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Abstract-In this paper, the Adaptive Sliding Mode Controller 
(ASMC) is proposed for a class of nonlinear uncertain systems. 
Conventional adaptive robust control system and/or adaptive 
sliding mode control system could not give when the system 
shows invariance property against parameter uncertainties and 
external disturbances. Thus, although the initial system state is 
on the sliding surface, one can not ensure the occurrence of the 
sliding mode for the conventional adaptive sliding mode control 
systems; that is, the system state may leave the sliding surface 
even if the state hits the sliding surface. 

For the proposed ASMC, no a p n o n  knowledge of the exact 
bounds for parameter uncertainties and external disturbances 
is needed because the proposed control scheme uses adaptive 
algorithm for bounds of the uncertainty. The overall system is 
shown to be globally asymptotically stable. 

Keywords- Adaptive Control, Sliding Mode Control, Uncer- 
tain Systems 

I. INTRODUCTION 

The design of a sliding mode control (SMC) system, one 
of the robust control techniques, is based on the bounds 
of unknown parameter uncertainties and external distur- 
bances, and the control law is constructed in order to force 
the system state to stay on the sliding surface [1]-[2]. Once 
the system is in the sliding mode, the system response is 
thereafter independent of parameter variations and distur- 
bances. Therefore, the prescribed transient response can 
be obtained in the sliding mode regardless of system un- 
certainties. 

Although the design of SMC is based on a praorz knowl- 
edge of bounds of uncertainties and disturbances, some- 
times these bounds may not be easily obtained because 
of the complexity and unpredictability of the structure of 
Uncertainties. 

To overcome such a problem, the adaptive sliding mode 
control (ASMC) has been recently proposed by several re- 
searchers [3]-[8]. For those approaches, however, one could 
not easily say that the proposed control system shows in- 
variance property against parameter uncertainties and ex- 
ternal disturbances because even though the initial state is 
on the sliding surface, the occurrence of the sliding mode 
can not be guaranteed for the conventional ASMC and/or 
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adaptive robust control systems. In other words, the sys- 
tem state may leave the sliding surface even if the stat,e 
hits the sliding surface. This kind of shortcoming is caused 
by its adaptive algorithm, monotonically increasing control 
gain. Since the control gain is monotonically increasing 
from a very small value so that the gain can exceed the 
amount of system uncertainty to ensure the sliding mode 
occurrence, the conventional ASMC can not ensure the oc- 
currence of the sliding mode in the beginning of the con- 
trol operation. Furthermore, since one does not know the 
amount of plant uncertainties, the sliding mode occurrence 
can not be guaranteed even if the state hits the sliding sur- 
face. That is, whenever the state hits the sliding surface, 
one can not ensure that the system is in the sliding mode 
thereafter. 

In order to overcome these problems, the novel ASMC 
is proposed. The proposed controller does not need a pr i -  
ori knowledge of the bounds for parameter uncertainties 
and external disturbances; besides, the overall system al- 
ways shows invariance property in the presence of param- 
eter variations and disturbances. In addition, the global 
asymptotic stability can be guaranteed for the overall sys- 
tem. 

11. SYSTEM DESCRIPTION 

Consider a class of nonlinear systems in the presence 
of uncertainties and external disturbances of the following 
form: 

X = f(z) + Af(z)  + (G(z) + AG(z))u + N ( z ,  t )w( t ) ,  (1) 

where z ( t )  E Rn is the system state, ~ ( t )  E Em is the 
system input, f(.) : SR" + En is a nonlinear time-varying 
function, G(.)  : SR" + Enxm represents an input matrix 
and has full rank, Af(.)  and AG(.) represent uncertain- 
ties, N ( z ,  t )  is a disturbance matrix, and w ( t )  represents 
external disturbance. For the system (l), we assume that 
the following matching conditions are guaranteed. 

Assumption 1: There exist continuous functions D ( . ) .  
E(.) and F ( . .  ,) with appropriate dimensions, such that 

Af (z )  = G(z)D(z),  
AG(z) = G ( z ) E ( s ) ,  
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and there exists positive constant E such that for all x E 8" 
and t 2 0, 

IIG(z)E(z)G(z)-lIlt, 51 - E ,  

where 1 1  . ] I t M  means the induced infinite-norm and 1 )  
denotes the regular Euclidean vector norm. 

Then the system (1) can be rewritten as following: 

/ I  

j. = f(z) + G(z) {u(t) + e(z, 111, (2) 

where e(z, t )  is the lumped uncertainty, that is, 

e ( z , t )  = D ( z )  + E(z)u(z ,  t )  + F ( z ,  t ) v ( z ,  t ) .  

For this lumped uncertainty, we assume the following 
boundedness condition. 

Assumption 2: There exist positive constants PO and pl, 
such that [6] 

lle(z,t)ll 5 PO + Plllzll. (3) 

111. DESIGN OF CONTROL SYSTEM 

In order to design the ASMC system, the sliding surface 
has to be defined. Let us define a sliding surface as follows: 

s ( t )  = Kz(t), (4) 

where s E LRm, and K E Emxn is a full rank matrix and we 
assume that the matrix K G  is nonsingular. K is chosen so 
that the closed-loop system dynamics in the sliding mode 
is stable. 

The equivalent control law ueq can be derived from S = 0 
for the nominal system. The nominal system can be easily 
obtained from (2) as following: 

X = f(z) + G(s)u(~) .  ( 5 )  

Then, from S = 0 for the above nominal system, we can 
easily get ueq, that is, 

S = KX = K(f(z) + G(x)ueq(t)) 

= 0. (6) 

Therefore, the equivalent control law ueq is given as follows: 

ueq = -(KG)- 'Kf(z).  (7)  

In order to overcome system uncertainties, the conventional 
sliding mode control system design procedure gives the fol- 
lowing additional term: 

0 i f s = O  

where fi > PO + P111~11. 
Now, we propose the final ASMC with the following 

form: 
= ueq + Wznear + usgnl (9) 

where ueq is defined in the equation ( 7 )  and uSgn is given 
in the following: 

where po and p1 are the adaptive variables for po and p1. 
The linear controller of s uhnear can be defined as follows: 

uitnear = - (KG)-'Ms, (11) 

where M is an arbitrary positive definite matrix. Thus, 
we can give a stable ASMC as described in the following 
theorem. 

Theorem 1: If the control law (9) with the following 
adaptation law is applied the nonlinear uncertain system 
defined by (2) ,  the overall system is globally asymptotically 
stable. 

where and c1 are arbitrary positive constants and initial 
values for po and p1 are assumed to be set sufficiently large. 

Let us define the following positive-definite 
function as a Lyapunov function candidate: 

' Proof: 

where 60 = PO - PO,  61 = p1 - p1. Differentiating the 
above equation with respect to time and substituting the 
proposed control law (9) and the proposed adaptation laws 
(12) and (13) into the differentiated equation, the following 
inequality can be derived. 

Since it was assumed that po and have initially suffi- 
ciently large values, that is, po(0)  >> po and p l (0 )  >> PI, it 
is obvious that the proposed control system can guarantee 
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the condition of sliding mode existence. It can be also said 
that the closed loop system is globally asymptotically sta- 
ble because the sliding mode dynamics is asymptotically 
stable. 

Remark 1:  In the theorem 1, Po and p1 are assumed to 
have suficiently large initial values. It is an acceptable as- 
sumption because if the system can not be controlled by 
the conventional SMC with the maximum actuator output, 
it is very difficult to control such systems with SMC. And 
setting a coefficient sufficiently large is not a strict restric- 
tion from the viewpoint of implementation. Therefore, by 
setting the initial value sufficiently large, e.g. set to the 
maximum output of the actuator, the controller gives the 
sufficiently large control input to guarantee the occurrence 
of the sliding mode. 

In addition, the proposed adaptive algorithm can also be 
applied to the conventional SMC. 

Remark 2: Since the control gain used in the conven- 
tional SMC is usually assumed to be larger than maximum 
uncertainty bounds, one can decrease gradually the gain by 
using the proposed method so as to reduce the chattering 
effect. 

If the boundary layer is used to smooth the control input, 
the control law and the adaptation laws have to be modified 
as follows. 
Control Law: 

(Po + P l l l ~ l l )  if / Is/ /  2 Q, 

if llsll < Q, 

usgn= 

(Po  + Plll4l) 

Adaptation Law: 

where @ is the boundary layer thickness. 

IV. SIMULATION RESULTS 

The simulation has been carried out for the variable 
length pendulum used by Yo0 [3] (in Figure 1) . Parame- 
ter values are also the same as those of [3]. Therefore, the 
dynamic equation is given by 

q =  {0.5sinq(l+ 0.5cosq)~? 
0.25(2 + cosq)2 
-1Osinq(l+ cosq) + U )  + v ( t )  cosq, (15) 

where the disturbance v ( t )  = 2 cos 3t .  

then the plant equation (15) can be rewritten as follows: 
Let us define the state vector as zT = [XI, z?] = [q, 41, 

where 

e ( z , t )  = 

We also chose the 

1 
0.25(2 + cOSz1)* 
_I 

{ 0.5 sin z1 (1 + 0.5 cos z1 )z; 
-1osinz1(1 + c o s q )  

(1 - 0.25(2 + C O S X ~ ) ~ ) U }  

+v(t)  cos21. (17) 

same control coefficients as those of 
[3]. That is, the sliding surface is defined as s ( t )  = 
Z2+721-(52(0)+721(O))e-~~ and M = 0.1, and adaptation 
coefficients GI and c1 are also set to be the same values as 
those of Yoo’s method (CO = c1 = 1). This case showed the 
worst performance comparing with the case that {CO, c1) 

was set to be (2, 2) and/or (3, 3) [3]. 
In the simulation, the boundary layer is used with the 

thickness @ = 0.01. Figure 2 shows the output error and 
its time derivative, and it shows the good results after 1.5 
second. In Figure 3, the sliding surface s ( t )  can be shown 
that the invariance property is guaranteed. J3om this fig- 
ure, it can be known that s( t )  goes to zero, and after the 
first hitting to the sliding surface ( s ( t )  = 0), it is always 
bounded by @. Therefore, we can say that the closed loop 
system is robust against parameter uncertainties and ex- 
ternal disturbances. Figure 4 represents that the estimated 
uncertainty bound always exceeds the actual uncertainty. 
In this figure, solid line represents the estimated bound, 
p = po + plllzli, and the dashed line represents an actual 
uncertainty, e(z,  t ) ,  defined by (17). From this figure, we 
can easily know that the estimated uncertainty bound can 
successfully adapt the actual one. Thus, it makes possible 
to reduce the excessive control input when the algorithm 
is applied to the conventional robust control and/or sliding 
mode control. Figure 5 shows the control input. As can 
be shown in the figure, although the control signal shows 
the chattering phenomena in the beginning due to the ex- 
cessive control gains, it turns to be a smooth curve by the 
proposed adaptive gain decreasing algorithm. 

V.  CONCLUSIONS 

In this paper, a novel adaptive sliding mode control 
(ASMC) system is proposed to guarantee the robustness 
and to avoid the restriction of a priori knowledge of bounds 
of system uncertainties and external disturbances. Con- 
ventional adaptive robust control system and/or adaptive 
sliding mode control system could not say when the sys- 
tem shows invariance property against parameter uncer- 
tainties and external disturbances. In this paper, however, 
the proposed ASMC successfully removes the need of a prz- 
ora knowledge of bounds of the uncertainty and guarantees 
the invariance to system uncertainties. The overall system 
is globally asymptotically stable. 
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Figure 1. Variable length pendulum 
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Figure 2. Joint error and joint error velocity 
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Figure 4. Estimated uncertainty bound and an actual uncertainty 
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Figure 5. Control input signal (U) 
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