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Abstract
The thermal post-buckling responses of shape memory alloy hybrid
composite (SMAHC) shell panels are investigated using a finite element
method formulated on the basis of the layerwise theory. The von Karman
nonlinear displacement–strain relationships are applied to consider large
deflections due to thermal loads. The cylindrical arc-length method is used
to take account of the snapping phenomenon which is an unstable behavior
observed in the shell panels. A nonlinear finite element procedure based on
Brinson’s model is developed to investigate the behaviors of shape memory
alloy (SMA) wire. The results of numerical analysis show that the recovery
stresses of SMA wires can enhance the stiffness of structure and the
SMAHC shell panel exhibits superior behaviors of thermal post-buckling
compared to the conventional composite panel. It is also shown that
embedding SMA wires in a composite structure can prevent the unstable
post-buckling behavior.

1. Introduction

Hypersonic aircraft structural panels are subjected not only to
aerodynamic loading, but also to aerodynamic heating. For
certain cases, the thermal load could be the primary load and,
therefore, it could be a key factor in the design of the aircraft
structures. Excess thermal deformation caused by thermal
buckling could disturb the airflow field, creating localized hot
spots that could degrade the panel’s structural performance.
Thus, the thermal buckling characteristic of the structural
panels is a critical concern for the hypersonic aircraft structural
panels. To improve the structure performance against
thermal loading, conventional aerospace structures typically
employ passive treatments such as structural stiffening and
constrained-layer damping. But these treatments typically

3 Author to whom any correspondence should be addressed.

suffer from substantial weight penalty and are often limited
to relatively low temperatures. So smart materials may
enable new structural design paradigms for high performance
structures.

Smart materials have the ability to change stiffness,
shape, natural frequency, damping, and other mechanical
characteristics in response to changes in temperature, electric
fields, or magnetic field. The most common smart
materials are piezoelectric materials, shape memory alloys,
magnetostrictive materials, and electrorheological fluids. All
of these adaptive materials have great potential in a variety
of applications. So, much applied research has been
performed to enhance the structural performance using these
smart materials. Han and Lee [1] investigated composite
plates with distributed piezoelectric actuators and showed
that the distributed actuators can effectively enhance dynamic
behaviors and control performances of composite plates.
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Oh et al [2] analyzed thermopiezoelastic post-buckling and
vibration for several lamination and loading types. They
showed that piezolaminated composite plate could enhance
effectively the thermal buckling load and reduce the post-
buckling deflection within some boundaries. Also, shape
memory alloys (SMAs) have shown significant advantages in
the area of structural response control, structural shape control,
and damping enhancement. Rogers and Robertshaw [3]
introduced the idea of embedding SMA actuators in a
composite laminate. This type of structure has been termed
a shape memory alloy hybrid composite (SMAHC). Roh and
Kim [4] considered a low velocity impact for the hybrid
smart plate. A hybrid smart plate using SMA actuators and
piezoelectric sensors can enhance its global resistance to low
velocity impact. Ho et al [5] presented the experimental and
numerical results of thermal post-buckling tests for various
isotropic and composite plates with/without embedded SMA
strips. They showed that SMA strips could reduce buckling
deformation of isotropic and composite panels. Lee and
Lee [6] investigated the effect of embedded SMA wires on
the characteristics of buckling and post-buckling caused by
external and thermal loads using the ABAQUS code. Tawfik
et al [7] studied an SMA-embedded plate to delay thermal
buckling, suppress post-buckling deflection, and increase
panel-flutter dynamic pressure.

In this paper, the post-thermal buckling responses of shape
memory alloy hybrid composite (SMAHC) shell panels are
investigated using a finite element method. On the basis of
the layerwise displacement theory, nonlinear finite element
formulations are derived for the thermoelastic responses
of the SMAHC shell panel. The von Karman nonlinear
displacement–strain relationships are applied to consider large
deflections due to thermal loads. The cylindrical arc-length
method is used to account for the snapping phenomenon.
To investigate the behaviors of SMA wire, a nonlinear finite
element procedure is developed. The numerical results for
SMAHC panels are compared with conventional composite
panel ones considering the weight of panels as the crucial
design parameter for fair comparison. The present results show
that SMAHC panels exhibit superior behaviors of thermal post-
buckling as compared to the conventional composite panels as
well as prevention of unstable buckling behavior such as the
snapping phenomenon.

2. The constitutive equation of SMAs

Among the various SMA constitutive models proposed,
Brinson’s model [8] has been used in this paper, as it offers
the advantage of capturing the thermomechanical behavior at
any temperature and includes in its expression only quantifiable
engineering quantities and material parameters. On the basis
of Brinson’s model, the constitutive equation of SMAs can be
expressed as follows:

dσ = D(ε, ξ, T ) dε +�(ε, ξ, T ) dξs +�(ε, ξ, T ) dT , (1)

where σ is the second Piola–Kirchhoff stress, ε is the Green
strain, ξ is the internal variable representing the stage of
the transformation, and T is the temperature. The function

D(ε, ξ, T ) represents Young’s modulus of the SMA material
assumed to be a linear function of the martensite fraction:

D(ε, ξ, T ) = D(ξ ) = Da + ξ(Dm − Da), (2)

where Da and Dm are the Young’s moduli of perfect austenite
and martensite states, respectively; ξ = ξs+ξT is the martensite
fraction, the sum of the one (ξs) induced by stress and the one
(ξT ) induced by the rise in temperature. � is the transformation
tensor, related only to D in the case of constant material
functions:

�(ξ) = −εL D(ξ ), (3)

where εL is the maximum residual strain obtained
experimentally by converting to detwinned martensite and
the unloading at a temperature less than the austenite start
temperature, and �(ε, ξ, T ) is the parameter of thermal
expansion for the SMA material.

The evolution equations for calculation of the martensite
fractions according to temperature and stress can be
represented as follows:

(i) the phase transformation conversion to detwinned
martensite as:
if T > Ms andσ cr

s +CM(T −Ms) < σ < σ
cr
f +CM(T −Ms):

ξs = 1 − ξs0

2
cos

{
π

σ cr
s − σ cr

f

(
σ − σ cr

f − CM (T − Ms)
)}

+
1 + ξs0

2
, (4a)

ξT = ξT0 − ξT0

1 − ξs0

(
ξs − ξs0

) ; (4b)

if T < Ms and σ cr
s < σ < σ cr

f :

ξs = 1 − ξs0

2
cos

{
π

σ cr
s − σ cr

f

(
σ − σ cr

f

)}
+

1 + ξs0

2
, (5a)

ξT = ξT0 − ξT0

1 − ξs0

(
ξs − ξs0

)
+�T ξ , (5b)

where, if Mf < T < Ms and T < T0,

�T ξ = 1 − ξT0

2
[cos (aM (T − Mf)) + 1] ; (5c)

else, �T ξ = 0, and
(ii) the phase transformation conversion to austenite as:

if T > As and CA(T − Af) < σ < CA(T − As):

ξ = ξ0

2

{
cos

[
aA

(
T − As − σ

CA

)]
+ 1

}
, (6a)

ξs = ξs0 − ξs0

ξ0
(ξ0 − ξ) , (6b)

ξT = ξT0 − ξT0

ξ0
(ξ0 − ξ). (6c)

Figure 1 shows the dependence of the martensite fraction, ξ ,
on the temperature, T , under stress free conditions. The upper
curve depicts the change of ξ in the course of the transformation
to austenite when heating, while the lower one depicts the
transformation to martensite. Because the martensite fraction
depends on the stress and temperature, the transformation
kinetics must be coupled with equation (1) to formulate a
complete governing equation for SMAs.
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Table 1. Material properties of SMAs.

Modulus, Transformation Transformation Maximum
Density temperatures (◦C) constants residual strain

Da = 67 × 103 MPa Mf = 9 CM = 8 MPa ◦C−1 εL = 0.067
Dm = 26.3 × 103 MPa Ms = 18.4 CA = 13.8 MPa ◦C−1

� = 0.55 MPa ◦C−1 As = 34.5 σ cr
s = 100 MPa

ρ = 6448.1 kg m−3 Af = 49 σ cr
f = 170 MPa
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Figure 1. The dependence of the martensite fraction on the
temperature.

3. Finite element formulation for the SMAHC shell

3.1. Shape memory alloy wires

To investigate shape memory alloy wire behaviors, a nonlinear
finite element procedure is developed. The displacement field
is described using the nodal displacements for one-dimensional
four-node elements:

u =
4∑

k=1

Nk uk, v =
4∑

k=1

Nkvk, w =
4∑

k=1

Nkwk,

(7)
where Nk are shape functions; uk , vk , and wk represent the
nodal displacements at node k. With the displacement gradient
matrix, we can get the nonlinear element stiffness matrix for
shape memory alloy wire:

[K] = H D A
∫

l
[B]TFFT[B] dx + S A

∫
l
[B]T[B] dx, (8)

where A, l , and S are the cross-sectional area, the length
of the truss element, and the applied stress, respectively;
H represents the multiplicative factor dependent upon the
variables for each of the three transformation cases; D is the
Young’s modulus of the SMA material; [B] and F are the
displacement gradient matrix and the deformation gradient
vector, respectively. Detailed expressions for the parameters
used in equation (8) can be found in [8]. The Newton–
Raphson method is used to solve this nonlinear equation.
Figure 2 demonstrates the stress–strain responses for different
temperatures with the SMA properties in table 1. For all of
these curves, the initial value of the stress-induced martensite
variable, ξs, is zero. For temperature above the martensite start,
Ms, the initial value of the temperature-induced martensite
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Figure 2. SMA stress–strain curves calculated by the finite element
method.

variable, ξT , is taken to be zero and for temperature less
than Ms, the initial value of ξT is proportional to temperature
as indicated by equation (5b). Experimental results given
by Liang [9] are available for the loading curve at 50 ◦C
and the loading and unloading curves at −10 ◦C. There is
a quite good agreement between the experimental and the
present analysis results. The stress–strain curve at −10 ◦C
indicates the shape memory effect (SME). When the material
temperature is raised above the austenite finish temperature
at zero stress, the material recovers all of the residual strain.
The pseudoelastic effect is demonstrated by the curves for
45 and 50 ◦C in figure 2. At 50 ◦C, above the austenite
finish temperature Af , the material exhibits a transformation to
detwinned martensite during loading and completes the inverse
transformation to austenite upon loading. The recovery stress
characteristics of a SMA wire with respect to temperature
variations for three different initial strains are shown in figure 3.
In the case of constrained recovery, extremely large internal
stresses are incurred as the inverse transformation to austenite
occurs. As can be seen, the larger the initial strain constrained,
the higher the recovery stress that can be generated by the
shape memory effect. Using this recovery stress the structure
can adapt to the external environment by modifying its shape
and stiffness. In this research, we use this recovery stress to
modify the stiffness of structure and enhance the adaptability
in a thermal environment by embedding an SMA actuator in a
composite structure. This type of structure has been termed a
shape memory alloy hybrid composite (SMAHC).

3.2. Layerwise laminated theory with geometric nonlinearity

On the basis of the layerwise laminated theory, the
displacement fields (u, v, and w) in the x–φ–z coordinate
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Figure 3. Recovery stress versus temperature for constrained SMA
wire.

system can be expressed as follows [10]:

u1 = u(x, φ, t) =
Ni∑

J =1

U J (x, φ, t)
J (z), (9a)

u2 = v(x, φ, t) =
Ni∑

J =1

V J (x, φ, t)
J (z), (9b)

u3 = w(x, φ, z, t) = W (x, φ, t), (9c)

where U J and V J are the in-plane displacements at the J th
interface; Ni is the number of degrees of freedom (DOF) for the
in-plane displacement along the thickness direction for element
i ; 
J (z) is the Lagrange interpolation function and assumed
to be of the following form:


J (z) =




0 for z < zJ −1

� J −1
2 (z) = z − z J −1

z J − z J −1
for z J −1 < z < z J ,

� J
1 (z) = − z − z J +1

z J +1 − z J
for z J < z < z J +1,

0 for z J +1 < z,
(10)

where zJ denotes the global thickness coordinate of the J th
interface.

The von Karman nonlinear strain–displacement relation-
ships are adopted to consider a large deflection due to thermal
loads. The relationships between strain and displacement can
be written as follows:

εxx = ∂u

∂x
+

1

2

(
∂w

∂x

)2

=
Ni∑

J =1

∂U J

∂x

J +

1

2

(
∂w

∂x

)2

, (11a)

εφφ = ∂v

g∂φ
+
w

g
+

1

2

(
∂w

g∂φ

)2

=
Ni∑

J =1

∂V J

g∂φ

J +

W

g
+

1

2

(
∂w

g∂φ

)2

, (11b)

γxφ = ∂u

g∂φ
+
∂v

∂x
+
∂w

∂x

∂w

g∂φ

=
Ni∑

J =1

(
∂U J

g∂φ
+
∂V J

∂x

)

J +

∂W

∂x

∂W

g∂φ
, (11c)
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Figure 4. The geometry of a SMAHC shell panel.

γφz = ∂w

g∂φ
+
∂v

∂z
− v

g

= ∂W

g∂φ
+

Ni∑
J =1

V J d
J

dz
−

Ni∑
J =1

(
V J

g

)

J , (11d)

γxz = ∂w

∂x
+
∂u

∂z
= ∂W

∂x
+

Ni∑
J =1

U J d
J

dz
, (11e)

where g is the distance from the central axis to an arbitrary
point inside the cylindrical panel, and the transverse normal
strain εzz is assumed to be zero. Figure 4 shows the geometry
of a SMAHC shell.

3.3. The constitutive equation of SMAHC

We use the method proposed by Saravanos et al [11] for
the micromechanical modeling of shape memory alloy hybrid
composites. The resultant equations for the elastic properties
of the SMA/epoxy lamina are as follows: the longitudinal
modulus:

E11 = κSMA ESMA + κm Em; (12a)

the transverse modulus:

E22 = E33 = Em

1 − √
kSMA (1 − Em/ESMA)

; (12b)

the shear modulus:

G12 = G13 = Gm

1 − √
kSMA (1 − Gm/GSMA)

, (12c)

G23 = Gm

1 − kSMA (1 − Gm/GSMA)
; (12d)

Poisson’s ratio:

ν12 = ν13 = kSMAνSMA + kmνm, (12e)

ν23 = kSMAνSMA + km

(
2νm − ν12

E11
E22

)
; (12f)

and the coefficient of thermal expansion:

α1 = (ESMAαSMAκSMA + Emαmκm) /E11, (12g)

α2 = Em

E22

[
αm

(
1 − √

κSMA
)

+
√
κSMA

αSMA
√
κSMA + αm

(
1 − √

κSMA
)

1 − √
κSMA

(
1 − Em

ESMA

)
]
, (12h)
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where κSMA is the SMA fiber volume fraction in the
SMA/epoxy lamina, and Em, Gm, νm, and κm are Young’s
modulus, the shear modulus, Poisson’s ratio, and the volume
fraction of the epoxy matrix in the SMA/epoxy lamina.
With the material properties of the SMA/epoxy lamina
(equations (12a)–(12h)) as well as the material properties of
the graphite/epoxy lamina, the resulting material properties of
the SMAHC can be calculated.

The thermoelastic constitutive relations for a general
kth orthotropic layer of a laminate with an arbitrary fiber
orientation angle θ , relative to the x-direction in figure 4, are
as follows:

{σ }k = [Q̄]k({ε}k − {α̃}kκc�Tk) + {σr}κs, (13)

where a subscript k indicates the layer number; [Q̄]k and
{α̃}k are the transformed reduced stiffness and coefficients
of thermal expansion, respectively; {σr} is the recovery stress
generated by shape memory alloy wires. The volume fractions
of SMA wires and the graphite/epoxy lamina relative to the
total volume are denoted by κs and κc, respectively.

3.4. Hamilton’s principles and finite elements

Hamilton’s principle is applied in order to derive the
thermoelastic equation of motion for the SMAHC shell panel.
The equations of motion can be expressed in the following
form:

δΠ = δ(U + V)− δK

=
∫ T

0

{∫
V
(σi jδεi j − fiδui − ρu̇iδu̇i) dV

−
∫

S
Tiδui dS

}
dt = 0, (14)

where δ, U, V, K, (·), ρ, and T are the variational operations,
strain energy, external work, kinetic energy, time derivative,
density, and an arbitrary time, respectively. fi is the volume
force and Ti is the surface traction.

Over each finite element, the displacements are expressed
as a linear combination of shape functions ψ̄k and nodal values
Wk , U J

k , V J
k in the following form:

(W,U J , V J ) =
NPE∑
k=1

(Wk,U
J

k , V J
k )ψ̄k, (15)

where NPE is the number of nodes per element. The nine-node
quadratic Lagrange element is used. Let us define the nodal
displacement vector for an element i as

ue = {
u0u1v1u2v2 · · · uNi vNi

}T
, (16)

where
u0 = {W1W2 · · · WNPE}T , (17a)

uJ = {
U J

1 U J
2 · · · U J

NPE

}T
, J = 1, . . . , Ni , (17b)

vJ = {
V J

1 V J
2 · · · V J

NPE

}T
, J = 1, . . . , Ni . (17c)

The nonlinear finite element equation of motion for the
SMAHC shell can be obtained in the following form:

Mü +
(
KL − K�T + KSMA + 1

2 KN1(u) + 1
3 KN2(u)

)
u

= F�T − FSMA, (18)

Table 2. Comparison of natural frequencies (Hz).

Olson and Lindberg [14]
Present results

Mode FEM Experiment (LWT)

1 86.60 85.6 85.23
2 139.17 134.5 136.77
3 251.30 259.0 244.46
4 348.59 351.0 340.81

where M, KL, KSMA, K�T , KN1, KN2, F�T , and FSMA are
the mass matrix, linear stiffness, geometric stiffness due to
SMA recovery stress, thermal geometric stiffness, first-order
nonlinear stiffness, second-order nonlinear stiffness, thermal
loading, and SMA recovery force vectors, respectively.

To analyze the thermal post-buckling and small
vibration with thermally buckled deflections, the solution of
equation (18) is assumed to be the sum of time-independent
and time-dependent solutions such as u = us + ut , where
us is the post-buckled large deflection and ut is the time-
dependent solution with small amplitude. Substituting this
assumed solution into equation (18), we can obtain static and
dynamic coupled equations as follows:(
KL − K�T + KSMA + 1

2 KN1 (us) + 1
3 KN2 (us)

)
us

− F�T + FSMA = 0, (19)

Müt +
(
KL − K�T + KSMA + KN1 (us) + KN2 (us)

)
ut = 0.

(20)

Newton–Raphson iteration with the cylindrical arc-length
method is applied for the investigation of the snapping
phenomenon. A detailed description of the numerical
calculation for the cylindrical arc-length method can be found
in [12, 13].

4. Results and discussion

4.1. Code verification and comparison

In order to verify the present code, numerical computations
of the natural frequencies and the thermal post-buckling of
cylindrical shells have been performed. The first example is
an isotropic cylindrical shell with cantilevered boundary. The
present analysis uses 12 × 12 nine-node quadratic Lagrange
elements, and the geometry and material properties are given
as follows:

E = 200 GPa, ν = 0.28, ρ = 7800 kg m−3,

(21a)
a

b(=Rφ)
= 1,

a

h
= 100,

R

a
= 2. (21b)

Table 2 shows that the present results compare very well with
the finite element ones obtained using an 8 × 8 triangular
shallow shell element and experimental results given by Olson
and Lindberg [14]. Figure 5 shows the results on the mode
shape for a cylindrical shell.

As the second example, the thermal post-buckling
response of a cylindrical composite shell is investigated and
the present results are compared with those of Huang and
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1st Mode 2nd Mode 3rd Mode 4th Mode

Figure 5. Mode shapes for an isotropic shell.
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Figure 6. Comparison of thermal post-buckling of the cylindrical
shell.

Tauchert [15]. The geometry and material properties of the
cylindrical laminated shell are given as follows:

E1 = 138 GPa, E2 = E3 = 8.28 GPa,

G23 = G13 = G12 = 6.9 GPa,

ν23 = 0.373, ν12 = ν13 = 0.33,

ρ = 1600 kg m−3, α1 = 0.18 × 10−6 ◦C−1,

α2 = α3 = 27 × 10−6 ◦C−1.

(22a)

a

b (=Rφ)
= 1,

a

h
= 200,

R

a
= 5. (22b)

The laminate consists of four layers all with θ = 0◦, [0◦
4], and

the boundary conditions are all simply supported as follows:

W = V J = U m = 0 for J = 1, Ni at x = 0, a,

(23a)

W = U J = V m = 0 for J = 1, Ni at Rφ = 0, a.

(23b)

Here, m denotes a mid-interface in the in-plane DOF. The
present results based on layerwise theory are compared with
those of Huang and Tauchert as shown in figure 6. Deflections
of the present results are a little more flexible in the highly
nonlinear region because of in-plane flexibility in the present
layerwise theory model.

4.2. Thermal post-buckling analysis of the aluminum/SMA
panel

The aluminum panel with embedded SMA/epoxy lamina
is investigated to evaluate the effectiveness of SMA wires
in resisting thermal buckling. The aluminum/SMA panel
contains SMA/epoxy lamina which is sandwiched and adheres
between two identical 0.625 mm thickness aluminum panels.
The SMA wires are constrained with 3% initial strain. The
total thickness of the aluminum/SMA panel is 1.5 mm. The
volume fraction of SMA wires relative to the total volume
is equal to 10%. The thermal post-buckling behavior of the
aluminum/SMA panel is compared with that of the reference
aluminum panel. Since weight is a crucial design consideration
for aerospace structures, the aluminum and aluminum/SMA
panel should have the same weight for fair comparison.
Therefore, the thickness of the reference aluminum panel was
taken to be 1.7 mm so that the two panels have the same weight.
The material and geometry properties are given as follows:

E = 70 GPa, ν = 0.33, ρ = 2710 kg m−3,

a

b(=Rφ)
= 1, a = 0.1 m, φ = 3◦.

(24)
The boundary conditions are simply–simply supported at
the two straight edges and clamped–clamped at the two
curved edges. The 12 × 12 meshes with nine-node
quadratic Lagrange elements having a DOF per node,{

W,U 1,U 2,U 3, V 1, V 2, V 3
}T

, are used, so that the total
number of DOF of the panel is 4375. Figure 7 shows the post-
buckling deflections of the aluminum and aluminum/SMA
shell panel with 3% initial strain of SMA wires. As can be
seen, the deflection of the aluminum/SMA panels is smaller
than that of aluminum panel without SMA wires.

4.3. Thermal post-buckling analysis of the SMAHC panel

In this section, numerical results for post-buckling deflections
of the SMAHC panel are compared with those for the
composite panel to show the effectiveness of SMA wires for
post-buckling suppression. The composite panel is made of
graphite/epoxy of which the material properties are given in
equation (22a). The SMAHC panel is made of graphite/epoxy
laminates and SMA/epoxy lamina with 10% volume fraction
of SMA wires. So, the SMAHC panel has only 80.6% weight
of the composite panel without SMA wires. The overall
properties of the SMA/epoxy ply are determined by using
equations (12a)–(12h). The composite and SMAHC panel’s
boundary conditions are at all four edges simply supported.
The stacking sequence of the composite and SMAHC panel
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Figure 7. The effectiveness of the aluminum/SMA panel on thermal
post-buckling.
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Figure 8. The effectiveness of the SMAHC panel on thermal
post-buckling with φ = 3◦.

are
[
90◦

4/0
◦
4

]
s and

[
90◦

2/0
◦
2/SMA/0◦

2/90◦
2

]
, respectively. SMA

fibers are embedded along the x-direction in the SMAHC shell
panel. The ambient temperature is assumed to be 24 ◦C. The
geometry of the cylindrical laminated shell is given as follows:

a

b(=Rφ)
= 1, a = 0.8 m, φ = 3◦,

hl = 0.125 mm, hs = 0.25 mm,
(25)

where hl and hs indicate the thicknesses of the graphite/epoxy
and SMA/epoxy laminas, respectively. The 12 × 12 meshes
with nine-node quadratic Lagrange elements having a DOF
per node,

{
W,U 1,U 2,U 3, V 1, V 2, V 3

}
, are used, so that the

total number of DOF of the panel is 4375. Figure 8 shows the
post-buckling deflection of the composite and SMAHC panels
with different initial strains of SMA wires. Figure 9 illustrates
the thermal static deformation shapes at �T = 150 ◦C in
cases of the

[
90◦

4/0
◦
4

]
s

composite and
[
90◦

2/0
◦
2/SMA/0◦

2/90◦
2

]
SMAHC panel with 1% and 3% initial strains of SMA wires.
As can be seen, the post-buckling deflections of the SMAHC
panels decrease with increasing initial strain of SMA wires.
However, at low temperature, the deflections of the SMAHC
are larger than those of the composite panel, because the SMA

Composite without SMAs SMAHC (1% initial strain) SMAHC (3% initial strain)

Figure 9. Thermal static deformation shapes at �T = 150 ◦C.

0 50 100 150 200 250 300
0

1

2

3

4

5

6

W
ce

n (
m

m
)

T(oC)

 Composite without SMAs
 SMAHC (1% initial strain)
 SMAHC (3% initial strain)

∆

Figure 10. The effectiveness of the SMAHC panel on thermal
post-buckling with φ = 20◦.
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Figure 11. Thermal static deformation shapes.

fibers are not fully activated at that relatively low temperature.
Considering that the SMAHC panel has a lower weight than the
composite panel, the SMAHC panel exhibits superior behavior
as regards thermal post-buckling compared to the conventional
composite panel.

Curved panels with large shallowness angles are
investigated. The thermal post-buckling analysis is performed
for panels with the geometry properties in equation (25) but
shallowness angle φ = 20◦. The case of φ = 3◦ shows the
behavior of stable post-buckling like that of the flat plate in
figure 8. However, as the shallowness angle is increased,
the snapping phenomenon appears. Figure 10 shows the
thermal post-buckling behaviors of the composite and SMAHC
panels with the shallowness angle φ = 20◦. As can be
seen, composite panels illustrate the snapping phenomenon,
but SMAHC panels show stable behavior like that of a
flat shell with much smaller thermally buckled deflection.
Figure 11 shows the static deformations at �T = 60 ◦C
and �T = 220 ◦C. In the case of composite panels, the
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Figure 12. The frequency history with increasing temperature.

thermal static deformations at two temperatures are totally
different from each other due to the snapping behavior. But
the SMAHC shell panels show such stable deformation that
the thermally buckled shape is not changed abruptly. Also,
figure 12 indicates the variation of the fundamental frequencies
with the incrementing of temperature. In the case of the
composite shell panel, the fundamental frequency decreases
in the pre-snapping region but increases again in the post-
snapping region. But in the case of SMAHC panels, the
fundamental frequencies have quite a large value as compared
with the conventional composite panel without SMAs. On
increasing the initial strain of the SMA wires, larger values of
the fundamental frequency can be obtained.

5. Conclusions

The thermal post-buckling analysis of shape memory alloy
hybrid composite (SMAHC) shell panels has been performed
using a finite element method. On the basis of the layerwise
theory and the von Karman displacement–strain relationships,
nonlinear finite element equations of motion are derived
for the thermoelastic response of the SMAHC shell. The
cylindrical arc-length method is used to take account of the
snapping phenomenon. Brinson’s model is adopted for the
modeling of shape memory alloys (SMAs). A nonlinear finite
element procedure is developed to investigate the behaviors
of SMA wires. To enhance the adaptability of structures in a
thermal environment, we use the constrained recovery stress
of SMAs embedded in a composite structure. Thermal post-
buckling responses of the SMAHC shell panel are compared
with those of a conventional composite shell panel without
SMAs. In the simulation results, the SMAHC shell shows
superior behaviors as regards thermal buckling compared to
conventional composite shell without SMAs. In addition,
embedding SMA wires in a composite structure can prevent
the snapping phenomenon that is one of the unstable post-
buckling behaviors. But in certain cases, SMAHC shell shows
less effective behavior than conventional composite shells,
implying that the optimal design should be achieved for the

effective use of SMA wires. As can be seen from numerical
results, it is possible to design SMAHC shell panels that are
lighter than composite panels while showing superior thermal
post-buckling behaviors. Therefore, the SMAHC structures
could be excellent candidates for use in treatments to enhance
structural performance in a thermal environment.
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