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Abstract: The Korean National Pension Service (NPS) is a partially funded and defined-benefit
system. Although the accumulated Fund of the NPS has been increased gradually, this large fund is
concerned about depletion in the near future due to the unprecedented aging population and the
low fertility rate. In this study, we have developed an asset-liability management (ALM) model that
endogenizes variables which were regarded as being exogenous by including them in investable
assets. We present the multistage stochastic programming (MSP) formulation incorporating the
population structure as a variable that is new to ALM. The optimal portfolio encompassing the
investment in raising the fertility rate is obtained. Extending the scope of ALM to social investment
is a new approach that has not been attempted in other ALM studies. We demonstrate that socially
driven investments can also be a good investment asset in which the NPS should consider to invest.

Keywords: national pension service; asset-liability management; social investment; sustainability;
population growth; multistage stochastic programming

1. Introduction

The main function of a pension plan is to provide a stable life to pensioners; however,
according to the National Pension Actuarial Projection conducted in 2018 [1], it is expected
that the Korean National Pension Service (NPS) will not be able to realize this major
function in the future. The accumulated amount of funds of the NPS will continue to
grow until 2041, reaching a maximum of 1778 trillion KRW, which is estimated to be
approximately 44% of the national gross domestic product (GDP). However, this high
amount of funds will be exhausted by 2057. The main cause of the fund depletion is the
change in the demographic structure. Owing to the rapid aging and low fertility rate, the
working-age population will decrease, whereas the number of pension beneficiaries will
increase. This change in population structure increases future liabilities in the national
pension. The exhaustion of the NPS implies an unstable old age for the current generation,
as well as a burden for the future generation. It is not a problem confined to the NPS, as it
can lead to social problems, such as a slowdown in economic growth and an increase in
welfare budget expenditure, which can become substantial threats to the entire country.
Under this special circumstance, the NPS is focusing solely on increasing the investment
rate of return. In this work, we have developed an asset-liability management (ALM)
model of the NPS with a focus on the future population structure in Korea.

Pension funds greatly impact financial markets and the economy because of the sub-
stantial fund size. To manage pension funds, the study of the ALM has been conducted.
Modeling and optimization of allocation strategies for ALM using stochastic programming
techniques were introduced in the work of Ziemba and Mulvey [2]. In pension fund
management, there are several studies on multistage stochastic programming (MSP) and
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ALM. Bogentoft et al. [3] developed an ALM model for a pension fund using conditional
value-at-risk (CVaR) constraints. Mulvey et al. [4] used multi-period stochastic program-
ming in a long-term horizon framework for a pension fund. Some studies employed robust
methods in an ALM model for pension plans [5,6]. To apply the ALM structure to pension
funds in each country, the pension system and regulations should be considered. Høyland
and Wallace [7] analyzed legal regulations in the Norwegian life insurance using MSP.
Board and Sutcliffe [8] applied an ALM model to UK pension funds, and Hilli et al. [9] ana-
lyzed the Finnish pension system. Moreover, several studies addressed the Dutch pension
system [10–12]. Dondi et al. [13] presented a dynamic ALM for Swiss pension funds.

Until now, ALM studies on pension funds have been mostly based on techniques
using MSP. However, we try to apply ALM to pension funds by including a new type of
asset in existing assets. We consider social investment—investment for the increase in the
fertility rate, in particular—since the demographic structure is one of the most important
factors affecting the pension system, and its impact on pension dynamics can be formulated
clearly. One of the shortcomings of social investment is that its effect is indirect and appears
over a long period. Because of this, measuring the performance of social investment is
complicated and inherently difficult to evaluate. As a result, social investment has not been
employed as widely as traditional financial assets. If one can model the effect of the socially
driven investment accurately, this investment can be considered as an investment asset,
such as traditional financial investments. Increasing the viable types of assets to invest
would allow the NPS to make a better decision among more varied options.

In this work, we find the optimal portfolio decision of the NPS, including the invest-
ment in raising the fertility rate, by employing MSP. We try to determine whether the
investment in population growth could be a more attractive investment vehicle than other
financial assets.

To the best of our knowledge, this is the first study to include social investment
as an investment asset of pension funds in the optimization problem to obtain optimal
asset allocation. The crucial difference between this study and the other ALM studies is
that we consider “investing in population growth” as an independent investment vehicle.
This is an approach that has never been attempted in the other ALM studies in the past;
it is meaningful to transform the population structure, which has been regarded as an
exogenous variable, into an endogenous variable so that it would become controllable. The
main contribution of this study is that it presents a new concept extending the scopes of
ALM and investment portfolio to social investment.

The rest of the paper is organized as follows. Section 2 summarizes the pension
fund system in Korea. In Section 3, we introduce the concept of investment in population
growth, assumptions, and formulation of our framework. Then, the scenario tree generation
procedure used in our model is presented in Section 4. Sections 5 and 6 exhibit a numerical
example with discussions. The last section concludes this study.

2. Korean National Pension Service
2.1. The Korean Pension System

Koreans over the age of 65 can receive three types of pension income: social welfare,
a public pension, and a private pension. The pillar structure of Korea’s old-age income
security system can be summarized, as shown in Table 1. The NPS corresponds to a
public pension.

The NPS was established to efficiently offer services that would contribute to the
stabilization of livelihoods and would promote national welfare by providing pension
benefits to cases of old-age, disability, or death (The National Pension Act). The general
criteria for national pension coverage are age and residence. Participation is mandatory for
all citizens in Korea aged between 18 and 59, except for public officials and private school
teachers. In 2016, the age at which the beneficiary starts receiving benefits was 61. By 2033,
the age will be gradually raised to 65.
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Table 1. Old-age income security system.

Pillar Type Income Security System

Third pillar Private pension Individual retirement savings

Second pillar Company pension

First pillar Public pension National Pension Service (NPS)

Pillar zero Social welfare Basic Old-Age Pension

The NPS is a partially funded, defined-benefit (DB) system. Currently, the operation
of the system and the operation of the fund are maintained in a separate structure. In
addition, the operation of the fund presents a similar tendency to the operation of large
trust funds [14]. The Fund of the NPS is financed by collected contributions from the
insured, investment returns, and settlement surplus, etc. The remainder after deducting
the pension benefits and other expenses is reserved as an asset under management. The
National Pension Service Investment Management was launched in 1999 under the mission
of professionally managing the Fund of the NPS. The NPS has set a 5-year period asset
allocation to achieve excess returns against benchmarks. The contribution rate of the NPS
is 9%; basically, employers and employees each contribute 4.5% of their wages. A benefit
formula consists of basic and earning-related portions. In this formula, the average income
of all pension members is included—the formula that redistributes the income. Then,
the actual value of the pension benefit is adjusted based on the national consumer price
fluctuation. There are four types of NPS benefits: old-age pension, disability pension,
survivor pension, and lump-sum refund. Among these, the old-age pension is the most
substantial benefit, which guarantees old-age income security when the insured person
becomes economically inactive.

There are several types of benefits for specific purposes, but the funds are managed as
one fund. This one fund is managed under three sectors: financial sector, welfare sector,
and the other sectors. As of August 2020, about 99.9% of the fund reserve is currently
invested in the financial sector, and only 0.1% of the fund is in welfare and the other sectors.
The portfolio of the financial sector contains a large proportion of bonds and an increasing
proportion in equity markets.

2.2. Analysis of Major Issues of the NPS

One of the most critical problems is the pension fund exhaustion coming in the
future. According to the 2018 NPS Actuarial projection [1], the accumulated fund will be
depleted by 2057 due to the increase in the aging population and the low birth rate. As the
proportion of the elderly continues to increase, payment expenditure will increase, and
future contributions will decrease. In other words, future pension liabilities will increase
significantly more than future assets.

Although the accumulated Fund of the NPS is more than 700 trillion KRW as of the
end of 2019, it is not sufficient to prevent the depletion of pension funds. This means
that the amount of current unfunded liability is greater than the accumulated fund. The
contribution rate was set to be low at the initial stage of the scheme to alleviate the financial
burden on pension members. Their benefits are substantially higher than their actual
contributions. Until now, owing to the contributions of the baby-boom generation, there has
been no major problem in the management of pension funds, despite the large unfunded
liability. However, it will become difficult to disburse the pensions of the baby-boom
generation after its retirement if the current management policy is maintained.

After the depletion of funds, the NPS will be transformed into a pay-as-you-go scheme.
For beneficiaries to receive benefits, the contribution rate should be raised to 26.8% by
2060 [1]. This will become a heavy burden to the next generation and a cause of numerous
social problems. To delay the occurrence of fund depletion, the government has raised
the beginning age of pension benefit, and has lowered the pension benefit in two system
reforms since 1998, when the NPS was established.
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Recently, there has been a claim that the income replacement rate should be increased.
The income replacement rate of the NPS is defined as a proportion of the first monthly
pension benefit over the average income of the total period of contribution by beneficiaries.
It has been decreased gradually ever since the establishment of the NPS. This controversy
arises from the need for adequate welfare payments to the elderly because the Korean
poverty rate of the aged population is the highest among the OECD countries. To raise
the income replacement rate, an increase in the contribution rate or tax is necessary; this is
not an easy decision, owing to public resistance. If the sustainability problem of the NPS
cannot be solved, it may cause economic and social problems and seriously increase the
burden of later generations. However, the exhaustion of funds is inevitable under current
management [1]. Hence, it may be helpful to consider a new approach, as discussed in the
next section.

3. Model
3.1. Investment in Population Growth

Due to the unprecedented aging population and low fertility rate, the majority of
pension funds are suffering from deficits, and there are many concerns about their sustain-
ability. As a result, numerous studies have been carried out on the financial sustainability of
funds due to changes in demographic structure. There have been many studies [15–21] that
illustrate changes in the wealth path of pension funds influenced by demographic change
or demographic policy reform. However, most of them have assessed the sustainability
of the fund by simulation under certain forecasting models on a demographic structure.
There is a lack of research on the implications of social investment in fund management and
its efficacy as an investment vehicle. Existing approaches are not well suited to conclude
that investing in raising the fertility rate could be more attractive than investing in other
traditional financial assets [22].

As the current investment management method cannot prevent the depletion of
funds, we present an optimal decision-making process by including the investment in
population growth, which is a new investment asset. Herein, the investment in population
growth implies all direct and indirect investments that raise the fertility rate: for example,
investing in childcare facilities or awarding a childbirth grant. A careful analysis should
be performed to determine how much of the fertility rate would be increased for the
investment for enhancing the fertility rate.

In Figure 1, the ALM system of a pension plan is composed of four kinds of main
parts: a pension plan, an insured person, a beneficiary, and government agencies related
to the policy decision of the pension plan. The current system treats the insured person,
the beneficiary, and the government agencies as exogenous variables. In other words, it is
difficult to control future premiums and payments for the existing ALM. Certainly, it is
possible to influence future assets and liabilities by changing the premium rate; however, it
is not easy because there are various problems in the process, such as generation conflict
and procedural issues. Therefore, the current NPS system concentrates on a high expected
return from financial investments for the sustainability of the fund.
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In this study, with the inclusion of the investment in population growth, the population
that was considered as an exogenous variable can be regarded as an endogenous variable.
The investment in population growth does not directly affect the fund as follows. First of
all, the increased number of newborn infants by investment does not affect the NPS for
the first 20 years. From a short-term perspective, it can be regarded as a −100% return
on investment. However, after 20 years, they become economically active and start to
pay pension premiums. Consequently, they increase the contributions and income of the
NPS over the next 40 years before they retire. Then, they would affect the liabilities of the
NPS from the age of 65 until their death. Thus, this investment can affect the assets and
liabilities of the NPS because the number of future insured persons and beneficiaries would
have changed. Consequently, introducing investment in population growth may extend
the scope of the pension portfolio. In this paper, we model the management of the NPS
fund by reflecting the cash flow of the investment in population growth.

3.2. Demographic Structure

Classification into two groups, pension members and beneficiaries, is insufficient to
reflect the demographic change. Since there is a difference in the survival rate, and the
fertility rate by age group, the population structure of our model changes every 5 years.
We divided the population of Korea for each five-year age group and sex. In our model,
the demographic structure was modeled on a discrete timeline. We only considered the
population aged 0 to 99 (0–4, 5–9, . . . , 95–99) since the data for the population over
100 years of age are unclear. In addition, we assumed that the population of Korea is closed
to international migration since the net immigration rate of Korea is expected to decrease
gradually [1], and we disregarded this term in the long-run. We illustrated the population
dynamics in the form of the well-known Leslie matrix, which is widely adopted in the
projection of age group- and sex-specific population growth, by the following equation [17],

Popt′ , s = Lesliet′−1, s × Popt′−1, s,

where Popt′ , s =



pop(m, 0), t′ , s
pop(m, 1), t′ , s

...
pop(m, 19), t′ , s
pop( f , 0), t′ , s
pop( f , 1), t′ , s

...
pop( f , 19), t′ , s


,

Lesliet′ ,s =



0 0 . . . . . . 0 bm,0 bm,1 . . . bm,18 bm,19
1− dm,0 0 0

1− dm,1
...

. . .
...

...
. . .

...
0 0 . . . 1− dm,18 0 0 0 . . . 0 0
0 0 . . . . . . 0 b f ,0 b f ,1 . . . b f ,18 b f ,19
0 1− d f ,0

1− d f ,1
...

. . .
...

...
. . .

...
0 0 . . . 0 0 0 0 . . . 1− d f ,18 0


t′ ,s

,

(1)

and t′, s, m, f , b, and d indicate the year, scenario, male, female, fertility rate, and
mortality rate, respectively; the population vector, Popt′ , s denotes the number of each
age group- and sex-specific population; bm, i and b f , i represent the fertility rate for each
male and female of the fertile women belonging to age group i; dm, i and d f , i represent the
mortality rate of the male or female age group i. Every data required to create the Leslie
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matrix were based on the Korean statistical information service. For the sake of simplicity,
the sex ratio of birth was supposed to be constant at 105.

In our framework, fertility rates were affected by the amount of investment in raising
the fertility rate. It was assumed that the increase in the fertility rate according to investment
in population was immediately reflected in the corresponding stage. The results may differ
depending on the extent to which the fertility rate responded to a change in the amount of
investing in population growth. We also assumed the fertile age of females to be 20–49;
that is, fertility rates for a female outside this range were set to 0. Although the fertile age
is widely used as 15–49 years, we assumed that the age to enter fertility was the same as
the age to enter NPS. With this trick, we also supposed that the population structure was
affected by investment until only 20 years from the beginning, which is the period from the
beginning of time until the child born in the first stage enters fertility. These assumptions
allow us to avoid multiplication between variables in the MSP formulation.

There is still an ambiguity concerning the amount of investment in population growth
required to lead to an increase in the fertility rate. For example, mathematical analysis
is required on how much the fertility rate can be increased when investing in childcare
facilities or awarding a childbirth grant. There are several studies on the effect of childbirth
promotion. As a result of analyzing the effect of the incentive policy implemented in
Quebec, Canada, a 1000 CAD increase in first-year benefits was estimated to increase the
probability of having a child by 16.9% [23]. In the work of Larogue and Salanié [24], child
support of 500 EUR per month per child less than 3 years old induces a major increase in
fertility of the order of 180,000 extra annual births in France. In the case of Korea, a panel
analysis of 25 boroughs in Seoul from 2005 to 2009 revealed that the incentive for childbirth
does not affect the fertility rate [25]. On the contrary, another research [26] shows that if
the childbirth grant were increased by 100,000 KRW, the average number of newborns in
the borough would increase by 2.71 persons.

Previous studies have had mostly hypothesis tests to see if investing in population
growth is effective. In addition, there are differences in the results for each study owing to
differences in the region and various conditions. If we limit the conditions to only a certain
region, it is hard to show the change in the fertility rate according to the family benefits
because the public spending of the nation does not change greatly within the country. Even
if there is a difference in spending on family benefits, it is not easy to simply compare the
effect of the policy due to the large gap in the timing of the budget used in most cases.

Under such circumstances, to quantify the effect of the investment in population
structure approximately, we applied linear regression to each female age group-specific
fertility rate and public spending on family benefits (in % of GDP) of OECD countries
within the recent 3-year period from 2013 to 2015 (available in OECD family database).
Herein, public spending on family benefits included all spending types, such as cash,
services, and tax breaks for families. The regression results are shown in Table 2.

Table 2. Slopes of the fertility rate (births per 1000 women) of each age group with respect to public
spending (% GDP) on family benefits.

Age Group 20–24 25–29 30–34 35–39 40–44 45–49

Slope −4.3095 5.7131 7.7486 4.3790 0.6808 −0.0180
Standard error of the slope 2.5050 2.6064 2.1829 1.6596 0.5116 0.0614

R2 0.0308 0.0491 0.1193 0.0697 0.0187 0.0009

According to the results, it can be observed that the youngest age group was negatively
affected by the increase in public spending on family benefits. It can be considered that the
recent increase in the mean age of women at childbirth induced this effect. The fertility
rate of the oldest age group is rarely affected by public spending, whereas the fertility rates
of the rest of the groups are positively affected by additional public spending.

These slopes in linearized effect functions were used to estimate the increase in fertility
rates according to the additional investment of NPS in population growth as reference
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values. To reflect the uncertainty in investment effect on population growth, we supposed
that the noises of these slopes were normally distributed respectively with a zero mean. It
was assumed that the population is determined by the investment in population growth of
NPS in the previous stage (5 years ago). Furthermore, we supposed that public expenditure
on the family benefits of Korea returns to the value at the beginning and is maintained
after 20 years.

3.3. Model Description

In our proposed model, we applied the ALM methodology using MSP. We defined
the target planning stage as {1, . . . , T}, and the length of each period as prt, t ∈ {1, . . . , T}.
Investment and borrowing decisions occurred at each stage. Uncertainty was expressed as
distinct realizations, called scenarios, s ∈ S. Nodes of the scenario tree represented possible
outcomes for the uncertainties, and each node had a probability of realizations. In this
model, asset returns, and the effect of population growth presented uncertainty. We will
explain the generation procedure of the scenario tree in Section 4.

Asset classes were defined by set A = {1, 2, 3}, with asset class 1 representing stock,
2 representing bond, and 3 representing an investment in population growth. We defined a
person aged within the range of 20–59 years old as an active member and over 65 years old
as a pensioner.

The data required for the forecasting follow the results of the 2018 NPS Actuarial pro-
jection [1]. In accordance with the revision of the National Pension Act, the NPS actuarial
committee has carried out the national pension financing calculation, which reveals the
future cash flow of the NPS every five years since 2003. Furthermore, this provides the
financial estimation and assumptions of economic variables used in the forecast process.
Various data, such as the number of future pension members and beneficiaries, premium in-
come, pension expenditure, and economic variables required in this model are determined
based on the assumptions and results derived from [1]. Then, given that the available
financial estimation results extend to as far as 2088, data after the year 2088 are assumed to
be the same as those in 2088.

3.4. MSP Formulation

A scenario tree and an optimization model are the main elements of MSP, which is
a widely used methodology to solve a multistage decision-making problem under uncer-
tainty [27]. An MSP model shows the optimal solutions at each node of the tree, given the
information available at that point. Decisions do not depend on future observations, but on
possible random future realizations, as well as on the decisions made in the previous stage.

We formulated an MSP model to find the optimal asset allocation for the NPS. For
each i ∈ A, t ∈ T, and s ∈ S, we defined the following parameters and decision variables

• Parameters

prt Length of stage t in years.
ri,t,s Asset return during periods of stage t for asset i under scenario s.

β Annualized rate of the cost of borrowing.
σ Rate of the transaction cost.

1 + δ Discounting factor for one year.
θ Limit on the asset amount sold in one year.
x0 Initial wealth of NPS.

w0, i Initial weight of asset i.
lj, t Average pension benefit per person of age group j at stage t.
cj, t Average contribution per person of age group j at stage t.

IRj, t Percentage of insured persons of age group j at stage t.
PRj, t Percentage of pension beneficiaries of age group j at stage t.

πs Probability of scenario s, ∑s∈S πs = 1.
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• Decision Variables

xi,t,s
Amount allocated to asset i after rebalancing at the beginning of stage t
under scenario s.

xBUY
i,t,s

Amount of asset i purchased at the beginning of stage t under scenario s
(i = 1, 2)

xSELL
i,t,s Amount of asset i sold at the beginning of stage t under scenario s (i = 1, 2)

yBORR
t,s Amount borrowed at the beginning of stage t, under scenario s.

yDEBT
t,s Amount of debt paid back at the beginning of stage t, under scenario s.

Popt, s Age group- and sex-specific population vector at stage t under scenario s.
LIt,s Total Liability payment at stage t under scenario s.

COt,s Total contribution of all active members at stage t under scenario s.
Es End effect under scenario s.

• MSP Model

Maximize ∑s∈S πs{α(x1,T,s + x2,T,s − yDEBT
T,s + Es)− (1− α)yBORR

T, s }, where α ∈ [0, 1] (2)

Subject to

∑i 6=3(1 + σ)xSELL
i,t,s −∑i 6=3 xBUY

i,t,s − x3,t,s + COt,s − LIt,s + yBORR
t,s − yDEBT

t,s = 0

∀ s ∈ S, t = 1, · · · , T (3)

COt,s = Σjcj, tPopj, t, s IRj, t ∀ s ∈ S, t = 2, · · · , T (4)

LIt,s = Σjlj, tPopj, t, sPRj, t ∀ s ∈ S, t = 2, · · · , T (5)

Pop1, s = Pop0 ∀ s ∈ S (6)

Popt′ , s = Leslieprt−1
t′−1, s × Popt′−1, s ∀ s ∈ S, t′ = 2, · · · , prt (7)

Es = ΣjPopj, T, s × dT(c× IR− l × PR)j ∀ s ∈ S (8)

x0 × w0, i = xi, 1, s − xBUY
i, 1, s + (1 + σ)xSELL

i, 1, s ∀ s ∈ S, i ∈ {1, 2} (9)

xi,t,s = xi,t−1,s ×
(
1 + ri, t−1, s

)
+ xBUY

i,t,s − (1 + σ)xSELL
i,t,s ∀ s ∈ S, t = 2, · · · , T, i ∈ {1, 2} (10)

xi,T,s = xi,T−1,s ×
(
1 + ri, T−1, s

)
∀ s ∈ S, i ∈ {1, 2} (11)

yDEBT
1,s = 0 ∀ s ∈ S (12)

yDEBT
t,s = yBORR

t−1,s × (1 + βt−1,s)
prt−1 ∀ s ∈ S, t = 2, · · · , T (13)

x3, t, s = 0 ∀ s ∈ S, t = 5, · · · , T (14)

xBUY
i, T, s = 0, xBUY

i, T, s = 0, xBUY
i, T, s = 0, xBUY

i, T, s = 0 ∀ s ∈ S, i ∈ {1, 2} (15)

xSELL
i, t, s ≤ xi,t−1,s ×

(
1 + ri, t−1, s

)
× θ × prt−1 ∀ s ∈ S, i ∈ {1, 2}, t = 2, , · · · , T (16)

xi,t,s = xi, t, s′ , xBUY
i,t,s = xBUY

i,t,s′ , xSELL
i,t,s = xSELL

i,t,s′ , yBORR
t,s = yBORR

t,s′ ∀ s and ∀ s′ with identical past up to time t. (17)

xi,t,s ≥ 0, xBUY
i,t,s ≥ 0, xSELL

i,t,s ≥ 0, yBORR
t,s ≥ 0 ∀ s ∈ S, ∀ i ∈ A, t = 1, · · · , T (18)

The objective of our MSP model was to maximize the expected utility of NPS. We
defined the expected utility (2) as a linear combination of the expected final wealth and
the expected penalty, which measures the performance and the risk, respectively. The risk
of the pension plan was measured as a one-sided downside risk based on the expected
borrowings at the final stage T. Parameter α represents the risk preference of NPS, which
indicates the relative importance of risk as compared with the expected value. Higher
values of parameter α represent that the NPS is aggressive. On the contrary, if α holds low
values, the NPS is conservative in terms of risk.

The cash balance Equation (3) represents cash inflow and outflow at each stage t
under scenario s. The cash account shows inflows owing to cash earned from selling assets,
contributions from active members of the pension fund, and from borrowing. The cash
outflow includes cash for buying assets, pension payment to pensioners of the pension fund,
and debt from borrowing at stage t− 1. For the constraints (4) and (5), the contributions and
liability payments are composed of two parts: the existing population and the additional
population owing to investment in population growth. The number of pension members
of the population owing to investment was calculated as in the manner shown in Figure 2.
The ratios of active pension members and pensioners to the population were assumed to
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remain constant over the projection period as the values based on the Korean statistical
information service as of 2018.
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Figure 2. The method employed for the calculation of the number of additional pension members owing to investment.

Constraints (6) and (7) indicate population dynamics of each age group- and sex-
specific group introduced in Section 3.2. Constraint (8) represents the end effect, which is a
discounted value of the future cash flow of the remaining population at the final stage.

Inventory balance Equations (9)–(11) show how the pension plan invests its wealth
on each asset class at stage t under scenario s. The initial asset allocation of the fund
refers to the portfolio of NPS as of the year 2020. The constraints (13) and (16) represent
the cost of borrowing of NPS and the limit on the range of asset variation in one stage,
respectively. Additional constraints for specific stages are given as constraints (12), (14),
(15). The constraint (17) is the non-anticipative constraint required in the tree structure
of the stochastic programming because decisions should be made without knowing the
future. The constraint (18) is a non-negative constraint for all decision variables.

The linearized effect of investment in population growth affects the Leslie matrix
in constraint (7) as a form illustrated in Equation (1). Regarding this constraint, for the
convex programming problem, we assumed that the investment in population growth was
allowed for the first 20 years (1~4 stage). After 20 years, the fertility rate remained at the
initial level in 2020 until the final stage of our model.

4. Scenario Tree Generations

To construct the MSP problem, the generation of scenario trees for uncertain param-
eters is important. There are several works in which financial scenario trees have been
generated. Mulvey and Zenios [28], Zenios [29] presented simulation techniques to gener-
ate scenarios based on interest rate lattice [28,29]. A clustering algorithm was introduced
in the work of Carino et al. [30]. This method reduced a large random sample variable
to a small number of representative nodes while preserving important statistical proper-
ties. Høyland and Wallace [7] introduced the moment matching approach. This method
was based on the solution of an optimization problem with values of random variables
and scenario probabilities. Dupačová et al. [31], Gülpınar and Rustem [32] presented a
combined simulation technique and optimization approach. In this study, we used the
sequential simulation method, which is the clustering method introduced in the work of
Mulvey et al. [4]. The sequential simulation method generates a one-stage scenario fan at
each clustered scenario instead of a full fan at the initial stage. At first, we determined the
number of stages and nodes to construct the scenario tree. For each node, we created a
one-period scenario fan for asset returns with N nodes by using the Monte Carlo simulation.
We adopted the k-means clustering method to determine scenario values in each cluster for
one stage. The full scenario tree was constructed by repeating for every node of the stage.

In this model, there were two kinds of uncertainties: the asset returns and the effect of
population growth. We assumed that the asset returns and the effect of population growth
were independent of each other. To generate the scenario trees of our model, the duration
of the entire period was set to be 80 years and was divided into 5-, 5-, 5-, 5-, 30- and 30-year
intervals to form seven stages. The clustering parameters for the asset return scenario tree
are listed in Table 3.
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Table 3. Clustering settings for scenarios of asset returns.

Stage 1 2 3 4 5 6 7

Number of clusters at each node 1 10 5 5 5 5 5
Period (years) 0 5 5 5 5 30 30

Number of scenarios before clustering (N) - 4000 3000 1000 1000 1000 1000

For the asset returns for the scenario tree, we assumed that there were two asset
classes, namely stocks and bonds. We derived the expected returns of the stocks and bonds
from confidential data of NPS based on the 2018 NPS Actuarial projection [1]. In addition,
volatilities and correlation of the benchmarks of NPS for the stocks and bonds were used
as the return distribution parameter for scenario generations.

5. Numerical Example

In this section, we demonstrate the obtained optimization result of the MSP problem
presented in Section 3 by applying the generated scenario tree to the problem. For the
empirical test, parametric assumptions are defined as the following Table 4.

Table 4. Summary of parametric assumptions.

Parameter Description Value

β Annualized rate of the cost of borrowing. 20%
σ Rate of the transaction cost. 3%

1/(1 + δ) Discounting factor for one year. 0.9852 (δ = 1.5%)
θ Limit on the asset amount sold in one year. 2%
x0 Initial wealth of NPS. 736.7 trillion KRW

w0, 1 Initial weight of stocks. 52.6%

The parameter β was set to be very high compared to the expected returns of the
stocks and bonds on account of the fact that a huge capital infusion through borrowing
is practically impossible. The transaction cost was also set high enough in consideration
of the penalty for changing positions. We set these values to large values as the role of
penalty. The parameters δ and θ were chosen as widely used values. These parameters
could be adjusted depending on the purpose and circumstances of the defined problem.
The financial condition of NPS in 2020 was used as the initial asset value. We defined the
other parameters as the commonly used values.

For each stage, we calculated the probability-weighted average values of the optimal
asset allocation from obtained optimal strategies under a generated scenario. Thereafter,
the average value of the decision on the weight of each stage was calculated from 5 different
generated scenarios to increase the accuracy of the solution. Table 5 illustrates the optimal
portfolio weight for the case with higher contribution rates compared to the current 9%.

If the contribution rate remained at the current level of 9%, the optimal policy in the
first stage was investing 20.60% of the fund in population growth. Due to the defined
population dynamics introduced in Section 3.2., the weight of investing in the fertility
rate after stage 4 was 0. It is especially notable that optimal asset allocation at the first
stage was the same for all cases. Only initial assets were reallocated to three types of
assets in the first stage. On the other hand, for the other stages, except for the first stage,
there were accumulated contributions, premium payments, and investment management
income during the preceding period since 5 or 30 years have passed from the previous
stage. Hence, this allowed decisions on a much larger amount of assets than stage 1 at
once. Moreover, there are constraints which limit the amount of asset sold. This caused
the decision at the first stage for all cases to be the same. Moreover, as the premium rate
increased, the amount of investment in population tended to increase.
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Table 5. Expected optimal portfolio weight for each stage: different contribution rates.

Contribution Rate Weight on Each Asset (%)
Stage

1 2 3 4 5 6

9%
(reference case)

Stock 41.76 30.47 45.54 56.32 60.91 81.82
Bond 37.64 24.60 35.08 39.83 39.09 18.18

Population 20.60 44.93 19.38 3.85 0 0

10%
Stock 41.76 32.45 30.94 56.29 60.86 87.26
Bond 37.64 26.39 22.83 39.94 39.14 12.74

Population 20.60 41.16 46.22 3.77 0 0

11%
Stock 41.76 31.40 29.47 55.37 61.37 84.21
Bond 37.64 25.55 21.47 37.95 38.63 15.79

Population 20.60 43.05 49.06 6.67 0 0

12%
Stock 41.76 30.28 29.77 55.50 62.12 84.96
Bond 37.64 24.61 21.07 37.01 37.88 15.04

Population 20.60 45.11 49.16 7.48 0 0

Due to differences in the effect of the investments between countries and insufficiency
in data, it was not enough to simply analyze the effect of investment in population growth.
Therefore, we analyzed the case where the effect was low or high: when the slope of the
effect functions for the existing effects increased by 50% or decreased by 50%. Table 6
shows the optimal portfolio for each case.

Table 6. Expected optimal portfolio weight for each stage: different investment effects in the fertility rate.

Investment Effect in Fertility Rate Weight on Each Asset (%)
Stage

1 2 3 4 5 6

High
Stock 41.76 32.87 35.92 56.22 60.93 82.06
Bond 37.64 26.68 27.10 39.83 39.07 17.94

Population 20.60 40.46 36.97 3.95 0 0

Normal
(reference case)

Stock 41.76 30.47 45.54 56.32 60.91 81.82
Bond 37.64 24.60 35.08 39.83 39.09 18.18

Population 20.60 44.93 19.38 3.85 0 0

Low
Stock 41.76 28.58 52.47 56.22 60.85 81.82
Bond 37.64 23.15 40.22 39.73 39.15 18.18

Population 20.60 48.27 7.31 4.05 0 0

This result confirms that the greater the investment effect, the higher the weight on the
investment in population, especially in stage 3 rather than stage 2. In what follows, Table 7
shows the optimal weight on investment in population growth of three representative
choices of utility: conservative, moderate, and aggressive. The results under different risk
preference levels reveal that the conservative case is more likely to invest in population
growth relatively earlier compared to other cases.

All in all, excluding the first stage, it can be seen that the optimal solution tends to give
more weight on investment in population at earlier stages. This empirical analysis leads
us to conclude that investment in population by the fund of NPS could be an attractive
investment vehicle.



Sustainability 2021, 13, 401 12 of 14

Table 7. Expected optimal portfolio weight for each stage: different risk preferences.

Risk Preference Weight on Each Asset (%)
Stage

1 2 3 4 5 6

Conservative
(α = 10−9)

Stock 41.76 28.19 54.17 56.78 60.74 82.08
Bond 37.64 22.84 41.64 40.37 39.26 17.92

Population 20.60 48.98 4.20 2.85 0 0

Moderate
(α = 10−8)

(reference case)

Stock 41.76 30.47 45.54 56.32 60.91 81.82
Bond 37.64 24.60 35.08 39.83 39.09 18.18

Population 20.60 44.93 19.38 3.85 0 0

Aggressive(
α = 10−7) Stock 41.76 33.92 34.45 48.62 59.83 74.36

Bond 37.64 27.67 25.51 35.61 40.17 25.64
Population 20.60 38.41 40.04 15.77 0 0

6. Discussion

In spite of many studies about the impact of population structure on pension finances,
most of them propose simulation results under certain assumptions of total fertility rates.
This study aims to determine whether population investment is a viable option. Although
our results varied depending on the parameters and assumptions about the practical effect
of population investment on the fertility rate, it should be highlighted that this paper
provides a formulation that encompasses a concept new to the literature in ALM.

We note that the values of results are the optimal solution when the investment in
population has an effect on the population as the regression results in Section 3.2. The
obtained optimal amount of investment in population growth was positive in all cases.
This corroborates that investing in population growth would be the optimal decision in
this proposed framework. Therefore, the results lead us to conclude that investment in
population growth could be a sufficiently attractive asset. Moreover, the results indicate
that a larger amount is invested in the population at earlier stages except for the first stage
with greater limitations in rebalancing. This is consistent with our intuition.

In addition, investment in population growth has another great advantage in terms of
the ALM model. Investment in population growth can be regarded as an asset different
from the existing asset classes because it increases the assets of the pension plan until
retirement and affects liabilities after retirement until death. From this point of view, the
investment for raising the fertility rate can be an investment vehicle that can diversify
the risk of financial instruments because of low correlations with existing financial assets.
In other words, this investment is already sufficiently attractive because it can become
a risk-hedging instrument, even if the effect of investment is not high. Therefore, it is
necessary to seriously consider investing in population growth from the perspective of
ALM and risk management.

7. Conclusions

In this study, we presented an ALM model, which included risky assets, via the
methodology of MSP to investigate the effect of population growth on the optimal portfolio
decisions. To extend the scope of ALM to social investment, we applied our model
to the NPS in Korea. Although we made several assumptions because of the lack of
numerical research on the effects of population growth, MSP formulation and its numerical
example were provided. In light of our results, the investment in population growth could
be an attractive alternative. In other words, it has been understood that investment in
changing the demographic structure as well as increasing the investment returns through
various investment strategies in the traditional financial market can produce satisfactory
results. However, caution must be taken when interpreting our numerical results since
they were necessarily inaccurate and may vary depending on the detailed assumption on
the investment effect on the fertility rate and the choice of parameter values.
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We restricted the range of social investment to investment in population growth in
our model. However, other social investments, such as investment in the public sector, can
be applied in a similar manner if the effect on pension dynamics is analyzed proactively.
Of course, it is premised that the effect of social investment must be clear. We analyzed the
pension system in Korea. However, the key concept that extends the scope of ALM to social
investment can be applied to other frameworks with a similar form of the public pension
system. The implication of this study was to propose an ALM model that endogenizes the
demographic structure, which was an exogenous variable.

One of the problems that can arise when the social investment of the NPS is actually
implemented is whether it is appropriate for the national pension to spend welfare costs
on behalf of the central government directly. The way to solve this is to analyze the
cash flows related to the social investment of the NPS and to securitize it. Through this,
the NPS and the government make the financial transactions, and the actual subject of
welfare expenditure can become the government rather than the NPS. In reality, it is
difficult for the national pension to provide welfare in the form of childbirth and childcare
directly. Therefore, if the central government issues long-term bonds and the NPS purchases
them, the government can use the revenue from selling bonds as a welfare expenditure
for population growth. However, introducing this requires sufficient discussion and
considerable social consensus to be implemented. It would take a lot of verification
processes for this idea to be adopted as an actual policy.

To improve our model, further studies regarding the effect of population growth are
required. Future research should include not only the investment decisions discussed in this
study but also the optimal policy, such as premium rate changes as decision variables. The
management of pension funds is different from the general asset management in terms of
its size, which can affect financial and economic indicators. Therefore, we need a model that
takes into account the impact of investment decisions on future macroeconomic indicators.
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