Matching with A, and A7}

In this case ¢2 is hard, i.e. ¢° ~ mg. Therefore F (mg /q*) can be expanded around zero

for charm quarks as well as for up quarks. The first order correction resulting from this
expansion gives a power suppressed contribution, so we can just set F(mg / q2) to zero.
Depending on the polarization of the gluon field we can get either an NLO or an NNLO
operator. We need to also include corrections from the multipole expansion of the heavy-
quark field and subleading matching on the hard-collinear quark. In total we find that Q1

is matched onto (suppressing an overall factor Zing e U

QY =6 LA m 04T (1 - )i,

Q1Y = &hoe AT - 9LAY A (1 — y5)h

1 ~ em v —
+ 9 Ehe € Ly [AT V10 O - Ap] V(1 —75)h (C.19)
9
— (3 em [ — v
—&ne o J<_— ELMV[AJ_ " - a‘Ath_] (1 - 75)h
in- 0

G LA DA (1= )28 Dy,

where €, = %eaﬁwﬁanﬁ.
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