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ABSTRACT: If fermionic dark matter (DM) is stabilized by dark U(1) gauge symmetry
that is spontaneously broken into its subgroup Zs, the particle contents of the model
becomes very rich: DM and excited DM, both of them are Majorana fermions, as well as
two dark force mediators, dark photon and dark Higgs boson are naturally present due
to the underlying dark gauge symmetry. In this paper, we study the DM bound state
formation processes within this scenario, assuming both dark photon and dark Higgs are
light mediators and including the effects of excited DM. The Goldstone boson contributions
to the potential matrix in the Schroédinger equations are found to be important. The
emissions of a longitudinal vector boson (or somehow equivalently a Goldstone boson)
during the DM bound state formations are crucial to induce a significant reannihilation
process, reducing the dark matter relic abundance. Most of the stringent constraints for
this kind of dark matter considered in the literature are simply evaded.
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1 Introduction

A number of cosmological observations through gravitational interaction indicate that
about 25% of the energy budget of the current Universe consists of nonbaryonic dark
matter (DM). So far almost nothing is known about the physical nature of DM: the num-
ber of DM species in the universe, their masses and spins, and their interactions among
themselves and with the Standard Model (SM) particles. These can be revealed only by
nongravitational observation of physical effects related with DM particles. And various
types of DM searches have been performed all around the globe.



From the view point of particle physics described by quantum field theory, one of the
most important and fundamental properties of DM is that it should be absolutely stable
or long-lived enough in order to make DM of the Universe. Let us remind ourselves that
electron stability in the SM is related with unbroken U(1)eny, and massless photon. The
longevity of proton is also attributed to the baryon number being an accidental global
symmetry of the SM and being broken only by dim-6 operators. Likewise, one can assume
that the absolute stability of DM is due to some local dark gauge symmetry, and long-lived
DM is due to some accidental global symmetry of the underlying dark gauge symmetry.!
Then this class of DM models come with extra particles such as dark photon (or dark gauge
bosons), dark Higgs and sometimes excited DM because of the underlying local dark gauge
symmetries. Depending on the mass scales of these new particles and their interaction
strengths, one can imagine new interesting phenomenology would be anticipated in the
dark sectors. In particular if some of them are light, they can play the role of light
mediators which are often introduced to the DM phenomenology in order to solve some
puzzles in the vanilla CDM paradigm. In short one can introduce light mediators in order
to keep gauge invariance, which is well tested principle in the SM.

In the literature, based on the weakly interacting massive particle (WIMP) models,?
scalar /vector light force mediators interchanged among the dark matter particles are some-
times introduced as a solution to some problems that the vanilla CDM models encounter.
Such models are called the self-interacting dark matter (SIDM). The attractive/repulsive
forces between the two dark matter particles can enhance/reduce the annihilation cross
section times the relative speed (ov) which is an important input for determination of
both thermal relic density and indirect detection signatures of DM. This is called the Som-
merfeld effect.® If the annihilation rate of the dark matter particles in our galaxy is boosted
by this effect, SIDM might become a solution to the positron excess observed by PAMELA
and AMS-02 [17-19]. SIDM also provides the potential to resolve the “missing-satellite
problem” [20, 21], the “core-cusp problem” [22, 23|, and the “too-big-to-fail problem” [24—
26]. These problems are beyond the scope of this paper, and due to the controversies on
these issues [27-29], we do not consider these effects, but only point out that the SIDM
models are stringently constrained by the CMB distortion observations [30]. The cluster
observations and simulations, e.g., the bullet cluster also constrains the self-interaction
parameters of the dark matter particles [31-37].

The Sommerfeld effects are the resonant effect of the so-called “zero-energy” bound
state of a dark matter particle pair. If the interaction is sufficiently strong and the mediator
is sufficiently light, the dark matter can also form a real bound state while emitting a medi-

IThere are other possibilities: lightest supersymmetric particles (including massive gravitino case) be-
come good cold dark matter (CDM) if R-parity is assumed to be conserved. Or lightness of DM particles
can make them long-lived enough, e.g. light axions or sterile neutrinos. We do not consider these possibili-
ties since there are no light force mediators that can make DM bound states, which is the main theme of
this paper.

2See ref. [1] for example.

3For the original work by A. Sommerfeld, see [2]. And for some early applications in the dark matter,
see [3-16].



ator particle to keep the energy conservation. Many of the models are built and calculated.*
Refs. [38, 39] had shown the general derivations of the dark matter bound state formations
on various situations with the tools of Bethe-Salpeter wave functions. For the applications
on the WIMP model, ref. [40] calculated the modified Boltzmann equation including the
contributions from the bound state formations. Its eq. (34) clearly shows the competition of
the decay and dissociation of the bound state particles. Refs. [41-74] are the recent papers
which had built or calculated the dark matter models in which bound state can be formed.

In this paper, we shall consider a case where DM is absolutely stable due to the un-
broken Z symmetry assumed to be the remnant of an underlying local U(1) dark gauge
symmetry.® In this case, both the dark photon and dark Higgs boson are mediators of the
dark force. It should be interesting to study the dark matter bound state formation in ad-
dition to the Sommerfeld enhancement in such a scenario. We will find that the emission of
the longitudinal dark photon plays a crucial role compared with the refs. [38, 39]. Together
with the situation of the dark Higgs boson emission, these processes are controlled by the
wave function “overlap” Z, and its zeroth order expansion is no longer zero in our case,
unlike in refs. [38, 39]. This will affect significantly the DM relic density after the first-step
annihilation of the DM particles, and such a second epoch process is called the “reanni-
hilation” [85-89] in the literature. In our model, the reannihilation mainly occurs in the
co-annihilation channel of the dark matter and its nearly-degenerated partner. Therefore,
the suppression of the relative number density of the heavier component automatically
switches off the re-annihilation before z; < 10%. Such an early re-annihilation does not
disturb the Big-Bang Nucleosynthesis (BBN), as well as the cosmological epochs afterwards.

Another possibility for the DM stability is to assume a global dark symmetry. For
example in ref. [90], S. Weinberg introduces a global dark U(1) symmetry that is spon-
taneously broken into its Zs subgroup. In that framework, the Goldstone boson becomes
the fractional cosmic neutrinos (or dark radiation) and is constrained by CMB and other
cosmological observations. However DM-stabilizing global symmetry may be broken by
non-renormalizable operators, especially due to the gravity effects, which may induce fast
decay of the DM particle with the O(10) GeV or heavier masses. This issue could be simply
evaded by implementing a global dark gauge symmetry to its local version. Compared with
the global dark U(1) symmetry, the local U(1) dark gauge symmetry could guarantee the
DM stability even in the presence of the non-renormalizable higher dimensional operators
(see discussions in refs. [76, 91]). And due to the existence/absence of the dark photon,
the resulting phenomenology varies significantly in these two situations. For example, the

viable mass ranges of the DM particles would be completely different in both cases.’

In some literature, one introduces the soft-breaking term to explicitly break the local
or global dark U(1) symmetry without a detailed mechanism [92, 93], or considers non-
renormalizable interactions [94]. These models suffer from the potential risk to break the

4See ref. [38] for the references on the early dark matter bound state models therein.

The case of the scalar DM model with local Z and Z3 symmetries were considered in refs. [75] and [76,
77], respectively. Similar models have been discussed in refs. [78-84] in different contexts.

SWork in preparation, with Seungwon Baek, Toshinori Matsui and Wan Il Park.



unitarity.” One can cure this problem by introducing the dark Higgs mechanism to spon-
taneously break the dark U(1) symmetry and keeping only the renormalizable couplings
between the dark Higgs and the fermionic dark matter.

The paper is organized as follows. In section 2, we show our relied Lagrangian of
the Z5 Fermionic model. Some basic features of this model are also discussed. In sec-
tion 3, we classify the bound states by their quantum numbers. The potentials in the
Schrédinger equations are also derived. These potentials are generated by the mediation
of the dark photon and dark Higgs boson exchanged between the (excited) DM particles,
and in particular, we derive the potential terms induced by the longitudinal dark photon,
or equivalently the Goldstone boson for the first time to our best knowledge. In section 4,
we illustrate the methods to calculate the bound state formation cross sections and the
bound state decay induced by the component annihilation in our model. The modified
Boltzmann equations are also demonstrated. In section 5, we present the numerical results
based on the formulas in the previous sections. Experimental constraints and comparisons
with some earlier literature which ignored the longitudinal dark photon are also presented.
Finally we summarize in section 6 with future prospects. A number of technical issues are
described in detail in appendices.

2 Model setup

We start from a dark U(1) model, with a Dirac fermion dark matter (DM) y appointed with
a nonzero dark U(1) charge @, and dark photon. We also introduce a complex dark Higgs
field ®, which takes a nonzero vacuum expectation value, generating nonzero mass for the
dark photon. We shall consider a special case where ® breaks the dark U(1) symmetry
into a dark Z symmetry with a judicious choice of its dark charge Qg.

Then the gauge invariant and renormalizable Lagrangian for this system is given by

1 /
L= F"F, - EFWB““ +XDx — myxx + D, D'® (2.1)

2 -
— 12T — g |D* + ({y@xcx + h.c.> —Xog®TOHTH

where F),, = 0,4, — 9,4, and A, is the dark U(1) gauge field. D, = 9, +iQgA;, is the
covariant derivative, where ¢ is the dark coupling constant, and @ is the dark charge that
® and y takes. Note that we made a judicious choice,

QCP = _2va

in order to allow the (y@XTX + h.c.) term, which will give rise to the mass splitting of the
dark matter components. Here x¢ means the charge conjugate of the Dirac field y, and
B, = 0,B, — 0, B, is the field strength tensor associated with the SM U(1)y hypercharge
gauge field. The kinetic mixing term (o< €) and the Higgs portal interaction (o< A\ggr) com-
municate the dark and the standard model sectors. These parameters are constrained by

"See appendix A for a detailed calculation.



various experimental results, especially for the e from the dark photon searches. The A

is constrained by collider searches for the exotic and invisible Higgs decay widths and the

direct detections of fermionic Higgs-portal dark matter. More details on such constraints

will be addressed in section 5.2. However, an appropriate value of Apy within the con-

straints is enough to contact the dark and the standard model sectors, keeping them to be

in thermal equilibrium in the early universe. We will explain the details in later discussions.
Let us first decompose y into two Weyl spinors,

5 = XL
i02x’]‘%

For ;12 < 0, the dark Higgs ® will take a nonzero vacuum expectation value vg, and we

expand it as the following:
vp + R+l

V2

Written in the basis of xr and xg, the mass matrix of the fermions becomes

b —

1 dm m
LD o [xE xE] R +h.c, (2.2)
2 my 0m | | Xr
where dm = yvg. After diagonalizing (2.2), we acquire
1
X1 = E(XL — XR);
i
X2 = E(XL + XR), (2.3)
and the corresponding mass matrix
1 my — 0m 0
AT X he., (2.4)
2 0 my +0m | | x2

We can clearly see that one Dirac fermion yx splits into two nearly-degenerate Majorana
fermions x1 and x2 if 0m < m,. Both of them are odd in a remained dark Z, symmetry,
while all the other particles are even. The lighter one is the candidate of dark matter. Its
stability is preserved by this dark Z symmetry. In this paper, without loss of generality,
we adopt dm > 0 thus x; is the dark matter particle.

After ®(z) takes the nonzero vacuum expectation value

L
=4/ = 2.5
(% )\<I>’ ( )

R and dark photon acquires a positive mass

mpr = \/i,u*v
my = Qagual. (2.0



The Goldstone boson (GB) “I” is “eaten” by the dark photon to become its longitudinal
mode. However, it is convenient to apply for the “Goldstone equivalent theorem” to cal-
culate and understand some processes. Therefore, the GB I will appear in some following
discussions.

The \/qu)xicx term will induce the following Yukawa interaction terms:

—yR yI
yl yR

X1
X2

1
LD [xT xd]

> +h.c.. (2.7)

The dark photon interactions with x; and y2 become

X1
X2

LD [x!

] [ 0 Qo +he.. (2.8)

—QygA' -0 0

where o# = (1, ). In the following we shall focus on the case of light mediators,

My, MR <K My, S My

~

If the dark photon get massive through Stiickelberg mechanism and the mass difference
between x; and y2 is generated by soft U(1) breaking term, the dark Higgs degrees of
freedom would be absent. And the usual pair annihilation of (excited) DM occur through
the channels,

/ / .
Xi+xi =y + (i=1,2). (2.9)

On the other hand, if we include the dark Higgs degree of freedom, we have two more
additional channels: the annihilation into a pair of dark Higgs bosons,

Xi+xi > R+ R (’i:1,2), (2.10)
and the co-annihilation channel into dark photon and dark Higgs,
x1+x2—v +R. (2.11)

Both of them could be important during the freeze-out processes. The ~/-mediated s-
channel annihilation,
X1+ x2 — ¥ — SM particles

would be suppressed by the small kinetic mixing between the 4" and SM vector bosons, so
it shall be ignored in our paper. In the current universe, x2 had all decayed away, so (2.11)
is absent when we consider the indirect detection constraints.

3 Dark matter bound state classification

In the parameter space mp ,» < m,, two x12 particles can form bound states by emitting
R and/or 'yl. Before calculating the x12 bound state formation rates and their relevance
to DM phenomenology, it is beneficial to discuss the dark matter bound states when dark
U(1) symmetry is strictly conserved.



3.1 The case of unbroken U(1)

In the case of unbroken dark U(1), the dark fermion x, together with its anti-particle
X, make a pair of Dirac (anti-)fermions. In this case, the ' exchange mediates a repul-
sive interaction in the same charged |xx) or [Xx) states, while it becomes attractive in
the different charged |xx) state, just like the situation between electron/electron or elec-
tron/positron pairs in ordinary QED. Interestingly, the interchange of the boson d¢) will
cause the oscillation between [Yx) <> |xX) states, unlike the usual case that scalars will
always induce an attractive force.

The total wave function of such kinds of fermion pairs can be written as

/ PE (@) xx) + bx(@ITR)) © |7) © [Spin),

/d?’f(%xx(f)\xﬁ + Uyx (Z)[xX)) @ |Z) @ |Spin), (3.1)
where we define
L [a@ ]
1/] “xx\&L) = 3

xoxx (T) _ xx(f)_

L [ @]
- — 3.2
XX xx(w) _%&(f)_ (3.2)

as the wave function in the coordinate representation, and & is the relative distance between
the two particles. The Schrodinger equations are given by

=

\V& . ~ . L
_miwxxﬁﬁ(m) + szxxﬁﬁ(x) = EwXXHW(x)v
X
V2 ~
_miwixHXY(f) + Vatgxoxx(T) = Evsyox(T), (3.3)
X
where
~ —V. ~ V., Ve
V.= " CVa=1| 7 (3.4)
v, Vo Vy
with
(Qy9)*1 2y e me"
V )] = —— V _ <
v dr 7’ ® dr  r

which contains the contributions from both real and imaginary parts of the d™). Note
that me is the mass of ® in the unbroken U(1) symmetry case. Diagonalizing the V] will
simplify each equation in the (3.3) to four decoupled equations.

Although Vi has already been diagonalized, we still rotate the basis for further dis-
cussions. The four corresponding particle states with their potential can then be written



as
(|XX> + ’W))a - V'y’u

(|XX> - ‘W))v - V’Y’u

-l

7(|YX> + ’XY))a V’y’ + Vq>,
1
2

S

(Ixx) — [xx)), Vo — Va. (3.5)

5

It will be convenient to rewrite the above bases in the |x;x;) forms. Notice that if we define
the 4-spinor with the Weyl spinors defined in (2.3),

~ X1 - X2
X1 =1 . 9 y X2 = 9 ) (36)
10X} —0°X5

we find that the four-spinor x and ¢ can be written in the form of

_ X1—iXe
V2
c X1+ X2
= 4= A= 3.7
X 7 (3.7)
This prompts us to
X = —=(ha) — ile))
X \/i X1 X2))s
1
X) = ———= +1 . 3.8
) = - () + i) (33
Now we rewrite (3.5) to be
1
— — , — Vo, 3.9
ﬁ(\X1X1> IX2x2)) v (3.9)
1
— + , — Vo, 3.10
T3(hone) + hexi)), — (310)
1
— + , Vo + Vg, 3.11
ﬂ(‘X1X1> Ix2x2)), Vo + Va (3.11)
1
— — , Vo = Vg, 3.12
ﬂ(\X1X2> [X2x1)), V54 @ ( )
where the unimportant universal minus signs and phases i = €™ in the states

of (3.10), (3.11) and (3.12), have been neglected. From (3.12) we can clearly see that
only %(|X1X1> + |x2x2)) feels a completely attractive potential. The interactions in
%(‘XU@) + |x2x1)) and %(‘Xle) — |x2x2)) are completely repulsive, thus a bound state
cannot be formed.

Remember that the total state of a fermion pair should be anti-symmetric when we
interchange the two fermionic components in all parts of the state vector. From (3.12) we



can clearly see the symmetry properties of the wave functions. Therefore, L + .S should be

even when combined with the \%(!Xlxﬁ + [x2x2)); \%(’XlXﬁ +|x2x1)), and L+ S should

be odd when combined with the %(!Xlxﬁ — |x2x1))-

3.2 The case of U(1) — Z2 breaking

If the dark U(1) is spontaneously broken into its Zs subgroup, dm # 0. Then it is convenient
to write the Schrédinger equation in the |x;x;) basis. The total wave function becomes

[ @5 @) ©12) @ [Spin). (3.13)
If we define
wmm] [wqu
Yy = , g = : (3.14)
[mm@ " e @
the Schrodinger equation can be written as
62
_777/)5(5) + Vs@/}s(f) = E%(f)a (3'15)
My
62
——1pa(Z) + Vara(Z) = Eva(T), (3.16)
My

where

VR (Vv’ + VV’L)
(VVI + V,Y/L) (VR + 46m)

Vi — 26 Vi —V.
v = vy = | VR 20m) (V= V) (3.17)
(Vy = Vo) (Vi — 20m)

Here the three potentials are derived by calculating the Fourier transformation of the
XiXj — XiXj tree-level amplitudes. The results are

2 _—mRpgr
y- e
Ve = —=— 3.18
R An r ) ( )
(Qyg)* e ™"
Vy=- >~ 3.19
7 47 ro (3.19)
2 _—mr
y e 7
V, = —— 3.20
L AT 7 (3.20)

One can diagonalize (3.17) and compare the results with (3.9)-(3.12) in the dm — 0 limit

yvre ML i kMEY : ’
—1 originate from the -+ *-~ term in the ' prop-
4 q fm’y, mﬂ{,

agator, where k* and k” finally contract with the on-shell spinors, inducing a (m,, —my,)?

for a validation. The VW'L =

term, which is proportional to y%?}. Eliminating the vc% with the mz, in the denominator,
and Q?I)g2 cancels with the coupling constants, we finally realize that VV/L is contributed
from the longitudinal polarization of 7/. A similar description with a nearly-degenerate
multi-component dark matter model is described in detail in ref. [95].



Another analysis of the VW/L is through the Goldstone equivalent theorem. This term
can be understood originating from the exchange of the Goldstone boson I. In the non-
breaking limit, vy — 0, one can find that [-contribution from the Vg in the (3.11)—(3.12)
is equivalent to the longitudinal V., appeared in (3.20).8

For the (3.16), the result is the same as the dm = 0 case: this is because, from the
structure of Vg in the (3.17), we can see the extra m appearing in both of the diagonal ele-
ments does not disturb the diagonalizing process of the wave functions. Such a dm here only
shift the total energy, so the (3.16) can still be decoupled into two independent equations
by diagonalizing the V3. A standard “shooting-method” is applicable for these equations.
However, for the (3.15), the final wave functions will be a mixing between the |x1x1)%|x2X2)
basis. In the following text, we will address the method for solving these equations in detail.

The general wave functions described by the eq. (3.15) are given by

/d?’f(wxm(f)baxﬁ + Uxaxa () Ix2x2)) © |Z) © [Spin). (3.21)

Let us decompose them into the radial and the angular parts using spherical Harmonics:

Yros (F) = 152 [W} Yim (927), (3.22)

where k = p,a’ is the inverse “Bohr radius” and ., is the reduced mass of the yy system.

The parameter o is some arbitrary reference value which reflects the typical dark
interaction strength (see the discussions below). For the value of o/, it can be arbitrary,
and all the o/ dependencies will cancel out in the end, leaving all of the physical observables
are undisturbed. However, an improper o selection might cause some instabilities in
our practical numerical calculations, especially when we are manipulating the exponential
suppression of the x —>(%o a)tg.ymgtotic condition of the bound states. For this purpose, we

x9 Y- }

recommend o/ = Max{=~,

Then, the wave equation for the radial part wave function becomes

l(l+1
o)+ |- - v ) =0, (523
where
X1ni ()
Xni () = [ " ] (3.24)
X2nl(1’)
is the radial wave function vector, and the potential term is given by
- cleiﬁ _ (62+cl)eié
Voo = T e 2 . (3.25)
7 (cater)e ©2 3
_ c2 Cilre _clex 1 + (572

8We applied the “on-shell approximation” described in ref. [38]. However, for a general R¢ gauge, the
validity of this approximation is a little bit subtle. We illustrate this in the appendix C.

~10 -



2
cy = (%T‘Z 2 are the relative interaction strength compared with the o/, £, =

Here ¢; = 14,

mLR and & = - are the characteristic length scales of the Yukawa potentials generated
Y
by dark Higgs R and the dark photon fy/, respectively. The parameter 7 is related with the
energy eigenvalue in the unit of the “Bohr energy”, and is defined as
V=2uFE
y= Y (3.26)
K

where F is the energy eigenvalue of the Schrodinger equation. Finally we introduce another

new parameter 62, which is the reduced 26m:

4om i,
5

= (3.27)

K
3.3 Solving the Schrodinger equations for the bound states

Solving the Schrodinger equations for the bound states is based upon the so-called “shooting
method”. The boundary conditions at the x — oo are replaced by some finite values. Here
we adopt xn(z = 12) = 0. Without loss of generality, we assume 6y > 0. Notice that if =
is sufficiently large, the asymptotic behaviors of the x1,; and x2,; become

{ O (3.28)

X2nl($ — oo) ~ e_ V '72“!‘6721‘.

This means that xo,; drops faster than the xi,; in the x — oo condition, so a universal
infinite boundary condition y,;(z = 12) = 0 will cause the numerical instability in the
X2nt calculations. Therefore, we need to reduce the x9,; boundary area. Observing the
structure zof (3.25), we realize that when the absolute value of the off-diagonal element

’ (62+61)676

= | is much smaller than |672|, X1 and X2, will nearly decouple and evolve

independently. Then if ]%| < 0173, Xan ~ eV 7?+072 which vanishes quickly. The

boundary condition on Ya,; should be determined in the intersection of these two ranges.

Noticing that in our following numerical calculations, we adopt ¢; < ¢z, and & ~ & by

the order of magnitudes, after various trials with the criterion of a smoothly-shaped wave

function, we finally choose to solve the following simple equation
626_% 6P

= . 2
x|, 20 (3.29)

to acquire z{, > 0 in our following calculations. Obtain xy = Min{zj, 12}, fix some 72,
and adopt the initial condition

{ Xtni(z — 0) = 2!t (3.30)

Xoni(z — 0) = Azl+!

to use some numerical method to solve the (3.23) from x — 0 to xg. Then we can find the
appropriate A for ya,(z¢) = 0, delete all the terms involving xo,;(x), and solve the x1,;(x)

- 11 -



Radial Wave x; Functions for Different 6y? o8 Radial Wave x; Functions for Different 6y?

— 6y?=0.0 — 6y2=0.0

0.7 6y2=1.0 0.7 6y?=1.0

6y2=2.0 6y?=2.0

0.6 — 6y*=3.0 0.6 — 6y?=3.0

— 5y2=4.0 — 6y’=4.0

05 — 6y2=5.0 051 [ -/ — 6y2=50
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0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
X=K-'r X=K-'r

Figure 1. Wave functions of the ground state for different §72. Here we adopt ¢; = 0.35, c3 = 1,
& = 200, & = 100. We can see clearly that the yo reduces as the §y? accumulates. Here we only
plot the A > 0 case, and the wave functions are normalized.

equation. We continue to solve the x1,;(z) within the range [z9, 12]. Changing different
72 and repeating the above process, we can finally reach x1,;(12) = 0 and determine the
eigenvalue 2.

Let us note that when we determine the A in the first step, there might be two solutions.
Oneis A > 0, and the other is A < 0. Both of them are possible and can give different v?’s in
the final step. In the v — 0 limit, these two solutions degenerate to the %\Xle) +[x2x2)
and %|X1X1> — |x2x2) states described in the (3.10), (3.12). As the §7? accumulates, the
wave function will depart from the (3.10), (3.12). This can be clearly seen from figure 1.

As the §v? accumulates, the yax2 elements will be reduced in the ground-state wave
functions, so the system will become more similar to the one-component situations. In
figure 2, we can see that as y? increases, the bound energy parameter 2 approaches 0.
This indicates that the ys decouples in the large 672 limit.

For the completeness of this section, we point out that (3.16) can also be decomposed
into the combinations of the angular and radial components following the similar processes.
The radial functions are similar to (3.23), and the potential term Vj ,+ should be replaced by

_z _z
cle &1 (c2—c1)e 2
Vd,oz’ - * _z aii y (331)
(c2a—c1)e €2 cie &1
T T

where the universal energy shift dm terms are removed. One can still follow the steps
described above, or beforehand diagonalize (3.31) to solve the wave functions.

The above discussions mainly focus on the spatial part of the wave function. The total
wave function of a fermionic pair expressed by (3.1), (3.13) should be anti-symmetric. One
might be familiar with the L 4+ S being odd or even for an identical particle system, how-
ever, here, we need to take into account the “flavour” wave function |x;y;). For example,
if the “flavour” part is given by %(\ X1X2) — |x2x1)) which is anti-symmetric, we need an
odd L+ .S, which is corresponding for a symmetric configuration-spin wave function, so the
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v? in different ¢; and 6y?.

20.0

0.1 02 03 04 05 06 07 08 09
C1

Figure 2. 72, which indicates the bound-energy, versus different ¢; and §v2. Here ¢, is fixed to be
1, and & = 200, & = 100.

|xix;) property | Sign of A | Sign of L+ S nzsﬂl(s/djE

IX1X1) < [x2x2) + Even 11S3T, 13Pg 5, 2'S5T
[x1x1) € [x2x2) — Even 11857, 13757 ,, 2185
[X1x2) © [x2x1) - Odd 13s{~, 1'p{-, 23g¢~
Ix1x2) < |xax1) + Even Bound state does not exist.

Table 1. Quantum characters of different states.

totally anti-symmetric wave function is acquired. Combining all the descriptions above,
and considering the anti-symmetry character of the fermion pairs, we can then classify the
bound states with the quantum numbers characterized in table 1. We had extended the tra-
ditional spectroscopic notation n?**11; symbol to n2s+1l3/ d:t, where “s” or “d” indicates the
“same” or “different” in the |x;x;) wave function, and + indicates the sign of A at the origin
of the wave functions. The bound state does not exist in the last line of table 1, which has
been described in the previous discussions of (3.10). For the second line of table 1, similar to
the (3.9), usually the bound state does not exist. However, notice that because m. # mg,
in some particular parameter space, (3.25) can induce some kind of “molecule-like” poten-
tials. In this paper, we only list the quantum number possibilities of the bound state in
the second line of table 1. However such “molecule-like” weird bound states are omitted

in the following discussions for simplicity. This situation is left for our future researches.

In the following of this paper we are going to calculate the contributions from these
bound states listed in table 1 to the freeze-out processes.

~13 -



4 Bound state formation cross section and dissociation rate

4.1 Calculation of bound state formation cross section

The dark matter bound states are formed by the scattering of two free dark matter particles,
with emission of 7/ or R that takes the extra energy away from the bound system. Now
we are going to calculate the transition amplitudes. Our discussions and derivations are
based on the symbols in refs. [38, 39]. Although refs. [38, 39] did not consider the multi-
component wave functions, we can just extend the “overlap” integrals Z, J and K in the
(2.7a-c) of ref. [39] to the two-component case rather than deriving them starting from the
Dyson-Schwinger equations. We omit the radiation from the interchanging mediators due
to the reason described in appendix D.
Below let us first list the integrals required in this paper:

L oin® = [ 7607056, e, (@)
Id,E,nlm(g) = /dngé,nlm(F)Ug(bdj("?)e_ib.??a (42)
I, i ® = / TS () (0, 5 (P, (4.3)
I3 e ® = [ P00 (010, e (1.4)
I i ® = [ T 0,5 (45)
2 st ®) = / AT i (F) 9 (P (4.6)
T o ® = [ a6, 559 )
T D = 1 [ P i (100 (e (48)
T s ® = 1 [ SV (D)6, (e @9)
T tn® = 1 [ P Wi P16, (4.10)

b) = 32 [y 13 b
Ks,E,nlm(w - /d A% W}s,nlm(r)]o- ¢S,;;.‘(7“)€ ) (411)

b) = 3PV 2 e -
Kd,E,nlm(b) - _/d Y% [wd,nlm(r)]a ¢d7E<T)e . (412)

Here Z and K are related to the R—emission processes, while J corresponds to the
7/ —emission process. b is the variable for these functions, and will be set to some-
thing like p”'% in our later discussions. () nim(7) is the two-component wave func-
tion for the bound state with the notations n25+1l3/d. and qﬁs/d’f{(F) is the two-component
“same/different particle species” wave function for the scattering state with the (unre-
duced) initial relative momentum k. In the following texts, we will express all these overlap

integrals with the radial wave functions for further calculations. For the two-component
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Figure 3. Sketch diagrams emitting a R scalar boson. Notice that since the x1x1 R and y2x2R
couplings take different sighs, so the X7, .;(2)X1ni, () and X3, (%) x2ni, () should also take the
opposite sign.

dark matter model, coupling constants might be different for each component. Therefore,
for notational convenience, we introduce 2 x 2 Pauli spin matrices o in (4.1)-(4.12) to
connect the two doublet wave functions, although these wave functions have no direct
relationship with any SU(2) group. The reason for us to adopt o2 in the Z and K has
been sketched in the figure 3. Notice that the couplings of x;1 — x1 — R and x2 — x2 — R

take opposite signs, so that ¥, \, <> ¥y, and Vy,vs < Yyoye, OF Yy s ¢ Pyiy, and
Vyaxs € Pxaxs contributions are opposite. In figure 4, we can see that the J+ connects

leXl] and [wX1X2

’llz)X2x2 wXZXl
figure 4. This is the reason why the o' and o2 appear in the (4.1)—(4.12).

the crossing components of the [ ] multiplets if we take ¢ = 1 or 2 into

Equipped with all these overlap integrals, we are now ready to calculate the transition
amplitudes. One can directly follow the processes to derive (5.21), (5.54) in ref. [38],
and just extend all the wave functions in two-component case to acquire the transition
amplitudes for the bound state formation. In the rest frame of the final bound state

pR
sordknlm sordknlm

- PR . Pr
+ICS or d,k,nlm ( 2 ) + le or d,k,nlm ( 2

system, they are given by

M‘El

Ms or d,k—nlm+R = _yM \Z 2MT

) (4.13)
)

—_

!

ot

—27 J

s—d, Kk nlm

M , = —=2Qy9V/2p [ 27

o (4.14)
s—d,k—nlm-+y s—d, k nlm

) s 8)
M = —2QXQM[ 271 ( ;) T s fonim (p;)} , (415)

d—s,k—nlm+y d—s, k: nlm
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Figure 4. Sketch diagrams emitting a 7/. All the coupling signs are the same, but J T will induce
a cross relation between the components of the 5 and 4.

where pr . are the momentums of the emitted R, 7' particles respectively, and M is the
total mass of the two-body system, u, is again the center of mass reduced mass. Since

the two majorana particles are nearly degenerate, we adopt M = 2m,, and p, = %,
neglecting dm in the reduced mass .
With these amplitudes, we can use
do_{nlm} P‘
Urel BSF _ ’ ¢’ ’ |2 (416)

a0 647T2M2Mr MIZ%nlm

to calculate the differential and the total cross sections times velocity. Here ]3¢ indicates pr
or p,/. The calculation of the amplitude for k — nlm+R is straighforward: just take (4.13)
directly into (4.16). For the cross section of the process k — nlm + ~', we have to modify
eq. (3.3) in ref. [39] because the Ward identity pﬁj,/\/l u = 0 becomes invalid in our case. It
should be replaced with®

M“p‘fyb, = AmMgs, (4.17)

where Am is the mass difference between the previous and latter fermion species in the
F-F-V vertex times the sign of the corresponding gauge coupling. Simple calculations by
enumerating all the possible vertices in figure 4 give Am = 2dm = 2yve. Mgas is the
amplitude of changing the emitting 4 into the Goldstone boson. It is calculated to be

M (4.18)

GS, s—d, or d—)s,E—)nlm—&—'y’

— / + ﬁ'y’ _ ﬁ’}//
o Q(ng) 2MT(M) Is%d, or d%s,E,nlm < 2 ) +Is~>d, or d%s,fc’,nlm ( 2 >:| )

Therefore, the

M+ A
Mo = PriMF BmMas (4.19)
p,yl

9See appendix B for detailed discussions.
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so finally,

2
€
p /7 p /7
=—| 9w — i ll2'Y v MH MY*
mZ, k—nlm ~ k—nlm
j J . 2 9
— J J* _ ’prIME—)nlm ™ AmMGSk—Vﬂlm’ Am |M . ’2
k—nlm  k—nlm p'zy’ + m%, m%/ GSk—nlm

Notice that Eﬁ”f%z = (3%2, and the ng will be cancelled with the coupling constants
in (4.18). Ther;fore7 theX third term in (4.20) is actually the Goldstone-equivalent term.
For all of these overlap integrals, they should be treated differently in two kinematic
regimes. When pv 2 k, Born approximation is valid, and many higher angular momentum
partial waves participate the process. And the distortion of the scattering state wave func-
tions compared with the plane wave functions is not that severe, so we can use plane wave
to approximate for the scattering wave functions to preserve the higher angular momen-
tum partial wave contributions. Furthermore, when pv? < &, the momentum Py /R ~ Max
{uv?, pa'?} of the radiated +'/R becomes much smaller than the x. Therefore its higher
angular momentum partial wave contributions are suppressed due to the small value of
'1(% % Also the distortions of the scattering wave functions become sig-
nificant, so we use the lowest partial waves to calculate the boundstate formation processes.

) when z <

In practical calculations, usually the two ranges uv > & and pv? < k have enough overlaps
for one to determine a boundary point to shift smoothly between these two methods. Practi-
cally, after some trials on some benchmark points, and notice that p,/p ~ max{ w2, pal?},
Py'/R
2K

we adopt = 0.8 as the boundary between these two methods.

In the plane wave approximation (or the zeroth order Born approximation), the plane

wave function

—ik- 0
] or [ iEF] is applied to estimate ¢ in different initial states. Let
0 e "

us define b = b+ E, where b is still the formal variable to be replaced by pwl% in the actual
following calculations. Notice that one can express a plane wave in terms of the spherical
Bessel functions j; and Legendre polynomials:

o0

e~ = 12(21 F1)(—) () BB §). (4.21)
=0

Then, after some expansions and contractions of the integrations, we acquire

3= 1% —ib -7 . l47T > * (0 (V=
d rwi,s or d,nlm(ﬂe = (_7’) ES 0 dZZYEm(QE/)Xinl(Z)]l ? ) (422)
K2

where ¥ 41 (7) OF Xini(2) are the i-th element of the two-component wave function
VS or dntm(T) OF Xni(2) (i=1, 2). This can be used to estimate (4.1)~(4.6). For the (4.11)~
(4.12), we can use the Schrédinger equation to eliminate the V2 in V2 (Vs or d,nim (T)], then
again apply (4.22). For the (4.7)-(4.10), we can use the partial integration method to cast
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the V to in front of e~ to extract a b/ factor, and then apply (4.22) to calculate the
remained part.

For the partial wave method, we need to solve (3.15) and (3.16) for the complete Ds/a i
As in (3.22), we extract the radial wave function X (s/d). e

X(s/d),zk:(m‘)

E ] Vi (€27, (4.23)

- 3
O (s, E(F) = 2 [
In the following discussions, we only describe the “same-flavour” case in the non-zero 2
case. The “different-flavour” case can be directly inferred by simply setting §7% = 0.
Therefore, we omit the (s/d) subscripts for brevity in the rest of this subsection.
Starting from the x — 0 boundary, eq. (3.30) need to be modified to

r—0)= Az
Xk ( ) =4 ’ (4.24)
X21k<1‘ — O) = Agxl+1
where ;1 indicates the two-component radial wave functions
X1k (T)
Xlk( ) [ ] ) (425)
Xk ()

satisfying (3.23), (3.25), (3.31).

In the —2 > 672 case, the threshold for the inelastic scattering x1x1 — X2X2 opens.
There are two linearly independent solutions to (3.23) with potential (3.25), (3.31): 41 =0,
Ag # 0 and A; # 0, Ay = 0. With these two initial conditions, we can solve (3.23) in the

x — oo limit. Then we adjust the absolute value of A; and As, and finally acquire the
(1),(2)

asymptotic form of y;; that correspond to the two initial conditions:
1) :
x — o0) = sin(kiz + 6

X”’;( ) ( ! ) , for the As = 0 boundary condition,
X2lk(l' — 00) — tsin(kex + dj2)

2) /e /

— — 1 kiz + 0

X”’)“(ag ) sin(kz + o) , for the Ay = 0 boundary condition, (4.26)
X2lk(m — 00) — sin(kez + 9},)

where k1 and ks are the dimensionless relative momentum of the two particle pairs reduced
by k. Recombining the two solutions (4.26), we acquire the general solution of eq. (3.23)

Alxl(;)(:c) + lel(z)(:c). (4.27)

The sine functions can be decomposed into exponential incoming and outgoing wave func-

tions 4 )
ez(kx—i—(S) _ e—z(kx-l—(S)

23

sin(kx + 9) =

If we want a pure x1x1 initial state, we acquire

(4.28)

Ape P 4 Byt'e 0 = ik
Apte” Wiz 4 Blle 3z = ()
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This is the no-incoming wave function condition for yoYxs pair, and the incoming wave
function of y1x1 is normalized. The solution for A; and B is

A — iet011+16]1 +i819 1
1= 1071 Ti012 _ 10114181 14 K1 (4 29)
B — 101011 +18]1 +i8]9 4 1 :
1= 7€i521+i612+6iéll+i522tt, k1
For the pure y2x2 initial state, we have
. o
Agge™ 1 4 Bgt'e % = 0 (4.30)
—19, —idl, _ ;1 ’
Apte 2 + Bppe 2 = >
The corresponding solutions are
A — iei011+i812 i8]0 41 1
2 = _ei621+i§l2+ei811+i622tt, ko
. 380 +i8g+is) : (4-31)
B 1e'll1 12 2 1
2 = -

M0t +e¢511+¢6;2tt, ko

With (4.29) and (4.31), we can also calculate the x1x1 <> Xx2X2 cross sections, and the x;x;

self-scattering cross sections. However, in this paper, we shall only utilize A11,2Xl(¢1 )(x) +

Bll’gxl(f ) () in order to calculate the wave functions

P4

overlap” between the x1x1 or x2x2
initial states and the bound states.

In the 0 < —% < 672 case, the x1Y1 — X2X2 process is kinematically closed. Only
self-scattering x1x1 — x1X1 is available. In the language of wave functions,

X(Jl)g(x — 00) = = sin(kiz + 1)
(1) (r = 00) x e~V '

X1k

We need to adjust A; and As in eq. (4.27) properly to acquire this boundary condition. In
this case, neither Xg?,)g(x — 00) nor Xéﬁ. (r — o0) is available since there is no asymptotic
on-shell y2x2 pair on this energy.
In summary, we denote
1 2
Xik1(T) = Auxl(k)(x) + Buxl(k)(f)

Xik2(z) = Alle(;)(fﬁ) + Bzle(;z) (v) (4.32)

in the —y? > 642 case, indicating y1x1 and Y22 initial states, respectively. On the other
hand, for the —? < 672 case, we would have

Xik1(z) = xl(,?(x) (4.33)

for the x1x1 initial states only. For the yix2 or x2x: initial states, (4.32) is still valid.
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Following ref. [39] and expanding e~ into partial waves, we acquire the following

overlap integrals for the lowest orders in the “spherical Bessel function indices”

Am oo [0, . [bx
— /?ZPI (k-b)/0 dxxmlzo(x)AX'E"l:l(a:)3]1 (k:) , (4.34)

Il%,l:O—mlO(_j) - (4:> gi;/Oood‘fXZ,l:o(f’?)AX“;Ll:l(13)3j1 <b:>, (4.35)
Zité,lzo—mn(g) - (4,:>gi_;\/gsmge_w/Ooodxxz,zzo(iU)AXml:l(w)3j1 (f), (4.36)
Iitz,l:1—m1o(g) == (4,:> giﬁcog@ OoodeZ,lzo(ﬂc)AX;;,ll(ﬂf)jo (f), (4.37)
Il%,l:Q—mm(g) - (4:> gi;/fcose/ooodxxz,zzo(x)AXE,l_1(35)3j1 <ljj>, (4.38)
II%,l:ZHnll(g) - (4:> gz'\Z/;?SineeM)/OOOdeL‘X:Z,IO(fIU)AXIEI,l:1(!’75)3‘71 <l:f), (4.39)

where Z! indicates the corresponding partial wave expansions for all the overlap inte-
grals, (4.1)—(4.6), with the upper symbol ¢ being either empty or £. And A is the corre-
sponding o2 or io? for each integrals. Finally x,(z) and X“;H(a:) are the 2-dimensional
radial wave functions for the corresponding bound states or scattering states.

Compared with the ref. [39], we keep the spherical Bessel function j, (bf) without

expanding them to the (%)n series for more precise calculations. The indices in the j, (b%)

are similar to the indices of the (%)n in the order of magnitude approximations. Unlike

0,1,2,3
M

in ref. [39], the appearance of A = ¢ and the non-orthogonal wave functions in Z

functions leave us non-zero values for the overlap integrals, [ dxxfﬂ(m)AX' Flir () in the
lowest order of %, so the (%)0 order term should be calculated. However, in some cases,
the (%)0 order term of the Z expansions is still rather small: for example, in the §y? — oo
case. Therefore, a (%)1 term is still needed, and we have expanded the :Z'_Itc,nOO(g)’ T,;nn(l;),

l’,?nlo(g) up to this level.
For the K’s, let us remember that the V2 in the (4.11)—(4.12) can be replaced by other

parts of the Schrodinger equation in (3.15)—(3.16). Then it is easy to insert these terms
in (4.34)-(4.39) for us to acquire the corresponding K... expansion terms.
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Finally, we show the leading order expressions for J functions.

im0 ®) = k\/ﬂ / [ Xni=o(®) XZ,z;o(w) (1
Pt = 1/ 2 { (kcos&~—A3) [t sty 2oz

XAX|E|J:2($)JO <b$> (441)

/ dl‘[xnz ()4 an?(x)]*xﬁ’l:o(:c)jg(bj>},

= ™ . /6w N b €xtie oo 2Xn,l=1($) *
Einn(b) i —Z\/:{ (ksm@l;e - 3y> /0 dx |:X;L,l—1(x) E—
[ bx
X AX 1 1=2(®) o0 <ﬁ> (4.42)
€, +ie o Xn,lzl(x) - . bz
+3?J/0 dx [X;z,zﬂa:)—i-x] AX“;;H:O(x)jQ (’i ,
oy - - -
jE,n1(_1)( ) = 7']];,7111( )- (4.43)

3

Here, again A is the i0? or 02 corresponding to the + or — upper indices.

4.2 Pair annihilations inside the bound state particles

Once a dark matter bound state is formed, it might dissociate into two free dark matter
particle again after scattering with a dark photon or dark Higgs boson within the sur-
rounding plasma. During the dark matter freeze-out processes, the bound state formation
processes are competing with the bound state dissociation processes. Only when the bound
states decay rapidly enough before their dissociation, can the bound state formation effec-
tively contribute to the total annihilation processes [40]. The dark matter dissociation rate
can be evaluated conveniently by eq. (4.53) in the next subsection 4.3. The annihilation of
the two components inside the bound state particle is the main contribution to the bound
state decay processes. In this subsection, we concentrate at the algorithm to calculate the
such decay widths.

To calculate the decay width, we need to calculate the squared annihilation amplitude
of the particle pair in a particular wave function of relative motion, which is proportional to
the 1(0)? — |(0)]? in the s-wave, and proportional to the ¢'(0)? — [1/'(0)|? in the p-wave
situation. However, it is more convenient to calculate the perturbative squared annihilation
amplitude of a plane wave. For example, if we calculate the squared annihilation amplitude
of two particles with the momentum (F1,0,0,p) and (E2,0,0,—p) travelling along the +z
direction, and the total momentum of the particle pair is zero, we write down the phase
space integrated square amplitude in the form of

/ > " [Mei(Er, Ea, p. 0, )| sin 0dode, (4.44)
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where 0, ¢ are the final state phase space angles, and ¢ indicates all of the polarization in-
dices in the final states. Then, we need to extract the s-wave and p-wave contributions from
the (4.44). This is done by “somehow” expanding the (4.44) and find the coefficient of the
vY and v? terms, where v is the relative velocity of the two particles, and can be expressed by
p p
==+ = 4.45
Eq + FEs ( )
Notice that the v dependence of E;2 should not expanded, which is the meaning of the
“somehow” that we have noted. Then we can make the expansion

M_i(Er, B, p, 0, ¢) = M%(E1, Ea,p,0,¢) + ML(E1, E2,p, 0, ¢)v, (4.46)

and take (4.46) into (4.44) to find out the v” and v? terms to acquire the s-wave and
p-wave contributions to the amphtudes We then need to multiply the v° term with

19(0)|2, and replace v? term with W;(LO)l

to acquire the decay amplitudes.'”

However, we should note that F; and E5 also depend on v. Directly expanding on
E; and E, will also contribute to v? terms, which are not the real p—wave contributions
however. Notice that we should not expand E; and Fs on v during our separation of the
s- and p-wave contributions.

From the (4.21) we can see that the plane wave along the z-direction only contains the
[, = 0 element in the [ = 1 partial wave. We will also need the [, = 0 or [, = 0 annihilation
amplitude to calculate the decay of the states in different total angular momentum j’s. This
is done by calculating M;(E1, E2,p, 8, ¢) and M;(E1, E2, p, 8, ¢), which are corresponding
to the annihilation of two particles travelling along the £z and 4y directions, with the
total momentum of the two particle system being zero.

We also need to calculate the amplitudes for various total spins of the initial states.
The amplitudes can be generically written as,

M=7...v,0rv...u.
=Trvu...],or Trluv...]. (4.47)

where u and v are the four-spinors of the initial states. Now v(p1)u(p2), or u(p1)v(p2) can
be written in the form of

v(p1)u(pz) =

[ Ve X (o)t e mX(VF )t ]70
—GT p1X (/T p2) =T X (VT p2)

w(p1)o(p2) = o X (o)t — e plX(m)T] 0 4.48
(P1)o(p2) VT X (Vo p2)t —FT piX (VT po)t e

where X indicates the total spin of the particle pair. For the S = 0 case, the X = "7

ol:2:3

the S =1 case, the X = f , which are corresponding to the S, =0, Sy, =0, and S, =
respectively.

19y xq (OVFYS 1o (0]
#2 , or
2

IOPraCticaHy these should be [ty x; (0) & Pxaxs (0)|2a [%x1x2(0) £ Pxoxy (O)|27
0+, (0)]?

Nr

¥ X1X2 X2X1

, depending on the final states.
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X/ X states X1,2 states 25+, | Jer two-body decay channels
XX/XX | axa) + Ixex2) | 'So 0t 7'y
Ix1x2) — Ixex1) | ‘P 1= IR
39, 1=t | No two-body decay channel
aixa) +exe) | PR | 0FF RR, 11, v
3P 17+ | No two-body decay channel
3p, 2t RR, II, ~'Y
XX/ XX Ix1x1) — [x2Xx2) 1S, 0™ | No two-body decay channel
3P, 0t No two-body decay channel
Ixix1) — Ixaxa) | *Piey | 1(2)T Ry
Ixix2) + Ixax1) | *Piey | 1(2)7 Iy

Table 2. Two-body decay channels. The 1L ; and J¢P are the usual spectroscopy notations,
indicating the quantum numbers of the total spin S, orbital angular momentum L, total angular
momentum J, C-parity, and parity under space inversion.

Now we are ready to calculate the annihilation amplitude for all the combinations of
different |LL,SS,). Notice that in the L =1, S =1 case,

1

J=2,J,=0) = —%(|Lx:0,Sx:0>+|Ly:0,Sy:0>—2|Ly:0,5’y:0)),

J=1,7,=0) = %QLJ; = 0,8, =0)—|L, = 0,8, = 0))), (4.49)
1

J=0,J. =0) = ———(|Ly = 0,8, = 0) + |L, = 0,5, = 0) + |L, =0, S, = 0)),

V3

we can follow this to recombine the amplitudes to calculate the decay width of different
|JJz) states.

Not all of the bound states can have two-body decay channels. Some are prohibited by
the he C/P-parity and the dark U(1) charge conservation laws. This will be discussed in
detail in appendix E. Let us apply the Goldstone-equivalence theorem, and we ignore the
masses of the final state scalar particles since m.» < my, , and mg < my, ,, and the longi-
tudinal polarization of the 7/ is replaced with the Goldstone mode I. It is then convenient to
analyze the two-body decay channels in the basis of x, X before the spontaneously symmetry
breaking, and then rotate to the x1 2 basis for calculations. The result is shown in table 2.
The integrated amplitude of all the possible two-body final states are listed in table 3.

For those states which do not have a two-body decay channel, we need to calculate
the three-body decay amplitudes. For generic values of Moy, M,/ M and mpg, rigorous
analytical results of the transition probabilities are formidable to acquire because of the
intricate phase space structures. We shall neglect the final particle masses by setting

mvlzmI:mRZO,
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no | p o 2(53) 2 [0~ Yo O
T L N 2(54) ol [0~ ons O
RR | oppy | OEETERtEn )] o (g) e [ 04 O
P, Ml 2(8)" 52z [V (0)+ ¥y, O
16(E+m)? [B2(—ar 2520 257 2 5
IR 381, — BN ETTmI) - (%) [xix2 (0) +xax, (0)]
1| SRt | SEETRl et | () [ 0+ Y O
3P2,+ % (%) 1 ’wxlxl +¢X2X2(0)|

Table 3. Two-body decay squared matrix elements, phase-space integrated, final-state summed.
For abbreviation, we define ¢’ = Q,g. The “LSJC” indicates the quantum numbers of the orbital
angular momentum, total spin, total angular momentum, and C-parity. Compared with the table 2,
the parity is absent, because many states are no longer eigenstates of the parity. Although m,, #
My, for simplicity, we still use m,, as the mass of both x; and x2 during our calculations. E is the
energy of either initiate particle, as we have calculated in the center of mass frame.

to simplify the 3-body decay formulas. The analytical decay amplitudes and the decay
rates, including the phase space integration of the final three particles are listed in table 4.
However one has to pay the penalty for this simplification. This is the appearance of the
infrared divergences (IR) in the phase space integral. To see this, let us introduce an
explicit IR cutoff parameter a in the corner of the Dalitz-plot. The three momentums of
the final state particles are denoted to be ki, kg, k3., and (ki + ko + k3)? = 4E%. Having
ignored all the final state masses, the three Dalitz plot parameters then become

kl . /€2 = 1‘3E2,
ko - k3 = 21 B2, (4.50)
ki ks = xoF>.

Since x1 + x2 + x3 = 2, there are only two independent parameters. The divergences
usually exist in the z; = 0, ; = 0 (i # j) region. If one divergence is located in the,
e. g x1 = 0, xo = 0 region, we just modify the phase space integral f02 dxy fozfxl dxo into
f dxy | 2771 g2y to avoid it, and leave all the a’s explicitly in table 4.

Notice that in our later numerical calculations, our m.,, and mpg are in the similar
order of magnitude. It seems that the divergence we have encountered is merely an artifact
of ignoring the final state masses, so a naive way to fix this problem would be to replace
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the IR cutoff by the lightest particle mass among the three final state particles. This
is true when m g 2 wra’?, and will introduce approximately a = % as a natural
IR cut-off. However, when one of the m. g < pra’?, and when it is produced with the

energy /momentum < p,.a/?, some propagators with the < p,.a/?

energy/momentum scale
shall inevitibly appear, and hence the prediction ability of our method here fails as the
commonly used “ladder approximation” only considers the |x;x;) Fock’s state and neglects
many comparable p,.a'?-scale energy/momentum terms. As is well-known In the QCD,
this IR divergence problem was first discovered in the context of P-wave charmonium
decays long time ago refs. [96-99], and made a long standing problem until the color-octet
mechanism was proposed by Bodwin, Braaten and Lepage (BBL) refs. [100, 101]. Similar
with the QCD strategy, we need to regard p,a'? or p,o as a natural “matching scale”, and
when the energy/momentum of one of the decay product is below this scale, contributions
from the higher Fock’s state |x;x;7'/I/R) arise. Reducing to the phase space parameter,

|Es]| 2 or a = o/, where Ep is the binding energy.

this is corresponding to the a = —& ~ o
Studying the precise manipulation below the IR-matching point is beyond the scope of this
paper, however we know that the matching point scale will appear in the final results, and
can be treated as an effective IR cut-off. In table 4, the results are logarithmly dependent

2

on a so they change little when a varies from o'#, o/ and %. With these considerations,

we adopt a = MAX['i—’f', %, %] in this paper. However actual calculations show that
the contributions from the bound states with no 2-body final decay channels are negligible.

With these informations on the relevant amplitudes, we can finally calculate the decay
widths of DM bound states

fs / ‘-/\/tTaLb‘2
S| — d(phase) bl 4.51
128”2mx phase <p ) 2y ( )

where fphase d(phase)| Map|? is obtained by multiplying the expressions listed in the “Ker-
nel” and “Coeflicient” columns in table 3 for each two-body decay channel, and in table 4
multiplied by an additional T—} factor for each three-body decay channel. f; is the factor
for the final state identical particles. fs = % for two identical particles in the final state,
and fs = % for three identical particles in the final state.

4.3 Boltzmann equations

Now let us discuss the Boltzmann equations for our model. In principle, we need to write
down the Boltzmann equations of all the components, including x1, x2, 7', R and all of the
bound states as well as their temperatures. This will result in a set of complicated coupled
equations, which is beyond our current computing resources. Therefore, we shall simplify
the situation with the following considerations:

e When T, > m.,, mpg, where T, is the photon temperature of the plasma, although '
or R might have already frozen out from the thermal plasma quite early, being nearly
massless particles, they cool down approximately synchronously with the plasma due
to their red-shifts. Therefore, the kinetic equilibrium keeps T\, = Ty = Tr =~ T,
where T, is the temperature of x1, x2, and T/, Tr are the temperatures of the 7/
and R.
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Kernel

Coefficient

7/ f)// /7/
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1 732(1072+37r —4321n 2)
3 3m?2
4608 (1+1n %)aj

2
mX

2
’ 1 2
4(%%%) m |wX1X2 +1/}X2X1( )’

IRy

180, +

16(—228+2372)
3m?2

4(%%%) s (0) s (O)

3P17+

1 [16(56+677>—961n2+2561na)
3 3m2
_ 128(1424In2— 72111(1)&“

3m?2

|¢X1X1 +1’[}X2X2( )|2

RRR

3P07+

% [9\e (324 Ag)
+872(—8+9)\a)
+128(—28+751n2)
—96001na]

IRR

3P07_

QW [727%(8+ Ao)
+92e(324+ \g)
+128(—320+2311n2)
7295681na]

(%) m2 |wX1X2 +w)<2)<1( )‘2

IIR

3Py, +

Tz (7277 (8+ Ae)
+9A¢(32+A¢)
+128(—320+2311n2)
—29568111(1]

2

(%) m2 |wX1X1 ;<2X2 (0)‘

117

3P07_

2W [7272(84 Ao)
+9A0(32+ Ao)
+128(—320+2311n2)
—295681naj

(%) m2 |1/)X1X2 +¢X2X1( )‘2

Table 4. Three-body decay squared matrix elements, phase-space integrated, final-state summed.
Here, for abbreviation, we define ¢' = Q,g. The “LSJC” indicates the quantum numbers of the
orbital angular momentum, total spin, total angular momentum, and C-parity. We still use m,,
to replace the m,,, as in the table 3, and since the three-body modes are not counted in the
annihilation processes, we only show the results in the £ — m, limit.
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® X1X1 — X2X2 processes by interchanging the + particles are rapid enough to keep a
number density equilibrium between y; and xo.

e When T, < m,/, mpg, the light components become non-relativistic and their number
densities drop dramatically. The kinetic equilibrium between m., and x1 2 is broken.
The red-shift of x; and xo will imply 7}, o TA?.

Also based upon the steps listed in ref. [40], we define

_ (M) x
= M)x + (D) xais” (4.52)

where (I') x and (I') x gis are the thermal averaged decay width and the dissociation rate of
the bound state, respectively. Their definitions are

3
3]

K (

<F>X = ﬁr){)

3

A2

1 ny (Ty )ny (Ty)
<F>X7dis = 5 Z<UU>TX,Xin—>X+'y’/R X éil ]:(J X )
ij nX( X)

(4.53)

where K and K> are the Bessel functions, and I x is the decay width calculated from (4.51).
i,j = 1,2 indicate the x1, x2 components, and n%'(T) is the thermal-equivalent number
density of component A at the temperature T. The (0v)7,y,y,sx+-//r is the thermal-
averaged bound state formation cross section:

1 4T . 3 Vs mi, m3,
<JU>Xin_)X+’YI/R - Ty Moy 324 /dS s ( T ) 4 <1’ s 78

XUXin—>X+7’/R(5,)a (4.54)

where ny, is the number density of component x;. oy, »x+/r 18 calculated following
the steps listed in section 4, and A(1,a,b) = (1 — a — b)? — 4ab. We should note that in

ref. [40], there is also an additional term (ov) ng, which should be something like, e.g.,

gR—gg
(V) y, X—sx,;v/Mx; i our paper. We ignore this term because this term will be suppressed
by n, compared with the (I') x 4is, when the temperature drops below the y; ; mass.

For a pair of DM particle x;x;, their effective cross section times velocity is defined as

<UU>Xin,eff = <UU>Xin7anni + Z FX<O—U>Xin_>X+’YI/R’ (4.55)
X

where <UU>Xin,anni indicates the annihilation rate including the Sommerfeld effect. In this
paper, we only consider the 2-body final state when calculating the <UU>xixj,anni- Although
refs. [102, 103] provided a complete unitarity-preserved calculation of the Sommerfeld effect
in the large boost situation, we only perform a rough numerical scan on the parameter
space while missing the resonances in this paper, so the methods in ref. [16] are sufficient.
Therefore, the phase space integrated squared amplitudes are again from the table 3,
and the wgng (0) there plays the role of the “boost factor”. For the multi-component dark
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matter models, refs. [95, 104] performed a Wrongskian-based method to acquire these zero-
point wave functions (or derivatives). However, in this paper, we shall use the definitions
of these wave function at the origin straightforwardly. For the acquired scattering wave
functions yx given by (4.27) satisfying the asymptotic conditions (4.28) or (4.30),

4:(0) = lim X“’;(x) (for I = 0), (4.56)
i (0) = ip,v lim Xitk(2) (for I =1). (4.57)

Here 7 is the index of the wave function components. We have testified the accuracy of
straightforwardly applying the definitions in (4.56)—(4.57) of the Coulomb potential and
the no-interaction limit by comparing the numerical results with the analytical solution,
and found they are precisely compatible. Since the Yukawa potential is somehow the
intermediate state between Coulomb interaction and no interaction limit, and for our two
component situation, the potential does not deviate from the Yukawa potential very much,
so we expect a sufficient precision for this simple “method”. Once we obtain the squared
amplitudes, we then calculate the cross section in the center of momentum frame with

[s 2|l

O~ . ) U=
XiXj,anni
AE,, Ey, 327 Eem o

dQcm|Mxin,Tab|2a (458)

where E,, is the energy of component y;, |p] is the magnitude of the 3-momentum of either
particle in the center of momentum frame, and FE.,, is the center of mass energy of the
initial particle pair. The angular integration fQ dQem| My, jTab|2 is calculated by summing
over all the annihilation channels listed in table 3 for the initial particles x;x;. To calculate
the Mrap,, we need the values of the wave functions at the origin 1y, (0) or their first
derivatives @ZJ;@X]_ (0) of the scattering state. These can be extracted from the radial wave
functions x1;x(x) and ok (x) according to (4.56)—(4.57), and the coefficients Ay;, Bj; should
also be multiplied for the corresponding initial states. Thus, sommerfeld effects have also
been automatically included through all these processes.

Besides the amplitudes listed in the table 3, we should also note that there is an
interference term between S and D waves which contribute to the IR final state. This
is absent in the table 3, because it is not relevant to the decay width calculations. The
“Kernel” part of the squared amplitude is calculated to be

2mo?
9(E? + m2)?
HAESm3T? — 224E°m? + 80E°m3T — 128E*m}, + 52E*'m}T + 6 E'mT” + 56 E*m T

+28E*mST + AE*mST? + mT?), (4.59)

(—4E®T + E®T? — 96 E"my + 24E"m, T — 128E%m? + 20E°T'm},

where F is again the energy of each particle in the center of momentum frame, and
T = 299 In the “Coefficient” part, there should include the Sommerfeld boost factor
“»(0)1"(0)”. However, the interference term is sub-dominant, so we do not consider this

term and set the boost factor to be 1, so the total “Coefficient” becomes 2 (%)4.
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Then the total effective annihilation cross section is given by

BT (Ty)
(00) 1y et = Z - nef>1< (TT:)Q : (TV) xix; ot (4.60)

4,3
where n°1 = Y. ny!. The Boltzmann equation is then written in the familiar form

Yy 28 (1 xy dg:

Ef - ~ H(m,) 3g% dxy

) (o) (Y2 = Y3, (4.61)

where H(T') is the Hubble constant at temperature T', m, is the mass of the dark matter,
xTp = %‘, and gi is the effective degree of freedom entering the entropy density. Y is the
effective dark matter particle number per co-moving volume, or %, where n is the particle’s
number density, and the s is the plasma’s entropy density. To solve (4.61), we also need to
know the relationship between T, and T7,. This requires another equation. However, in our
paper, we simplify this by setting the kinetic decoupling constant Tiq = min{m.,, mg}, and

T T,y , when T’Y > Tia (4 62)
= 2 . .
X Ti s when T’Y < de

5 Numerical results and discussions

5.1 Numerical results

Using the internal functions embedded in the micrOMEGAs [105, 106], we solve the differ-
ential equation in (4.61). Among the parameters for the numerical analysis, we choose two

different values of DM masses: m, = 3TeV and m, = 10TeV. Then we vary oy = (ng)
and 26521 = (Q )2 to show the results for QA2 in figures 5 and 6 for m, = 3TeV and

m, = 10 TeV, respectively.
In these figures, we have adopted

&=

1 ) 2 111
oo [( “ +2C2) a] o and & = 1.5,

The reason for this choice are the following. First let us notice that 6y? < 1 and §12K1
in our concerned parameter space to be discussed, so that the binding energies of the
ground states can be approximated by the hydrogen atom’s formula. For the radial equa-
tion (3.23), this is estimated to be Egnd. stat. ~ —w. Reduce this by the inverted

. —F 2 2 2 1
“Bohr radius” —#asset — 15 ~ %, and recall that & o =

m}’; o It is easy to see
2 -1
that if & < {W} , the emission of R is kinematically prohibited in the low tem-

2 1—1
perature situation to escape the CMB constraints. When & > [M] , significant
~" emission occurs and will induce the second-stage annihilation processes to be discussed

below. However, we will keep gf small enough to evade the unitarity constraints on Ag.

(26%62)20‘, and & = 1.5 are enough for both these two purposes.

Finally, & = 155 x [
Details of the unitarity bounds mentioned before will be addressed in section 5.2.
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The parameters are the

same as the corresponding panels in figure 7.

We can easily see that the Sommerfeld effect can modify the relic density significantly,
while the bound state formation effects further alter the results.
happen, we plot the thermally averaged cross section times velocity and the evolution of
the dark matter relic density in figures 7 and 8, respectively.
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In figures 7 and 8, we show and compare the contributions of the perturbative cal-
culations, the calculations including Sommerfeld effects, and including also the bound
state formation effects. In the top and middle panels, we adopt the m, = 3TeV and
m, = 10 TeV respectively. (ng) and (Q )2 are shown in the figures. For the m, = 3 TeV
case, & = 34.5, & = 51.7, correspondlng to mr = 0.957 GeV and m., = 0.638 GeV. For
the m, = 10 TeV case, & = 25.3, {&o = 37.9, corresponding to mpr = 5.93 GeV and
m. = 3.96 GeV. Both of these two benchmark points can be safe within the constraints,

especially for the dark Higgs boson decay bound in the BBN constraint to be described in
section 5.2. We can also learn that when y takes some moderate value, the main contri-
butions from the dark matter bound state formations mainly become effective in a later
time. In the usual re-annihilation processes induced by Sommerfeld enhancement in the
literature, e.g., in the refs. [85-89], the re-annihilation can only happen after the “kine-
matical decoupling” of the dark matter particles, when the kinematical temperature of
the dark matter particles accelerate to cool down due to the rapid kinematical energy
reduction of the non-relativistic particle compared with radiations. Detailed calculations
show that the annihilation cross section times velocity (ov)eg of the dark matter should
be at least proportional to U—lt where ¢t > 1 for a successful re-annihilation process. This
can only happen in some resonance area of the Sommerfeld enhancements. Compared
with the usual re-annihilation process induced by Sommerfeld enhancement, in our model,
the main contribution to enhance the effective total annihilation cross section times ve-
locity is the bound state formation process though the xi1x2 — 1ISSJr +~' channel. This
process becomes significant because of the large longitudinal 7/ emissions, which is equiv-
alent to the Goldstone emissions, and described by the (4.18). This becomes large due to
its non-zero Oth order expansions The dark matter bound state formation cross section
<UU>X1X2 1SSy vt’ where ¢ > 1 when zr < 10%, inducing a significant second-stage
annihilation. Then, numerical calculation shows that when v < 0.01, (ov), . . Sty
rapldly saturate before the breaking the unitarity bound. Finally, after T' < dm, we will

have — eq ~e < 1, so that the contributions from the 12 channels will be suppressed
Xl

according to the (4.60). Finally, the re-annihilation processes cease when xp > 10°.

On the lowest pannels of the figures 7 and 8, we plot a benchmark point for the y < 1
situation. In this situation, the global symmetry on xi2 as well as the Ward identity
MMP(Z = 0 in the symmetric phase recovers, therefore the longitudinal contributions in
the (4.19) disappears. Compared with the longitudinal contributions, the emissions of
the transverse 7' described by the (4.7)-(4.10) will be suppressed by the v2, so the re-

annihilation process vanishes. However, a sufficiently small relic abundance of the dark
(Qxg')?
4

matter requires a larger , inducing a much larger bound state formation rate in the
freeze-out epoch. At the parameter point we selected in the lowest panels of figures 7 and 8§,
the bound state formation corrects the relic density result by several percent. If we assume
that the x; particles only contribute to a fraction of the now observed dark matter density,

the corrections on the relic density result can be much larger.
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5.2 Constraints from the experiments

In this paper, we have ignored the Aoy |®|>?H tH and eF* By, terms to simplify the relic
density calculations. As have been mentioned, these are the only interactions that commu-
nicate between the dark and visible sectors. Practically, Ag g receives loop corrections and
is unable to be non-zero in all energy scales. A strict € = 0 also induces a dark photon relic
which is not the main topic to be described in this paper. For the non-zero Agy and €, the
dark matter direct detection bounds constrain both of these two interactions. Higgs exotic
decay data mainly confine A\g g, and € is limited through various collider experiments. One
should also be careful to avoid the big bang nucleosynthesis (BBN) to be disturbed by
the long-life dark Higgs and dark photon boson decay. Although the details are beyond
the discussions of this paper, we will briefly go through all these constraints to show the
possibility to evade all of them.
According to ref. [107], the spin-independent (SI) cross section for a fermionic dark
matter particle scattering with a nucleon is given by
Y2 frmiy e,
oS &~ W, (5.1)
where my, is the SM Higgs boson mass, my is the mass of a nucleon, and f ~ 0.35. g, is
the mixing parameter between a SM Higgs boson and a dark Higgs boson. In our model,
it is given by
Hoh = )\@pr. (52)

If, e.g., we would like ogy < 107%%cm?, this requires 92/@}1 < 2 x 10719GeV? if My ~
0.3GeV. Then, A\pgve < 1.5 x 107° GeV. If we would like the dark photon mass to be
m. ~ 0.5 GeV, this implies vp ~ 0.5 GeV, therefore Aoy < 1075 ~ 1075,

Such a constraint is much more stringent than the Higgs exotic decay results. The
sum of h — RR and h — ~'+/ partial width is

ThosRR & Doy = 32mmy, 167my, am?,

\ 2 90h ghy2 m? — 2m?2,)?
(AoHVEW) Q39 Vg 9 M sin? Oy,
. Qemvew)”

5.3
167r'mh ( )

where vgw is the electroweak vev. In the above we have applied the m., = |Qa|gve, and
the mixing angle between the SM Higgs and dark Higgs boson sin 0gy, ~ Wﬂ. Higher
order :T% terms had also been neglected. It is easy to realize that the main contributions to
the (5.3) are h — RR and h — 7{ 7], and can be analysed by h — RR/II, or be combined
into h — ®®* channels with the Goldstone equivalence theorem. We just estimate the
bounds I'y, s gr + sy S gy = 4.07 MeV (For the standard model Higgs widths, one
can see the reviews in refs. [108-111], which requires Agy < 2 x 1072, Therefore, the direct
detection bounds on Agpy are far beyond the sensitivity of the collider searches for Higgs

exotic decay channels.
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The coupling A is mainly constrained by the unitarity bound, or somehow equiv-
alently, perturbative unitarity. A rigorous discussion would involve the complete cal-
culations of the S-wave amplitudes (ag’s) for the channels, RR < RR, RR < .7},
Vit < Ar . Ry, <> Ry;. The unitarity bounds are extracted from |ag|> < 1 [112-
114], or Re(ag) < 3 [115, 116]. In this paper, we derive this bound in the limit of large
center of mass frame energy. In such a case, the 7} can be directly replaced by its corre-
sponding Goldstone boson I due to the Goldstone equivalence theorem. Furthermore, the
dark gauge symmetry can also be regarded as have been recovered in this limit, so we can
directly calculate the amplitudes for the following processes,

1 1 1 1
PP —— DD, ——BP* 5
V2 V2 V2 V2
for simplicity. Then we can obtain the unitarity bounds on A\g: Ae < 47 from |ag|? < 1,
or Ag < 27 from Re(ap) < 3.
From (2.5) and (2.6), we can easily derive that

P*D*, P — P*P,

&)2 Q39" (@)2 Q%

Ao = | = == 2ma’=. 5.4

? (51 2 &1 Q2 (5:4)
2 12

Here, o = ijfr as we have suggested in subsection 3.2. Therefore, the adopted & = 1.5&;

values in figures 5 and 6 can induce A\ = 187a’ < 4w, which in turn results in o < 0.22
for the |ag|? < 1 bound, and A\¢ = 187a/ < 27 — o’ < 0.11 for the Re(ag) < 3 bound.

However, this bound changes a lot as the %

varies in the range 1.2-2. Our calculations
show that at least the relic density results in the lowest panels in figure 5—6 do not change
a lot within this range when mpg is set to be slightly larger than the threshold energy of
x1X1 — X+ R. Therefore, in order not to mislead the readers as if it is a universal bound on
% for all of the % values, we do not explicitly show the unitarity bounds on figure 5-6.

The BBN constrains the lifetime of the R particle.'’ Roughly speaking, if 7r < 1 sec,
the cosmological R particles disappear before the BBN epoch. The non-hadronic partial

width of the R decay width is calculated to be [107]

3
Grm?mpg 4m?\ 2
Lro2(e/n/y) = {Wr ( — o) Olmg—2me)

R
3
Grm2?m 4m?\ ?
ki R(l— 2“) O(mp — 2me)

427 my
GFazm% 2 MgshUQ
+—>= A4 + 34 —__ . 5.5
Topvame [t 34u] mi (5:5)

The previous upper bound we had acquired y2,u§>h <2 x 10-19GeV? will result in T 2
0.02 sec, for y < 1 and mg = 0.3 GeV which is above the dimuon threshold. This is enough
for the dark Higgs bosons to decay away before the beginning of the BBN.

1 One can also consult the axion(-like) particle results in ref. [117] for a careful constraints on light scalar
particles. However, this is beyond our current scope.
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Compared with the dark Higgs boson R with the width suppressed by the Yukawa
couplings of the electrons and muons, the couplings between the dark photon +' and the
charged leptons are universal. Currently, for the mg > 2m,, ~ 0.2 GeV, the lifetime of the
dark photon is expressed as [118]

10 MeV y 10735

3
7'7/:—:6><105yr>< 3

5.6
Ea My € (5.6)

o
A rather tight constraint on € < 10710 implies a safe 7y 2, 0.1 sec, which can still be much
smaller than the beginning period of the BBN. The results in refs. [117, 118] show that the
€ can be larger than 107 or 1075, further reducing the 7, to avoid the dark photon decay
after the beginning of BBN.

The non-zero € can also give rise to the direct detection signals. Since the photon
couplings with the x; 2 induced from the 7'~y mixing always flip the xi-x2, the dark matter
scattering with the nucleon becomes inelastic. We rely on the dark photon results in the
ref. [119] to show that most of the parameter space discussed in this paper is safe with the
indirect detection bound, although refs. [120-122] show more recent general experimental
data. Since it is difficult to follow the detailed numerical processes in ref. [119], we only
compare the results qualitatively. In the figure 56, the correct dark matter’s relic density

2 /
requires % 2 0.02, so my = “220‘ 2 0.3GeV. For most region of our interested

parameter space, say, when (QQX%)Q > 0.01, my, —m,, = 2yve is calculated to be well above
1 MeV. From figure 5 of ref. [119], this is much larger than the analysed Fr ~ 1-1000 keV,
so the sensitivity of the detector on such a dark matter is significantly suppressed. From
the tendency of two panels in the figure 8 when the dm varies, we can also expect to release
the dark matter direct detection bound when édm > 1 MeV, exposing scarcely constraint
compared with other non-DM constraints.

The lowest panels in figure 7-8 correspond to y < 1 when m,, —m,, < 1 MeV. Such
a small mass difference is expected to be excluded according to the ref. [119]. However,
these radical parameters are calculated only for a comparison of the contributions from the
dark matter bound state formation processes. A larger y ~ 0.01 can still leave the main
results intact, while amplify m,, —m,, o yve to suppress the direct detection signals.

Refs. [119, 123, 124] introduced the loop-level dark photon scattering cross sections. A
rigorous study should include the interference between the tree-level and loop-level ampli-
tudes, which is beyond our scope. The loop induced scattering cross section contributions
are much less sensitive on the m,, —m,, values, and might be the main contribution when
My, — My, > 1 MeV. Here, we adopt the loop-level formula in refs. [123, 124]

2,2
R S o (5.7)
Xp=xp T o (my + mp)2’
where
eeQyg
ax = m2x . (58)
X

€ <1073 and m, > 100 GeV are sufficient to reduce oyp_yp < 107%0cm?. Obviously, our
choices of the parameters can easily evade the direct detection bounds.

— 35 —



Finally, the strongly interacting dark matter (SIDM) models are robustly constrained
by the CMB spectrum [30]. Since our model includes quite light mediators R and ', and
our dark matter-mediator interactions are expected to be significant enough to induce the
sufficient dark matter bound state formation rates, our model can be regarded as a SIDM.
The enhancement of the dark matter annihilation cross section in a SIDM in the very late
epoch may disturb the CMB observations, if the mediator particles decay into the SM
particles faster than the Hubble rate. Then at the recombination epoch,

(0V)rec _o5 3.1 [ Jeft -1 m
<4 %10 Jeft <7X) , 5.9
N, ~0 s Ao1) (100 Gev (5:9)

where (0v)rec is the annihilation rate at recombination epoch, N, = 1(2) for Majorana
(Dirac) dark matter. Generally, feg = 0.1 for the SM particles in the final states other
than neutrinos. Generally, such a constraint is very difficult to escape. Ref. [125] provides
a model that is similar with ours. In their model, there is no dark photon, so the x1x1
annihilation is controlled by the p-wave channels to the RR or 1. In our model, the mass
difference between x1 and x» is sufficient for the yo to nearly disappear in the recombination
epoch, therefore only the s-wave x1x1 — 7’7’ might affect the CMB [126]. The bound
state formation processes x1x1 — X +7'/R are also set to be prohibited by the insufficient
threshold energy in the parameter space we had studied in this paper. This is Sommerfeld
enhanced and might contribute to the (ov)ye.. Fortunately, from (3.17) we can learn that
the Sommerfeld boost factor is mainly controlled by the Yukawa coupling terms. Firstly,
we are interested in the y < Qg region, and a sufficiently small but moderate y is enough
for us to acquire a significant bound state formation effect while small enough Sommerfeld
boost factor. Secondly, mp = v/2u is independent of all the other parameters, and can be
adjusted to reduce the saturated Sommerfeld factor. All of these can help us easily evade
the bound in (5.9).

Finally, we discuss about the cluster constraints on dark matter self-interactions. A
complete calculation involves the full solution to the Schrédinger equation. Practically, it
is done by a calculation up to I < 20 in the partial wave expansions. In the parameter
space adopted in this paper, the kinetic energy for a dark matter particle inside a halo is
far below the threshold to produce xo. In this situation, only the R-mediated force takes
place, and for the correct dark matter relic density, the Yukawa coupling strength should
be weaker than the usual values in the literature. From ref. [127], we can see that it is
quite easy to evade such bounds,

o
7r < 1(:1][12g*1
my

in the usual case, let alone our smaller Yukawa coupling situations.

5.3 Comparison with other similar situations in the literature

Before closing, let us compare our results based on the model Lagrangian (2.1) with those
in other approaches in the literature. We shall emphasize that the model (2.1) is based
on the spontaneously breaking of a local dark gauge symmetry, respecting the unitarity of
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the amplitudes involving massive dark photons through dark Higgs contributions. Some
earlier studies ignored the contributions from the longitudinal dark photon.

In the literature, most studies of excited fermionic DM are based on the model without
dark Higgs, based on the following model Lagrangian:

1 1 S _ —
£w/o dark Higgs = _ZFW F,l:,l/ + im?‘VAMA K4 XlDX — My XX + (5 XCX + hC) (510)

In this case dark photon is assumed to get its mass by Stilickelberg mechanism, and
the mass splitting () between x; and x2 is simply generated by the soft U(1)-breaking
dim-3 operator put in by hand, and the dark U(1) symmetry is only approximate and
explicitly broken in (5.10). On the other hand, in our case the original local dark U(1)
gauge symmetry is broken down to its Zs subgroup by dark Higgs mechanism. And the
above Lagrangian (5.10) can be obtained from (2.1) by integrating out the physical dark
Higgs boson after the dark U(1) symmetry breaking. Our model is based on spontaneous
breaking of local dark gauge symmetry, and thereby keep all the nice features of gauge
theories such as unitarity and renormalizability.

Refs. [92, 93] made attempts on solutions for some line-shaped photon excesses observed
from near the galactic center. Both these papers are based upon one single model, in which
the dark Higgs sector is eliminated compared with our model. There the mass difference of
the nearly-degenerate dark matter particles is introduced with a soft breaking term, which
breaks the dark U(1) symmetry explicitly. Interestingly, ref. [93] utilized the annihilation
process xx — fyl’y/ followed by ’y/ — SM to explain the continuous gamma-ray spectrum
from the galactic center, but detailed calculations were not proceeded. We performed such
calculations in appendix A and found that the contributions from the longitudinal dark
photon can become catastrophic. This is similar to the case of the unitarity violation of
Higgsless case in the SM in the longitudinal W scattering. The simplest way to cure this
problem is to introduce a dark Higgs boson ®, and generate the dark photon mass. And
the mass difference of the dark matter particles originates from the ®yCx + h.c. term as
in our model, (2.1). In this situation, in addition to the purely dark photon annihilation
channels, Ry, RR final states also arise. From table 3, we can learn that the R~} , in which
7, indicates the longitudinal polarization of a dark photon, or equivalently RI channel
contribute to an additional s-wave annihilation term, which can be significant compared
with the 777/, process, in which 7/, indicates a transverse polarization of a dark photon.

Ref. [94] provides another approach to the excited fermion DM scenario. There the
dark matter mass difference originate from the vacuum expectation value of the dark Higgs
boson, however the dark matter and dark Higgs interaction term is non-renormalizable:

ﬁa—%&@?&+Hﬁ) (5.11)

which induces the mass splitting § = yv?5 /A after ¢ develops a nonzero VEV v,.1? There
the renormalizable dim-4 operator (the last term in eq. (2.1)) was ignored without any
reasons. In fact, the coupling described by (5.11) requires m., < A for the effective

124 in (5.11) is not the same as ® in eq. (2.1), since their U(1) charge assignmets are different from ours.
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“Yukawa coupling constant” Qy% < 1, as well as a cross section well below the unitary

bound. The amplitude is calculated to be o ﬁ x g;‘;m. This is somehow similar to the

results without a Higgs cancellation in appendix A. Invfact, the non-renormalizable model
introduced by ref. [94] still has a diagram similar to the third one with a s-channel Higgs

boson listed in figure 9, however the h-7'-7’ coupling constant is only one half compared

g2om
2

mZ,

5
and the resulting amplitude is not unitary at high energy limit, unlike our case.

with our model. Therefore, a precise cancellation does not occur, so the

term remains,

In the refs. [72, 92-94|, compared with our paper, the longitudinal contribution to the
off-diagonal element of the potential matrix which is proportional to ¢; in our (3.25) is
absent. This is a good approximation if ém < m.,,. However, in refs. [92, 93], the longi-
tudinal contribution can be absorbed by redefining the ap, with all the phenomenologies
unchanged.

Finally, we need to mention that although refs. [38, 39, 68] had classified nearly all
the emission product cases during the dark matter bound state formation, the longitudinal
dark photon emission is not included there. In their models involving a massive dark vector
boson, the Ward-Takahashi identity was utilized, e.g., in the eq. (3.3) of ref. [39]. Therefore,
only transverse polarization dark photon emission was concerned. In our paper, we have
applied a general version of the Ward-Takahashi identity given by (4.17). Therefore, the
longitudinal polarization of a dark photon is considered through an equivalent Goldstone
boson emission term. This term can be neglected in the ref. [72], once the mass difference
of the dark matter is much smaller than the dark photon mass.

6 Conclusions and future prospect

In this paper, we considered Z5 fermion dark matter model with a pair of nearly-degenerate
fermions defined by Lagrangian (2.1). The Yukawa potential induced by the real scalar R
between the same component particle pairs y1x1 and yox2 are attractive, while it is repul-
sive between different component pair x1x2. The longitudinal vector boson, or equivalently,
Goldstone boson, also contributs to an additional off-diagonal term in the potential matrix.

In our model, besides the emission of the scalar R and the usual transverse vector
boson v’ to form a dark matter bound state, emission of a longitudinal dark photon ~/, or
somehow equivalently a Goldstone boson [ also arises because of our dark charge assignment
of the dark matter particle. The mass difference between the two components plays a
crucial role in this process. Unlike refs. [38, 39], the zeroth “mono-pole” contributions to
the (4.1)—(4.6) in our paper are non-zero, because we either need to replace the direct inner
product by something inserted with a o1 3, or need to compute the inner products of the
wave functions acquired under different potentials. Finally, we find that the contribution
from the longitudinal vector boson emission is extremely important. This leads to a re-
annihilation process, reducing the relic abundance of the dark matter significantly. Because
this reannihilation process ceased before the BBN, the following cosmological parameters
remain undisturbed.'3

BWe choose benchmark parameters such that Am > Tggn and I'y, > Hpsn. Therefore we can safely
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Constrained by our current computing resources and programming techniques, we
are only able to calculate a simple approximation (4.61) rather than a complete version of
Boltzmann equation, like those appeared in ref. [89]. In the future, we are planning to make
more complete calculations by considering various effects which were not included in this
paper. For example, the deviation of the velocity distributions of each component from the
Maxwell-Boltzmann distributions should also be taken into account. A careful scanning
of the parameter space considering all the experimental constraints and the properties
including the SIDM scenarios will also be considered.
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A A dark matter annihilation problem in the higgsless soft-breaking
model

If we get rid of the Higgs sector, and introduce the soft mass terms for the dark photon and
the mass differences between x1 and x2, we can still calculate the Higgsless diagrams of the
dark matter pair x1x1 — 77 7;. The polarization of the longitudinal 7’ can be written as

EL(k)=<VZ’ = E) By, K +0 (%), (A1)

My’ My K| Moy E

where k = (E, E) is the 4-momentum of the dark photon. For simplicity, we replace er,(k)
with mi/, and omit the sub-dominant O (%) terms.
Yy

We then compute the first and second diagrams shown in (9). The xix1 — V7.
amplitude is given by
Qg?

2
y

Mx1x1—>'y’Lw’L (k1 + ko — p1)ks Fyu(pr) (A.2)

m

1
pl _kl — My,

/

+ 0(ky + ko — p1)¥y kau(pr)

1
pl _kQ_mXQ

Now we can replace the slashed ki with py — (p1 — k1) in the first term, and with (p; —
k2) — (p1 — k1 — k2) in the second term. Applying the equation of motion and cancelling

ignore x1 + x2 <> X + '7'. And x1 + x1 = X + R is set to be kinematically forbidden.
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Figure 9. yi1x1 — 77 diagrams. Compared with the Higgsless soft-breaking model, the third
diagram arises in our model.

the redundant terms, we acquire

Qig?
= ——(my, —m
m?) (Myy = Mys)

M (k1 + ko — p1)ks u(p1) (A.3)

X1X1—=YL7T,

7
pl - kl — My,
_ )
— U(k1 + k2 — p1)
1 k'Q - mXQ

sz(pl)] :

Then we continue to replace the slashed ko with p; — k1 — (p1 — k1 — k2) in the first term,
and with p; — (p1 — k2) in the second term. Again, applying the equation of motion, we

acquire
Q39 i
M P o= X - 2 | —o(k ko — R A4
a2, (myy = my,)™ | —V(k1 + k2 — p1) s _mXQU(Pl) (A.4)
; 2 2
okt ke —p) X, —
v( 1+ K2 pl) = kQ — u(pl) =+ mz/ (mX1 sz)

x2i0(k1 + ka2 — p1)u(p1).

(Mmx; —myy )2
— mZz

The first term is proportional to , and the second one is proportional to

'Y/
m —m . .
—*15=22_ In the moderate parameter space m,, —m,, ~ m/, the second term will induce

,Yl

a X

5 cross section, and would violate immediately the unitarity bound if m., < my, ,.
m2, )

S
The introduction of a dark Higgs boson can cancel this dangerous term. A direct
calculation of the third diagram in figure 9 gives rise to

y'A 1k - ko _
Xix1—h=y, Ay, = mZ (b1 + o) — m%v(kn + ko — p1)u(pr), (A.5)
¥

M

where y' and A are the xxh and hy'y" couplings, respectively. In the large momentum

(k’l +k‘2)2 —m

2
limit, we have k; - ko =~ 5 b Therefore, if

y/A = _4Qi92(m><1 - mX2)a (A.6)

the unitarity violating term is precisely cancelled. Notice that in our model, m,, —m,, =
—2yvg. Ify =y, A= SQig%q), the unitarity breaking term is automatically cancelled in
our model. This shows that the Z3 DM model with dark Higgs mechanism behaves better

than the models withourt dark Higgs.
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Figure 10. The same as one of the key figure appeared in ref. [128]. Here the polarization vector
of the photon with the symbol of its momentum “k” will replaced by this momentum.

B Modified Ward identity in the broken phase

In (4.17), we modified the Ward identity by adding a non-conserving term on the right-
handed side. A path-integral proof can be found in ref. [129] for a general R¢ gauge.
Inpsired by the section 7.4 of ref. [128], we only provide a diagrammatic proof in the uni-
tary gauge depending on the model of this paper for brevity rather than in a lengthy general
R gauge situation. Let us consider an external photon, with its polarization vector €, (k)
replaced by the momentum k,. We have to decompose the amplitude into several parts. We
will see that some of the parts remain, which can be understood to be the Goldstone boson
equivalent replacements. Other parts will be expected to be cancelled by the corresponding
parts from some other diagrams. If we enumerate every type of the diagram connections, ex-
cept the “Goldstone equivalent terms”, and if we find out that each “cancelled” part in one
diagram’s amplitude has a corresponding “countered” term in another diagram, we com-
plete the proof. We need to note that in this appendix, we only enumerate the several types
of the diagram connections which are essential to the “ladder-approximation”. It looks as if
the external photon to be inserted is “sliding” along the “charged skeleton” of the diagrams.

The first connection type is provided in figure 10, characterized by the external line
neighboured with two vector bosons. Notice that

iQugk " = 1Qug (B, + = M) = (B, — mya) + (my, —my)| (B
Therefore, part of the amplitude as shown in the (7.65) in ref. [128] should be modified to
p + k — My (ZQXg%)p —my = Mz:zncel,l + Mz;/ncel,2 + Méé’ <B2)
i b i a
where
i
7Y _
Mcancel,l - _QXg

pi - mXa
1
M7 =Qg———
cancel,2 X pl + k — My,
1 1
ML = ———————iQyg(my, — My, ) ——. B.3
GS pi_i_%,_mXb X ( Xb X)pi_mxa ( )
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Figure 11. Dark photon outer leg “skipping” over a dark Higgs vertex.

Just similar to the section 7.4 of ref. [128], one immediately find out that MZ;HCQM is
cancelled by the corresponding term when the external vector boson “slide” to the p;+1 +k
fermionic line, and Mzgncel,l is cancelled when the vector boson “slide” to the p;_1 fermionic
line. M'é'ys has the structure of the Goldstone emission term which are not to be cancelled.
However, unlike the simplest situation of the QED, a dark photon external leg might “skip
over” a Higgs vertex. See figure 11 for the diagrams. Since the y1x1 R and y2x2R couplings
differ by an extra minus sign, the corresponding terms in the first two diagrams in figure 11
can no longer cancel with each other. We then need to take into account the third diagram

in figure 11. Parts of the amplitude by the third diagram give the result

i E R EE)] (i)
4Q3 g° — . (B4
prE+E —my, (ae) [k m, P —my, (k+K)*—my B4)
The middle factor can be reduced to
k4 k) (k— K m?2, — (k+k')?
2;ﬂm1w—#%f VB i+ ™S T e )
,Y/ ,y/
Therefore, we decomposite (11) at first into two parts,
MEE + M (B.6)
where
2iQ%9° My (k+k)-(k—K) i (—4)
MEP = X2 7 —¥) - +# :
* ¢+%+W—wwb(k Y m R TN (g

which is actually the same structure for a Goldstone boson replacing the k-momentum
dark photon, and then times a m... Mé?ncel is given by

F+¥E i

m’Y/ p_ mXa

Ry3
cancel ~

(2Q%4%) (4).

i

/
prHE+E —my,
It is then decomposed into three parts,

cancel cancel,1 cancel,2 cancel, 3’
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where
7
m'yl p - mXa ’
7
m7/p+}é+kl—mxb

MR’YS — _ (zQiQQ)

cancel,1

MR’Y3 — (2Qig2) 7

cancel,2

Ry3  _ v 902 g2) Mxe “ My 1 ,
cancel,3 ? + k + %I _ mXb ( ng ) m}y/ p — mxa (Z),
- sTET — (2Qy gy - sgn(m,, —m,,)) m(z), (B.7)

2Q§92 (mXa —Mxy )
my

= 2Q,gy - sgn(m,, — m,, ) in the third term M3 To

cancel,3"

Notice that

cancel the M3

cancel.3> We calculate the first diagram in figure 11.

Ryl __ Ry1 Ry1 Ryl
M - MGS + Mcancel,l + Mcancel,Q’ (BS)
Rvy1

cancel. 1 for brevity, and

where we do not show the M

Bl = —iQygy - sgn(m,, —m,,) i i :
canees P, + f—my, p—my,

Ryl . 1 1
Mca?lcel,Q = ’LQng ’ Sgn(mXb - mXa)pi T k “m,, p i % — . (Bg)

A similar calculation of the second diagram in figure 11 will also contribute to term exactly

Ryl ; : Ry3 . Ryl
cancel,1» SO their summation cancels the M [, 5 in the (B.7). M/ )5

in the (B.9) will be cancelled with other diagrams recursively by the same discussions

equivalent to the M

above if the next right neighbour of the external line with the momentum k is again a dark
photon or a dark Higgs boson. Therefore, in (B.7), only Mgﬁel , and Mg}iel o Temain.
These terms will never be cancelled if we fix all the other skeletons of diagrams. However,

M3 and M3 | looks very similar to the M7 and M7, in the (B.3), and

cancel, 1 cancel,2 cancel, 1
they only differ by a factor of ig—xlg. This prompts us that in this case, the k + %" internal
vector boson line can be treated z;s a new “external line”, carrying exactly the same k + &’
momentum, however missing the corresponding “Goldstone equivalent term”. We can
then reuse all the above discussions recursively to cancel these terms by “sliding” the new
k + k' “external line” along the fermionic skeleton. For example, if the right neighbour of
the k + K’ line is a vector boson line, as in the first diagram of the figure 12, the second
diagram in the figure 12 will then contribute to a term through a similar decomposition
like (B.3), which cancels the Mgﬁeu in the (B.7). If the right neighbour of the k + &’
line is a dark Higgs line, as in the first diagram in the figure 13, the rest diagrams in the
figure 13 will contribute to terms through the similar decompositions like the whole (B.7)
to cancel M3 3

cancel,2* cancel,2
not cancelled, then repeat the recursive processes to cancel this. ..

Of course, this will leave another term similar to M which is
Finally, after “sliding” the external line with the momentum k to the ends of the

fermionic lines, the diagrammatic result becomes

Ky

m,y/

MH = MGS + Mbegin - Menda (Bl())
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Figure 13. An example to treat the k + &’ line as a new “external” line recursively when it has a
scalar neighbour.

in which Mqg are the corresponding diagrams that replace all of the dark photon k-
leg with a Goldstone boson. In this paper, as we have mentioned, we have ignored the
contributions that dark boson radiation from the interchanging mediators due to the extra
vertices multiplied when calculating the wave function overlap, so only emissions from the
fermions are calculated. Therefore, (B.10) finally becomes the Mgs term in the (4.17).
Myegin/end are diagrams without the dark photon insertion, and the mass input of the
fermionic line had been shifted by increasing/reducing k. Note that when we are calculating
the diagrams in figure 4, we need to amputate the initial /final bound state poles to extract
the S-matrix by adopting the coefficients of the double-poles, but My,egin /ena only indicate
one bound state propagator, which contain only single-poles. Therefore, My,egiy/ena does
not contribute to the transition amplitude in (4.17).
One might consider a proof in the general R gauge. At first we show the Feynmann
gauge propagator,
—1 g kHEY
k2 —m2, k2 — fm%,

1-o]. (B.11)

Rather than give a lengthy and complete proof, we only note that the é&-dependent part of
this propagator can also be decomposed similarly as in the (B.5), with all the mg, replaced
by k% — mgy,, and a 1 — & factor should also be supplemented in the second and third term.
Goldstone and ghost propagators are also required. Then, with the similar logic, proof in
the general R¢ gauge can be derived.

Before closing this appendix section, we need to note that in order to derive the
complete modified Ward identity, not only the “straight” ladder diagrams are considered.
Figure 12 prompts us that all the diagrams, including all of the possible “crossed ladders”
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Figure 14. 2-2 diagram interchanging a dark photon (left) and a Goldstone boson (right).

and all the “vertex correction” diagrams, should be taken into account. However, the
previous processes of the proof tells us that all the terms which are expected to disappear
due to the cancellation among different diagrams contain less fermionic propagator(s) then
the originally ladder diagrams, so they indicate the “off-shell corrections” of the internal
fermionic lines. (And in fact, in the general R, gauge, these terms are all {-dependent.)
Although in the large {-limit (unitary gauge), these terms cannot be simply omitted (as
will be discussed in the next appendix section), if we apply the “on-shell approximation” to
keep only the nearly “pinched pole” contributions of all the fermionic lines, the remained
“straight-ladder” contributions still satisfy the modified Ward identity. All the remained
terms in the other “crossed-ladder”, “vertex correction”, etc., diagrams all contribute less
“pinched poles” then the “straight ladder”, thus they are safely omitted (Similar to the

discussions in section II-A, ref. [130]).

C Gauge dependence of the bound state

We have calculated the (3.20) with the 2-2 diagrams shown in figure 14 by assuming
the on-shell external legs (on-shell approximation [38]). The &-dependent terms in both
diagrams disappear by the on-shell conditions. The most convenient way to describe the
potential is working in the Feynman gauge. The left-panel in figure 14 exchanging the dark
photon leads to (3.19), while the right-panel exchanging the Goldstone boson contributes

]j:: 5:/ term in the dark photon propagator
s

to the (3.20). In the unitary gauge, equivalently,

contributes to the (3.20).
However, the diagrams in figure 14 are only a fraction inside the ladder diagrams, and

usually the fermionic external legs in them are slightly off-shell. Therefore, the £-dependent
k*EY terms in the dark photon propagator cannot be simply contracted with the fermionic
lines. The “off-shellness” of a fermionic component is typically ~ pua’? in a bound state.
If ¢ < ﬁ, and notice that k ~ po/, the E2E5 (1 — €) < 1, this term can be safely

2,2
k2—mZ,

neglected, and the final result is (nearly) ¢-independent. However, if & > ﬁ, e.g., in the

unitary gauge, since pua’? is much larger than the typical dark photon mass M., we will

2 /4
have a large deviation o< “mog‘ compared with the on-shell approximation, which cannot

:
be simply neglected. Although we can confine ourself in the £ <« ﬁ area to apply the
“on-shell approximation” to directly write down the (3.19)-(3.20) both for on-shell and
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slightly off-shell fermionic legs, we still want to see whether the large £, especially the
unitary gauge will ruin all of our previous discussions. Since Feynmann gauge £ = 1 is the
most “natural” gauge to generate the potentials in (3.19)—(3.20), we will compare other £
with the Feynmann gauge to illustrate the gauge independence of the physical results in
the following text of this appendix.

Showing a complete proof on this issue is far beyond the main topic of this paper, so
we only give the most important instructions. For a general R¢ gauge, we again apply the
standard trick in (B.3) to decompose the k*k” terms in all of the exchanging dark photon
propagators (B.11). Notice that only the m,, — m,, term preserves all the fermionic
propagators, and combined with the (B.11), part of its contributions can be attributed to
the Feynmann gauge Goldstone, while the other part is cancelled with the general R¢ gauge
Goldstone propagators. The (p, + § —my,) and (p, — my,) terms in (B.3) will kill one of
the fermionic propagators when it is internal, and will be finally cancelled with other terms
if we sum over all the possible mediator connections between the bound state component
lines. Finally, we acquire a complete series of Feynmann-gauge diagrams with all the gauge
dependent terms only remaining in the external legs. These terms are proportional to the
P, —mi for each external fermionic leg with the momentum p; and mass m;.

For the scattering state, all the external legs are on-shell, so all the gauge dependent
P, — m; terms disappear. Therefore, the scattering state calculations are eventually -
independent. On the other hand, for the bound state, the external leg ,— i remains. With
the symbols of (2.16) in ref. [130], we define L¢ as the diagram summation over all possible
mediator connections, and L¢—; will be the Feynmann gauge results. After decomposing
and cancelling all the dark photon and dark Goldstone propagator corresponding terms in
L¢, we acquire such kind of format:

Le= Le—1 + Z'SL(f)ngl — Z'nglsR(f) — SL(f)nglsR(f) + finite terms, (C.1)

where S7, r(€) contains the P, — m; terms for the external legs. We did not write down
the loop integrals explicitly between Sy, r(£) and L¢—; for brevity. Notice that Sy, and Sg
should have the same dependence on the corresponding external momentums. Therefore,

it is easy to see that the general L and L¢—; share the same pole if we define

Upe(p) = Upe=1(p) + S(&; P, @)V pe=1(q),
Upe(p) = Vpeo1(p) + ¥per(0)SR(E, P q), (C.2)

where the ¢ should be integrated out in a loop integration, and ¥ pe_; is the wave function
of some bound state extracted from L¢—1,

Upe1Wpeay
S +... (C.3)
PO — /P2 4+ M2

Then L¢ can be written in the form of

L£=1 ~

WpeWh,

— +
pO_./p2+M2

Lf%
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which has exactly the same pole structures with the L¢—;, and Wp, is the corresponding
wave function. This means that the bound state energies are exactly gauge (or £-) indepen-
dent. However, the wave functions need to be transformed according to (C.2). We should
also note that for large &, Bethe-Salpeter wave function Wp¢ can not even be reduced
to the equal-time Schrédinger equation, so we need to solve the Bethe-Salpeter equation
in this situation. This is because when ¢ < ﬁ, large awkward time-dependent gauge
transformations are introduced, disrupting the time dependence of the wave functions.
We then point out that the £-dependence on the wave functions do not affect the
physical S matrix calculations. For an example, if we want to calculate the state transition

characterized by the diagrams in figure 4, we acquire
L out KeLein; (C.5)

where K¢ is the perturbative kernel to emit the dark photon. Note that after summing over
all possible mediator connections to attribute all of the £-dependent terms to the external
legs, and then adopt the poles of the initial and final states, the internal mediators in (C.5)
finally become Feynmann gauge propagators, and the final result is of the format

UpeUp ey X W e=1Vp, e

= e=1 - (C.6)
P —\/ P+ M? P) —\/ P, + M?
Up
According to the principles of the LSZ reduction formula, the P“f 52 can be re-
PO —\/ Pio +M?2

garded as the bound state propagator as well as the “renormalzation factor” compared
with the (C.4), and it should be amputated, leaving us only the U} . Kee1Wp, e
Then what if we calculate the Uy, KeWp, 7 Note that when we transform all the wave
functions according to (C.2), the Sy, r will also exert on the interaction kernel K by adding
lots of off-shell terms proportional to P, — mi. This changes Ke—; to K. Therefore,
Uh o1 Kem1¥p, =1 = Up, KcWp, ¢, which is exactly the gauge (or ¢-) independent phys-
ical S-matrix. Finally, we can see that the off-shell corresponding terms Sy r does not
contribute to this matrix element because their contributions to the ¥p, ¢, K¢, ¥p ¢ re-
spectively cancel with each other.

Furthermore, although we need to calculate all the possible mediator connections be-
tween the bound state component fermions, contributions other than ladder diagrams
are actually ignored in our paper for the same reason demonstrated in section II-A from
ref. [130]. We can easily verify that most of the {-dependent off-shell contributions in the
ladder diagrams are actually also absorbed by these non-ladder diagrams. The remained
terms are attributed to the external legs and does not disturb all of the physical results
as we have discussed. Therefore, we finally recover the “on-shell” approximation princi-
ple in the most general R¢ gauge even for large § > ﬁ: when calculating the diagrams
in figure 14, we shall safely assume all the external legs to be on shell. Because all the
off-shell contributions are £-dependent and will be exactly cancelled and absorbed into the
non-ladder diagrams and the physical state definitions.
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Figure 15. Original diagrams of the emission from the mediators.
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Figure 16. Derived diagrams of the emission from the mediators.

D Reasons for neglecting the emission from the mediators

Ref. [68] had calculated the emission from one of the “ladder” mediators. Naively, such
terms contain more vertices and can be considered as higher-order contributions. However,
the momenta exchanging among these diagrams p— q are of the order pa/, which appears in
the propagator as ﬁ, canceling the extra coupling constants in the numerator. Ref. [68]
calculated and showed that such a contribution is nearly equivalent to the diagrams where

vector bosons emit from the bounded components.

In our situation, we have only two diagrams where a dark Higgs boson or a dark
photon emit from a mediator, which are listed in figure 15. All the out leg fermions
are nearly on-shell, as the process described in ref. [38]. The unitary gauge propagator

—1 _ kuku : —iGuv
for a dark photon 7k2—m3, e <g,“, m?, can be decomposed into two parts, 7k2—m3, e

and g <k“’;">, roughly symbolize the transverse and longitudinal (or Goldstone)

k2—m?2,+ie \ m?2,
Y Y
contributions. Contracting out the k, and g,, generate the original diagrams in figure 15,
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and extra three diagrams listed in figure 16, in which all of the dark photons are q;i%;/
“transverse” propagators. !

In each diagram of figure 15 and the first diagram in figure 16, one of the vertices
include a vg. For the second diagram in figure 16, note that since K — P ~ j,.a'?, therefore
only p — ¢ with their spatial components p — ¢ ~ u,o’ are picked up in the R and ~/
propagators. The metrix ¢"” in the 4/ propagator contracts this p — ¢ with the x;x;v’

vertex and gives a m,, — m,;. Ignoring the mediator masses, this diagram becomes
X yQCDQXg2(sz ij)( o q—v>4 (D]')

Comparing this with (2.23a), (2.24) in ref. [68], we need to replace their “(TP);;(T%);/; x
SQBSFgg(S‘:)4 ” by (D.1). Hence the eq. (B.1) in ref. [68], will be replaced by

3 3
¥Qua(2) =) [ o o e (P D (D2)

the = 4)4 term will induce an integration

/ &G e (D.3)
(2m)% (¢%)?

This gives an infrared divergence. By analysing the precise momenta flows (which means
considering both the masses of the mediator’s propagators and the sub-leading O(u,a'?)
momenta ignored by usual bound state ladder approximation analysis), we can learn that
the physical cut-off on this divergence can be very complicated and depends on %,U,TU2,
My, — My, and wra?, mp and m.. We define the effective infrared cut-off scale Ajg ~
rnax{%,uv2 My, — My, pa'?, mp, my}. With this cut off, (D.3) will then become ~
7 T
area where the bound state wave function dominates, therefore (D.1) finally becomes

—AIRT'

. Since usually Ajg < k = pd’, the numerator e ~ 1 in the usual spatial

~ YQag () (i, — 1y, )

Xj 87TAIR/d ”zz)s/dnlm( ) gbd/sk(_‘) (D-4)

The “(2°maBSFM?2/u1/2)” factor in (2.25) of ref. [68] will also be replaced by 4v/2,/7ir Q.

Connecting this with D.4 and compare with the (4.18), we can finally see a suppression

2
f yQég(ZZER ol - ZWTX Since Arg should be roughly the same order of magni-

factor o
tude with m., and in this paper we are interested in the y < Qg parameter space, and
considering the further factor of 5-, we can assert that the final result of this mediator
emission channel is roughly IR suppressed compared with the (4.18).

Only the last diagram 111 ﬁgure 16 might be problematic. Here the transverse dark
photon was emitted from the mediator. The momenta dependence of this diagram is
exactly similar to the (2.23a) in ref. [68], with all the other group factors disappeared.
And the factor of 8 that equation also disappear in our model due to the different Lorentz
structures of the vertices. This means that our result will be suppressed by at least a
factor of %. Compared with the (B.4d) in ref. [68], we also have a ﬁ; < 1 factor, which is
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usually smaller than 1 to evade the CMB recombination bound described in (5.9), giving
an extra suppression. Finally, a practical calculation had shown that the transverse dark
photon emitting process is far from the main contribution compared with other bound
state formation channels. Therefore, we also neglect this diagram.

One might concern whether the extended Ward identity is satisfied if we drop out
these diagrams, since from the section B, we have learned that the extended Ward identity
establishes only when we sum over all the possible diagrams in the same order. However,
according to eq. (2.12) in ref. [130], we actually acquiesce to drop out all the off-shell contri-
butions when we are calculating the Schrédinger equations to resum the ladder diagrams.
Analysis in appendix C also reveals that we can safely apply the “on-shell” approximation
to calculate the perturbative kernel in a general R-£ gauge. It is easy to verify that if all
the external fermions to be on-shell, all the £-dependent terms then disappear separately
for a x;x ;7 kernel and the emission from mediator described in figure 15. Therefore, Ward
identity can still be satisfied even if we neglect some of the diagrams.

E Quantum numbers of the DM bound states

In this paper, before the spontaneously symmetry breaking, the Lagrangian we have
adopted in (2.1) keeps both the parity and C-parity conserved, if we define the intrin-
sic parity of the dark Higgs boson ® to be odd, so P®(t,¥)P = —®(t,—Z). This can
derived if we notice

PCx(z)CP = —CPx(z)PC, (E.1)

or

Px“ ()P = —(Px(z)P), (E.2)

where C and P are the charge conjugate and parity operators. Therefore,

C(®xCx +h.c.)C = (#xCx + h.c.),
P(®(2)XC(x)x(2) + h.c.)P = (®(&) xC(&)x(%) + h.c.), (E.3)

where & = (t, —Z) are the parity transformed coordinates. After we decompose x into X}
and x3 through (3.7), it is easily known that the C-parities for x; and x3 are “+” and “~7,
respectively.

The (C-)parity of the dark photon is similar to the visible photon, which is defined to
be odd.

For a two-fermion system, the total C-parity is calculated to be (—1)%+9 for the Xx/xX
system, or equivalently, it is (—1)"* for all the |x;x;) systems, while the total parity should
be (—1)* for two same charged fermions, and (—1)**! for opposite charged fermions. One
can compare the angular momentums and the (C-)parity informations listed in the table 2.

For the two-boson systems RR, II, IR, Ry, I/, or v/, the total C-parity can be
directly acquired through multiplying all the C-parities of the particle components. They
are +, +, —, —, +, + respectively. While all of their parities are (—1)%.

Then we are ready to present how we acquired the selection rules shown in table 2.
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For the Yx/xX initial states, the dark charge conservation could only permit the 7'+,
and ®*® final states. *® can be decomposed into RR, I1 and I R. From the C-parities of
these boson pairs, we know IR can only be decayed through |x1x2) — |x2x1) initial states.
For the 101—+ situation, it was prohibited by the parity conservation law. RR and I1
might appear in other combinations, however their orbital momentums are constrained to
be even, so their parity are always 4. Therefore, they are ruled out in the 1Sy(0%~) case
due to the parity conservation, and are forbidden in the 1114+ situation due to the angular
momentum conservation. Finally, 44" channel was forbidden in all the J = 1 initial states
because of the Landau-Yang theorem.

For the xx /XX initial states, the dark charge conservation only permits the ®*)~/ final
states. This can be composed into Ry’ and I4'. J = 0 situations are eliminated because
a transverse photon cannot form a J = 0 state together with a scalar. Ry and Iy’ were
separately placed because of the C-parity conservation law.

After the symmetry breaking, the parity-odd scalar ® takes a vacuum expectation
value. This means that the parity is spontaneously broken, and the bound state eigen-
states can no longer be discriminated by the parity. Therefore, in table 3 and 4, we
eliminate the parity. However, the selection rules discussed before P breaking are very
good approximations in calculating the dark matter annihilation S-matrices because of the
small vy we have adopted in this paper.
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