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Identification of Damage on a Substructure
with Measured Frequency Response Functions
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Recently the authors tried to find damage position only using measured frequency response
functions. According to their work, it seems that the algorithm is very practical since it needs
only measured frequency responses while other methods require exact analytic model. But when
applying the method to a real structure, it requires lots of experiment. The authors, in this time,

- propose a method to reduce its experimental load by detecting damage within a substructure.
This method searches damages not within an entire structure but within substructures. In
addition, damage severity was treated in this paper since it is worthy to know damage severity.

Optimization technique is used to estimate damage level using measured responses and damage

model. Two test examples, a plate and a jointed structure, are chosen to verify the suggesting

method.
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1. Introduction

Damage such as a crack in a structure makes it
vulnerable to external load thus it is necessary to
find it before the structure goes to failure. Re-
cently a kind of non-destructive method based on
vibration signal is getting more attention to detect
damage within a structure {Doebling et al., 1997 ;
Marwala and Heyns, 1998 ; Choi and Lee, 2003).

The reason for people paying attention to this
vibration signal analysis method is that many
related fields to structural dynamics such as
structure modification are already well developed
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and vibration measurement is not difficult any
more. Understanding that damage changes the
dynamic characteristics of a structure, it is cer-
tain structural dynamics modification is closely
related to damage detection algorithm. Actually,
damage in a structure can be understood as losing
stiffness thus potential energy of a structure is
generally reduced as damage goes to process.

Though many methods have been developed
to detect damage using vibration theory, most
of the methods can be divided into two groups,
reference based method and experiment based
method (Park, 2003). As the name says, reference
based method requires a reliable model to detect
damage successfully and it is known that a good
reliable model is very difficult to construct. On
the other hand, experiment based method does
not need any reference model but requires only
experimental data. But as we know, experimental
work accompanies many kinds of difficulties and
its applicability is very limited.
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Force balance method is one of the most
well known reference based methods. In force
balance method, the multiplication of reference
model and measured motion vector gives useful
information of damage position. In real situation,
but, the force balance method can not be used
frequently because there are some problems in
both model reliability and coordinate mismatch
between model and measurement points.

Recently improved force balance method has
been suggested by the authors to overcome the
problems (Park, 2003). According to the work,
the force balance method can be processed with
only measured frequency responses. The method
utilized frequency weighting function to filter out
the unwanted frequency data to ease ill-condi-
tioning process. Though the improved force bal-
ance method does not need analytical model
anymore, it needs a lot of effort to do experi-
ments.

The prime interest in damage detection is to
know damage location but the equivalent impor-
tance lies in identifying its level. Zimmerman
(Kaouk and Zimmerman, 1994) tried to estimate
damage extent using MRPT (Minimum Rank
Perturbation Theory)}, and static test data are
used to assess level of damage with optimization
process (Sanayei and Onipede, 1991).

This work is to suggest further improved dam-
age detection method based on force balance
methed. The suggesting method can relieve ex-
perimental load significantly and alse damage
extent can be estimated from measured data. Sub-
structure damage detection is the key of the paper
and is based on substructure modification (Maia
and Silva, 1998).

2. Background Theory (Park, 2003)

Considering a dynamic system having # de-
grees of freedom (dofs), the response vector
{ X }ax1 can be divided into two parts, m dofs
measured responses { X }mx; and the remain un-
measured responses { Xy }im—mx1. If the external
forces acting on the unmeasured dofs are zero,
the incompletely measured frequency response
matrix can be written as

[Hmm] mxm~— ([Dmm] - ]:Dmu] [Duu] _1[Dum]);llxm (1)

where [ D] is dynamic stiffness matrix, —&*[M]+
iw[ C1+ [ K], which is composed of mass, stiffness
and damping matrix. The subscript ‘»#’ means
measured, and ‘2’ unmeasured.

Eq. {1} says that the incompletely measured
frequency response function matrix [Hpn(@)] is
equal to the inverse of reduced dynamic system
matrix which can be derived from an exact an-
alytic model. When some damages occur in struc-
ture, the reduced dynamic system matrix is some-
what changed. Thus the force balance equation
can be written as

[Dmm_ (DmuD;tiDum) ]{ﬁ }f

={I},—[ADwa—AE{H); (2)

where {7}; is an unit vector which has the
value of one only in the j-th position and zeros
clsewhere. [ADqmn] and [AE] is the variation
of [Dum) and [ DwaDi Dum] respectively due to
damage, and {F}; is the j-th column of the
measured frequency response of damaged struc-
ture. The left-hand side of Eq.{2) can be deter-
mined from the reduced dynamic stiffness matrix
of undamaged structure and measured frequency
responses from damaged structure, and both are
already known. On the other hand, the right-
hand side of the equation contains an unknown
term [ADma—AE]{H};, which comes from dam-
age and it measures the deviation from {I};
Thus the change of unit vector { f}; due to dam-
age can be treated as an index to indicate dam-
age locations. Introducing a vector { £}, the de-
viation of the unit vector { J}; can be defined as

{$}=[Hmm:|_l{1q}j—{l}j (3)

The right-hand side of Eq. {3) can be determined
from only experimental data. Thus exact theo-
retical model is no longer necessary,

Although the proposed method does not re-
quire any analytic model, it does not work well
to identify damage through all the frequency
ranges. That is because experimental model is
a kind of reduced model, it contains numerical
errors generated in inverse processes. Thus an
additional process to examine the quality of each
frequency is needed. A new vector {#}, which
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Table 1 Some remarks on the proposed damage detection method

previous force balance method

proposed method

reliability dependent on model quality
D.0O.F. mismatch reduction or expansion is required
difficulty difficult to build an accurate model

dependent on experimental results
any reduction or expansion is not required
heavy experimental burden

is the summation of weighted damage detection
vector {£(f)} through interesting frequency rang-
es, is defined as equation (4)

(1= 2R W) (£ @

where {£(fs5,)} is defined in Eq.(3), and fs,, is
7-th frequency of i-th set of the selected fre-
quency region. When computing {#}, if we use
some frequencies where W {f) has a high value,
then the damage identification result becomes
more reliable. For the cases of having multiple
damages it is recommendable to select several
frequency sets because natural frequency sensitiv-
ity differs with damage locations. It is also rea-
sonable to avoid the frequencies where its condi-
tion number is very high. A guide to determine
weighting function, W{f), is introduced in the
previous work (Park, 2003), and some remarks
on the proposed method is listed in Table 1.

It is interesting to note that the characteristics
of dynamically reduced model have a direct rela-
tionship with those of unmeasured whole model.
In fact, determinant of the measured frequency
response functions can be written as

det ([ Du])
det([D])

And it is easily noticed that the solution of
det ([ Hnn]) =0 satisfies the other form of char-
acteristic equation det ([ D]} =0. Specifically
the frequencies at which det{[Humm])=0 are
known as transmission zeros. Since the reduced

det{[Hmm])= (5)

dynamic system is ill-posed at the transmission
zeros, those frequencies should be avoided when
computing its inverse.

3. Damage Detection Based
on Substructure Diagnosis

Generally it is well known that a system has

a large condition number at its natural fre-
quencies and transmission zeros because the sys-
tem is ill-posed at those frequencies. And these
frequencies are easily found from measured fre-
quency response functions. Actually, as will be
shown in Eq. (6), this work assumes that the
Frobenious norm of [Dmn] is greater than the
norm of [ Dmul7iDun). If not, we cannot expect
a reliable damage detection result as can be seen
in Eq. {2). This paper, thus, implicitly assumes
that

1D nn I3 E L DDt D] (6)

Although the relationship between |[Dmn]| and
W Dmuldut Dum]|| cannot be derived without an
exact model, it is right that this inequality is not
true at the frequencies which satisfy det{[Du]) =
0. Judged from some numerical and experiment-
al tests, it is expected that the proposed damage
detection algorithm leads to a confident result at
the frequencies where the condition number of the
measured frequency response function [Hum| is
relatively fow. If the inequality relation is satis-
fied in a substructure domain, it will be very
helpful to relieve experimental load. This sec-
tion shows that the effect of |[ DyuDutDunl| in
a subdomain can be ignored as like that of entire
domain, thus the proposed algorithm can be ap-
plied.

Reduced substructure model can be defined as
Eq. (7)

[Dmm—DmuD;t} um]i‘EEH] El (7)

1)

where superscript ‘i’ with subscript ‘S’ means
i-th substructure. Since Eq. {7) is identical to
Eq. (1), the damage detection method suggested
in this work can be applied to substructures too.
The advantage of using substructures is that the

inspection space is dramatically reduced.
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Considering a finite element structure which
can simulate exact dynamics of a structure, it is
obvious that the experimental reference model is
directly related to the number of measurement.
Therefore, at a given frequency, an experimental
model ¢an be thought as a function of the num-
ber of measurement ‘#¢’, then it leads to Eq. (8)

||[Dmm(fﬂ):!s||wwo=f(m) (8)

where |[ Dnr (@) s]| is the norm of dynamic stiff-
ness of a substructure. Let us examine a symmetric
dynamic system with m+wu dofs like Eq. (9},

D(m—e)(m—e) D(m—e)e Dm—e)u
Dmm Dmu
|:D D ]= De(m—e) Dee Deu (9)
“ “ Du(m—e) Due Duu

where ‘¢’ means the number of reduced measure-
ment points. From the definition of Frobenious
norm, Eq. (10) can be derived from Eq. (9).

LD ) 2= Dim-erom-e:]IP+ 2| [ Dim-ere]I*

LD (10

Thus when the subsystem with reduced measure-
ment points, [ Dmm]s, is set 1o [Dm-oim-a]. Eqs.
(8) and (10) comes to

FH(m) =[[Dnn]F—281— s (1)

where Ay, As is the square norm of [Dim el
and [De], respectively. Eq. (11) means that mea-
surement points diminishment causes norm re-
duction of the measured set. The coupled system
[ Pmulet Dun] sl also satisfies the following ine-
quality that is

|EDmuDii Dum} sll S 1 [ D] sIPL [ Dica
_ ¢ [ Duu] ) |[ Dma]sl* (12)
1Dl

where ¢{[Dw]s) is condition number of [Dy)s.
If gi{m) and g(m) represents the norm of [|[ D] sl
and |[Dulsl respectively, their relation can be
summarized as Egs. (13) and (14).

glz(m) ="[Dmu]"2+A1—Az (13)
Z=|[Du]f+282+As (14)

Where A; is the square norm of [De]. If the

number of measurement points decrease, surcly
&{m)} will increase. Using Eqs. {13} and (14;,
Eq. (12) becomes to

“[D D_ID ] HSC([Duu]s)glz(m)
mudLduy L um | 5 gz(m)

_cliDule (IDmlPta—a) 19
Du] P +280+ A

Assuming smoothly varying condition number,
c([Duuls), the upper bound of Eq.(15) will
decrease as the number of measurement points
decrease. Except several extraordinary frequencies
having relatively large condition number, it is
numerically verified that [[Dumm]s| is larger than
]l [.Dmth:ulDum] S"

Consequently, it is moderate to divide the en-
tire domain of a structure into several subdo-
mains to relieve experimental load, and each
subdomain will be examined carefully through
the suggested damage detection algorithm. Also
the idea to select proper frequencies (Park, 2003)
can be directly applied to damage detection in
subdomains.

4, Estimation of Damage Severity

4.1 Sensitivity analysis and consideration of
degrees of freedom mismatch

Though the prime interest for damage detec-
tion is to identify damage location, it is also im-
portant to estimate the level of damage. Severity
of damage cannot be known only with frequency
response functions. Therefore some damage co-
efficients which link the severity with measured
responses must be considered.

Ignoring damping, eigenvalue equation of a
system before damage can be expressed as

[K1{g}=A[M]{¢} (16)

where A is an ecigenvalue and {¢} is its mo-
deshape vector. If damage is engaged in a struc-
ture and assuming the damage affects on stiffness
only, the above equation can be changed to

(LE1-Zpl K1 -] X} ={0} (1)
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where L is the number of damage, A and {X}
mean varied eigenvalue and eigenvector caused
by damage. Also the parameter, p,, determines
severity of damage and has a value iLn the range
of 0 to 1. If we express the damage, ‘_Zip,[K] 4 @5
[K(F)] and rearranging the equation, it leads to

([N -[HuBHIK@E D{X}={o} (18)

where [I] is identity matrix and g means circu-
lar natural frequency of modified system. And
[H(u(p))] is frequency response function be-
fore damage. Eq. (19) which is the determinant
equation of Eq. (18) provides natural frequencies
(Tsuei and Yee, 1989},

det ([I1-[H(xBNIKE D=0 (19

It is also interesting to mnote that if both fre-
quency response functions and damage model
are known, modified system’s eigenvalue can be
found. If we define { Y} as a left eigenvector of
the system Eq. (18), then it satisfies another form
of eigenvalue equation as

(YY) -{H(e(B)]KE ] ={0}" (20)

Eq. {19) and (20) say that eigenvalues are a func-
tion of damage parameter . Thus it is possible
to assign appropriate eigenvalues by controlling
damage parameters. Natural frequency sensitivity,
therefore, acts an important role in identifying
damage severity. Differentiating both sides of
Eq. (18} about p, one obtains the following equa-
tion

o dX
(1= [P K G DL
Further applying chain rule, and multiplying
left eigenvector { ¥} to Eq.(21), and combining
with Eq.(20), natural frequency sensitivity with
respect to a parameter can be derived

& —(yyrridEiP x)
S RGN )

Actually Eq.(22) is not useful, because Eq.{22)
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requires completely measured frequency response
functions to match with degrees of freedom of
damaged substructure model [K($)]., while this
work is based on partially measured frequency
response functions. If damage model dofs is m,
Eg. (19} can be rewritten as

Thus if a well defined damage model [K.(3)]
is provided, natural frequency change can be
predicted using incompletely measured frequency
response functions.

§till there is another problem to be solved;
how can we define damage element which is sui-
table for measured frequency responses. It is
natural to consider dynamically reduced damage
model, actually it is equivalent to that of static
reduction because damage is assumed only in
stiffness. Thus desired damage model, [K:(5)].
can be written as

(Ka( 5] =[Kal mn— (Kol mu[Ka] 2 [Ka] um (24)

Therefore the provided damage model has the
same size of incompletely measured frequency
response functions.

4.2 Design optimization problem

Estimation of damage extent can be understood
as a design optimization problem. In this case,
the objective function to be minimized is the
summation of natural frequency differences be-
tween before and after damage occurrence. The
optimization problem can be defined as

min%/l(ﬁ) TAGB)
pgt (25)
subject to

0=p:=1

where = RL and AE R¥. The residual function
A RY— RY is nonlinear in p, and means dif-
ference vector between target and current natural
frequencies. I is the number of most probable
damage candidates and NN is the number of target
natural frequency after damage.

The optimization problem needs a solution
technique for nonlinear optimization problem,
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and generally iteration is indispensable. The so-
lution ol Eq. (23] is obtained without difTiculty
by applying Guuss-Newton’s method iteratively,
and usuvally the solution of each iteration is

Cphea=toh= (Tl (T ph T Qb A oy (26)

where J means Jacobiun, natural frequency sensi-
tivity vector. Since the Jucobiun of Eq. (26) 1s
not always well conditioned. it is also well known
fact that Gauss-Newlon's method does not glob-
ally convergent. Thus many medified Newton's
mcthods are developed. and this work 1ried to
find an optimum solution by applying Leven-
berg-Marquardr method !Dennis und Schnabel.
1983).

Sclution or design parameter denoted £ will

be designed to minimize the errer. The number of

design parameters can be selected on the criterion
that comes from damage location index. Those
parameters may not indicate exact damage loca-
tion. since there should be some identification
grror. Thus, through the procedure ol severity
estimation, one can not only deduce appropriate
damage level but also recheck actually dumaged

region.
5. Test Examples
5.1 Plate structure

A test structure is freely suspended on wires as

shown in Fig. 1, und 30 points arg set for mea-

|

i 0
*

condition number
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surement, The steel plate has 1.o mm thickness
and saw cul with length of 33 mm to make a
damage near measurcment points 19, 20, 24 and
25,

The tetal number of experiment 1o build an
experimental model is 900 1f the entive domain is
considered. But that is too many to do experiment
and thus the structure 15 divided into two parts.
One part is composed of 20 points (from point |
to point 20). the other part is composed of 13
points [from point 16 10 point 30), So the number

of measurement 1o construct substructure model
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Fig. 1 Stecl plute 1280 x400x 1.6 mm) with 353 mm

length saw cut damage

condition number
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frequency(Hz)
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Fig. 2 Condition number of substructures. () Condition number of 20 20 frequency response matrix of

the first substructure. (k! Condition number of 13315 frequency response matrix of the second

substructure
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can be reduced to 400 and 225 respectively.

Condition number of each case is delineated in
Fig. 2, and it seems that there is no abrupt dif-
ference in these two figures except near 410 Hz. It
is thought that this frequency is a transmission
zero of the second substructure. The weighting
functions for these two substructures are shown
in Fig. 3. From these weighting functions two
frequency ranges, 220~250 Hz and 420~450 Hz,
are selected for inspection and some frequencies
with higher noise level than 0.05 or with higher
condition number than 300 are discarded to avoid
ill-pose. Since the actual measurement error is
not known, this work assumed normalized ran-
dom error using coherence function (Bendat and
Piersol, 1993).

. .
":_: L]
-
o
© I
£ 3 I
= 1
@ I
S‘ . |
1‘ i |
\ ]
sy . O L WSS fmmshy - ....,.J}. iy
7 >0 v ¥o 400 450 500
frequency(Hz)

\a

Using Eq. (4), damage location indices of the
two substructures are found in Fig. 4. True dam-
age exists in the second substructure, and it is
easily found in Fig. 4(b). Though there exists
no damage in the first substructure, Fig. 4(a)
indicates that it might have damaged zones. The
suspicious damage zone shown in Fig. 4{a} is
resulted from the effect of the true damage in the
second substructure, because the indices with high
value are distributed around the true damage
region.

The first step, to identify damage level, is to
build a reliable analytic structure model. For
improving reliability of the damage madel, 4
global design parameters, Young's modulus, den-
sity, Poisson's ratio, and thickness, were chosen.

weighting value

- il

0 - L4

.4 ] 120 1% 200 ;0 X0 ¥o 450 4% 00
frequency(Hz)
(b)

Fig. 3 Weighting function of each substructure. {a} Weighting function of the first substructure. (b) Weighting

function of the second substructure

damage index

12 3456 7 B g 10111213 14151817 1819 20
node number

(a)

30

damage index

18 17 18 19 20 21 22 23 24 25 26 27 28 29 30
node number
(b)
Fig. 4 Damage location indices using two sets of frequency 220~250 Hz, 420~450 Hz. (a) Damage location
index of the first substructure. (b) Damage location index of the second substructure
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Table 2 Natural frequency of a plate example
experimental before update after update
resuli{Hz) frequency (Hz) relative error{%) frequency (Hz) relative error (%)
47.61 46.21 2.93 48.06 0.95
5591 51.96 7.05 54.04 3.33
111.22 108.87 2.1 113.22 1.80
[18.90 110.81 6.80 115.24 3.07
142.57 135.84 4.72 141.28 0.90
166.30 157.43 5.33 163.73 1.54

Fig. 5
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iteration

Fig. 6 Relative design parameter change ratio. —#—

Young’s modulus {relative to 200 X (0° pa) ;
—&— Poisson’s ratio (relative to 0.33) ; —%—
density {relative to 7860 kg/m®) ; —&— thick-
ness (relative to 0.0016 m}

The objective function, the error of the first six
natural frequencies is minimized by adjusting
these four parameters. The result is shown in
Fig. 5 and Table 2. It can be seen that the updated

(b)

MAC value of plate. (a) Before update. (b) After update

model is reliable enough to identify dumage level.
Updated design parameters are also shown in
Fig. 6.

Though, in this case, the damaged area is ex-
actly detected, it is assumed that some other area
is disguised as damage. Two damage parameters,
thus, are selected and tested to locate damage
positions. That is the true damage area composed
of points 19, 20, 24 and 25 is set to the first
candidate and the area, beneath the true damage
area, composed of points 14, 15, 19 and 20 as the
second candidate. First three natural frequency
error between the damaged experiment model
and updated model are set as objective function.
Applying above damage level identification pro-
cedure, Eq.(25), it can be said that true damage
area is clearly found as shown in Fig. 7.

5.2 Structure with joints
The plate structure that was tested is severed
into two parts as shown in Fig. 8, The two parts
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Fig. 7 Estimated plate damage level caused by saw
cutting. —#— The first damage candidate ; @
The second dumage candidate : Note that true
damage area can be detected by considering
the tact a false candidate converges to zero
approximately
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Previous plate structure was severed into two,
the two plates are coupled with 4 bolts und
nuts : the number in the circle means mea-
surement position
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Fig. ¢ Measured signals {a) A frequency response function before {——) and after damage (-——-); H..
(b} Coherence function of the measured frequency response function

T | ‘ ‘ Il |
o |
E | " | 4 i
=] \ \ o '
< [ H o | “
& b -'\ | -‘f ) |‘
= ] Ly, LHI CE
3 YL '*" ‘.
g " Y e

[ Y

10" T v T T T v v T 3

[ 50 100 150 209 250 300 350 400 450 500
frequency(Hz)
(a)

weighting value

o
=
C?

[
(=3
=}

0.047

=
o
™

.;‘ B A \Ni.“
i . ‘\:““ ",

0.0
o]

50 100 150 200 250 300 200 450

350 500
frequency{Hz)
{b)

Fig. 10 Condition number and weighting function for the coupled structure. (a) Condition number of 7 X7
frequency response matrix. (b} Weighting function
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arc coupled with 4 bolts and nuts. The first joint
from the left is released so as to simulate damage.
7 measurement points were selected and accelera-
tion of each point was measured.

The total number of measurement to construct
experimental model is 49. Fig. 9 15 a sample of
frequency response functions and its coherence.
Cendition numbers of the frequency response ma-
trix, beforc damage, is delineated in Fig. 10(a}.
The weighting function of the system is shown in
Fig. 10(b}. From this wecighting function, fre-
quency band 210~290 Hz is selected for inspec-
tion. Seme [requencies with the level of noise
higher than 0.05 or with condition number higher
than 800 are excluded. Based on Eq. {4), the cal-
culated damage location index with the weighting
function shows the damaged first joint cleurty as
Fig. [1.

Since four global design parameters were de-
termined already at the above cxample, only joint
stiffness is to be considered to construct a reli-
able mode! for estimation of damage scverity. It
is assumed that joint can be modeled as spring
clement thus |2 springs, one linear and twa tor-
sional springs for each joint, will be used to im-
prove model reliability. tt i1s thought that the
linear spring is relatively rigid comparing to tor-
sional springs, thus 4 lincar springs are set to
relatively rigid, [.0X 10" N/m.

The objective function, the error of the first

Nam-Gyu Park and Youn-sik Park

three natural frequencies. is minimized as varying
the 8 torsional springs. Table 3 shows initial
and modified design parameters. Table 4 shows
the updated model is reliable enough to identily
damage level.

The next step is la estimate damage level. In

.

this case, it is natural to consider 3 spring con-
stants in the released joint us damage parameters.
With the same procedure, the damage level can
be identified as shown in Fig. 12. 1t is interesting
to note that linear spring constant approaches
100% damage level, since a released joint is equi-
valent to decoupling of lateral motion.

Fig. 11 Weighted damage location index : vertical
bar medns damage index normalized to the

maximuium

Table 3 Lincar(N/m) and torsional (Nm/rad) spring constants

paramecter from initial modified
the left kz krx kry i kz krx kry
Pl 1.OOOE1D 1.000EJ J1.OOOE3 | 1.000E]10 1.0068ES 9.6626E4
P2 ] 1.000E10 1.000E3 1.000E3 1.000E 10 I.OI48ES 98757E4
P3 1.000E10 1.000E3 1.000E3 1.000E10 9.8973E4 98690E4
P4 1.000E10 1.000E3 1.000E3 1.000E10 9.6703E4 9.7193E4
Table 4 Nartural frequency of 4 plate with joints
experimental | before update after update

result (Hz) (requency {Hz)

’ l'C]k’l[iV:C- error{ %)

frequency (Hz! relative error(%)

46.3

49.5 ‘ 6.9
534 56.2 ; 5.2
104.3 109.8 ' 5.3

46.8 1.1
4.0 L
104.5 0.02
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Fig. 12 Estimated joint damage level caused by
loosed joint. —m—, kz ;, —@—, krx ; ¥, kry

6. Conclusions

In this paper, substructure damage identific-
ation method and estimation of damage level is
suggested. The previously proposed algorithm
with measured frequency response functions is
totally dependent upon experimental data, thus
it takes much time and effort to acquire experi-
ment data. To relieve experimental load, substruc-
ture damage detection is suggested and this pro-
cess helps to reduce experimental load effectively.
Identification of damage level is also important
and an optimization problem is defined to esti-
mate damage level. The estimation process needs
only measured frequency response function and
statically reduced stiffness matrix.

Two test examples are introduced to verify sug-
gested method, and the results show that sug-
gested method is confident.
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