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ABSTRACT
Synthetic capsules in which a thin membrane encloses some biological or chemical ingredients are used in diverse industrial and biomedical
applications. In extreme flow environments, the hydrodynamic loading acting on the membrane of the capsule may cause large deformation
and structural failure. Although previous experimental studies have focused on the rheological behavior of capsules immersed in different
types of flow, the mechanical characteristics of capsules under high shear rate and their breakup mechanism remain unclear. To investigate
the breakup process in a simple shear flow, capsules based on human serum albumin are fabricated and used in experiments with a Couette
flow rheoscope. The deformation of a tank-treading capsule is examined with the tension distribution on the membrane estimated by a simple
analytical model, and the effects of membrane pre-stress on tension distribution and deformation are analyzed using non-inflated and inflated
capsules. A non-inflated capsule without pre-stress continues to elongate with increasing shear rate until breakup, while an inflated capsule
with pre-stress exhibits a plateau in the deformation under a high shear rate. Furthermore, based on the measurement of the time scale of
breakup, we suggest that the breakup of a capsule may occur as a result of membrane fatigue. Given sufficiently high shear rate, the rupture
of a membrane segment is induced by large-amplitude cyclic stress, which leads to the tear-up of the capsule along its meridional plane and
finally the formation of two daughter lumps.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0024563., s

I. INTRODUCTION

The dynamics of a synthetic soft capsule in complex fluid flows
are of great interest because of the potential for industrial and
biomedical applications, such as drug delivery, cell encapsulation,
and cosmetics.1–4 The structure of a capsule differs from the simple
forms of a liquid droplet or soft solid gel in that its inner medium is
wrapped by a soft membrane. The behavior of a capsule is the result
of complex interplay between the loading exerted by the external
flow and the membrane mechanics. For example, early theoretical
studies on the capsule dynamics showed that a capsule submerged in
a simple shear flow would finally deform into an ellipsoid inclined in
the flow direction.5,6

Although a capsule maintains its deformed shape in a simple
shear flow, it also exhibits transient behavior, producing various
modes depending on the external conditions. Unlike in an exten-
sional flow where the capsule membrane does not move, a capsule
suspended in a steady simple shear flow primarily undergoes tank-
treading or tumbling motion. Furthermore, the shape oscillation
coupled with swinging occurs due to the asphericity of the capsule.7,8

The elasticity of the membrane plays a vital role in the oscillatory

dynamics, while the flow shear rate is regarded as an important
factor in determining the transition between tank-treading and tum-
bling.9 These different types of motion are also affected by the initial
asphericity of the capsule, the viscosity ratio of the inner fluid to
the outer fluid, the ratio of the elastic energy of the membrane to
the work done by the external fluid (Capillary number), and the
ratio between the membrane viscosity and the outer fluid viscosity
(Boussinesq number).9–13

The rheological behaviors of a capsule under hydrodynamic
loading are characterized by the mechanical properties of the mem-
brane, such as the surface shear modulus, viscosity, and bending
resistance, as well as membrane microstructure. For example, the
bending resistance can suppress the overall deformation of the cap-
sule,14,15 and the membrane viscosity can affect the transient char-
acteristics of the capsule deformation.13,16 These features of thin
membranes are known to depend on the reaction kinetics of inter-
facial polymerization.17–19 For polysiloxane-type membranes, water
concentration in oil phase influences the surface roughness of the
membrane, and a capsule coated with a more rough and inhomoge-
neous membrane exhibits distinct characteristics of shear-induced
deformation compared with a capsule with a smooth membrane.20
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Using the reaction kinetics, other studies demonstrated the inter-
relationship between the microstructure and elastic behaviors of
the membrane.17,18,21 The elasticity of a polysiloxane membrane
depends on the physicochemical properties of the membrane, such
as the concentration of the octadecyl trichlorosilane precursor.19 On
the other hand, based on experiments using extensional flow and an
atomic force microscope probe, the elastic modulus and thickness of
a membrane for a microcapsule made of cross-linked human serum
albumin (HSA) were found to increase with protein concentration
and microcapsule size.18 To examine nonlinear elastic behaviors, a
microcapsule was subjected to large deformation, and it sustained up
to 180% of stretching without any plastic deformation or breakup.22

Furthermore, the membrane viscosity of a HSA capsule was esti-
mated by comparing the measured tank-treading period with that
of numerical results and was shown to have a significant effect on
the rheology of the capsule under large deformation.23

Regarding the behaviors of a capsule under extreme deforma-
tion, several experiments have been conducted using extensional
flow,21,24 Couette flow,7,20 and spinning-drop apparatus.25,26 A coax-
ial cylindrical Couette flow rheoscope was used to examine the
shear-induced deformation of a nylon capsule in a broad range of
shear rates.7 Breakup of a capsule occurred near a capsule tip, where
the thickness of the membrane was estimated to be mininum. For a
polysiloxane capsule in Couette flow, flattened tips before breakup
were observed when the network of a membrane was ruptured and
the membrane was continuously elongated.20 This study remarked
the possibility of permanent deformation of the membrane as a pre-
requisite condition for capsule breakup. A similar rupture of the
membrane at the pole was observed for a spinning capsule after
tension on the membrane, which resulted from centrifugal force,
was removed.25 For a capsule composed of polyelectrolyte mem-
branes, nonlinear mechanical behaviors such as plastic deformation
and breakup were tunable by controlling chemical formulation of
the membrane.21 The pinch-off triggered by the instability of a thin
elongated capsule suggested a possibility of solid-to-liquid transition
for the highly deformed membrane before breakup.

Despite the previous experiments reporting the breakup of
various kinds and sizes of the capsule, nonlinear characteristics
such as plasticity, yield stress, and critical hydrodynamic point of
breakup have not been fully understood. In particular, the under-
lying mechanism of capsule breakup phenomena in the presence
of hydrodynamic force remains unclear. It is important to ensure
the stability and structural rigidity of a capsule and control such
mechanical characteristics for efficient industrial and medical appli-
cations, which necessitates detailed experimental examination on
the breakup mechanism. In this study, we experimentally investi-
gate the breakup of a capsule in a simple shear flow with a high
shear rate, beyond the regime of small and linear deformations,
in order to elucidate the relation between the physical state of
the capsule and the breakup process. A millimeter-sized capsule is
submerged in a Couette flow with a broad range of shear rates.
The effect of membrane pre-stress on the breakup phenomenon
is examined by comparing the deformation and dynamics of an
inflated capsule and a non-inflated capsule. Stress–strain analysis
of the deformed capsule is then conducted, based on which the
fatigue and resultant rupture of the membrane during the tank-
treading motion is suggested as the mechanism responsible for the
breakup.

II. PROBLEM DESCRIPTION
A. Capsule model in shear flow

Figure 1 depicts both the initial spherical capsule and the ellip-
soidal capsule deformed by the shear flow on a shear (x1–x2) plane,
where the velocity profile of the shear flow is linear in the x1 direc-
tion. Here, the motion of the capsule is assumed to be restricted to
the tank-treading mode such that, in a steady phase, a local point
of the membrane (dot on the ellipsoid in Fig. 1) periodically rotates
along the contour. The ellipsoidal capsule is inclined at a specific
alignment angle θ with respect to the shear flow (x1-) direction.
Two coordinate systems that share the same origin (located at the
capsule center) and orthogonal axis normal to the page (x3 or X3)
are defined, each being used as a coordinate for the initial state
(x1x2x3) and for the deformed state (X1X2X3). The initial radius
of the capsule is denoted as r, and a1, a2, and a3 represent three
radial lengths along each axis direction after deformation. The polar
angle of the local membrane point from the X1 axis is denoted
by ϕ.

For quantitative analysis, we estimated the tensions exerted on
the membrane from the deformed profile of the capsule based on a
simple analytical model discussed below. The stress–strain relation
requires pre-determined local strain information, which is difficult
to obtain through experimental measurements. Therefore, the local
extension ratios

λ1 =
dx1
dxR1

and λ2 =
dx2
dxR2

(1)

were approximated based on the capsule contour of the captured
image; dx1 and dx2 denote the local infinitesimal material vec-
tors in the principal directions and the superscript R represents
the state before deformation. Here, we have assumed that an arbi-
trary point (x1, x2, x3) initially located on the edge of the spheroid
(dashed line in Fig. 1) had been displaced to a corresponding loca-
tion (X0

1 ,X0
2 ,X0

3) on the edge of the ellipsoid (solid line in Fig. 1) at a
particular instant during the tank-treading motion. This one-to-one
mapping is represented as

FIG. 1. Shape change of a spherical capsule with radius r (dashed line) into an
inclined ellipsoid with an alignment angle θ whose major and minor axes are given
as X1 and X2 (continuous line), respectively, in a linear shear flow with shear rate
γ. A tank-treading point on the membrane is denoted as a dot, which has a polar
angle ϕ with respect to the major axis X1.
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(2)

where Θ and Φ denote the polar angle and azimuthal angle, respec-
tively, for the spherical coordinate system; note that Θ and Φ differ
from the alignment angle θ and polar angle ϕ in Fig. 1. The total
volume of the capsule is assumed to be conserved after the mapping
such that r3 = a1a2a3. The above one-to-one mapping well reflects
the behavior of a soft capsule that its membrane contracts at the tip
(Φ = 0, π) and stretches on the side (Φ = π/2, 3π/2).23

Because of the geometric symmetry of the capsule with respect
to the shear plane (Θ = 0), the scope of calculation for a deformation
tensor can be limited to the contour on the shear plane. The repre-
sentation of the deformation tensor Fij is based on the Lagrangian
description of a tank-treading local point on the contour,10

X1 = X0
1 cosω −

a1

a2
X0

2 sinω,

X2 = X0
2 cosω +
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a1
X0

1 sinω,

X3 = X0
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⎭

(3)

Fij =
∂Xi

∂xj
=
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⎢
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a1
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r sinω 0
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r sinω a2
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r

⎤
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⎥
⎥
⎥
⎥
⎥
⎦

. (4)

Here, ω denotes the phase angle of the tank-treading from
(X0

1 , X0
2 , X0

3) to (X1, X2, X3) on the contour of the deformed cap-
sule. The extension ratios λ1, λ2 are then obtained from the following
equations:

FS
ij = (δim − ninm)Fmn(δnj − nRnn

R
j ) and VikVkj = F

S
ikF

S
jk, (5a)

V2ei = λ2
i ei (i = 1, 2), (5b)

where the components of the normal vectors n and nR are computed
from

ni =
Xi/a2

i

(X1/a2
1 + X2/a2

2 + X3/a2
3)

1/2
and nRi =

xi
r
(i = 1, 2, 3).

(6)

In our experiments, the membranes were modeled using the
Hooke’s law, which fits well for human serum albumin (HSA)-based
capsules.23 Hooke’s law for a thin membrane is given by

τE1 =
Gs

1 − νs
[λ2

1 − 1 + νs(λ2
2 − 1)]

and τE2 =
Gs

1 − νs
[λ2

2 − 1 + νs(λ2
1 − 1)],

(7)

where τE1 and τE2 denote the principal elastic tensions and are calcu-
lated from λ1 and λ2 in Eq. (5b). νs and Gs are the Poisson’s ratio
and surface shear modulus, respectively, which are the mechanical
properties of the capsule membrane.

The principal elastic tensions, which are obtained by Eq. (7) and
presented in Fig. 9, are compared with those of the numerical simu-
lation (τxy and τz in Fig. 5 of Ref. 14) for validation. The maxima and
minima for each principal tension arise at nearly identical values of
ϕ (the phase difference is due to the notation difference between the
two studies), and the overall distribution of our result is similar to
that of the numerical simulation.

To further account for the viscoelastic property of the mem-
brane, the viscous tensions are calculated based on the formulation
suggested by Ref. 27,

τVij = 2μs[ES
ij −

1
2

tr(ES
kl)Pij] + μ′str(E

S
kl)Pij and

ES
ij =

1
2
PikPjl(

∂uk
∂Xl

+
∂ul
∂Xk
), (8)

where μs and μ′s are the shear and dilatational viscosities of the mem-
brane and Pij = δij − ninj is the surface projection tensor. Two vis-
cosities μs and μ′s are assumed to have similar magnitudes,6,13 and
only 2μsES

ij contributes to the viscous tension τVij . Because the mem-
brane is tank-treading with phase angular velocity ω̇, the velocity u
of the membrane can be represented as10

u1 = −ω̇
a1

a2
X2, u2 = ω̇

a2

a1
X1, u3 = 0. (9)

This leads to a representation of τV such that

τVij = μs(Pi1Pj2 + Pi2Pj1)(
∂u1

∂X2
+
∂u2

∂X1
)

= μsω̇(
a2

a1
−
a1

a2
)(Pi1Pj2 + Pi2Pj1). (10)

The principal viscous tensions are then obtained by taking the inner
product with the tangential vectors (t1, t2) on the surface,

τV1 = t1,iτVij t1,j and τV2 = t2,iτVij t2,j. (11)

Through the above procedure, the time-averaged phase angular
velocity was used such that ω̇ ≃ 2π/Ttt . Because the tank-treading
period was not measured in the experiment, the numerical data of
Ref. 13 was used to obtain Ttt empirically; detailed explanation will
be given in Sec. III C.

B. Experimental instrumentation
A cylindrical Couette flow rheoscope was constructed to pro-

duce a uniform shear flow (Fig. 2). The inner cylinder has a radius
Ri of 5.9 cm, and the outer cylinder has a radius Ro of 10.0 cm. The
outer cylinder was mounted on a thrust bearing below which a step-
per motor (103H7126-0780, Sanyo Denki Co.) was connected by a
coupling link. Along the same rotating axis, the inner cylinder was
aligned and connected to another stepper motor. The two stepper
motors were controlled by a MATLAB code through motor drivers
(MW-VSTB24D3S, MoonWalker). The two cylinders were acceler-
ated in opposite directions for a few seconds until constant values of
the input angular velocity were achieved, resulting in a fully stabi-
lized steady flow. The ratio of angular velocities between the inner
cylinder Ωi and outer cylinder Ωo was set to 2:1. A cylindrical plane
with a flow velocity of zero appeared near the center of the gap
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FIG. 2. Schematic diagram of the Couette flow rheoscope: (a) side view (the dis-
tance between the camera and the motor is larger than it appears in the figure)
and (b) top view. In (b), the dashed line passing through the capsule represents
the velocity profile of the shear flow. (c) Spinning apparatus rotated by a motor,
whose angular velocity is measured with a tachometer.

between the two cylinders. The capsule was manually placed such
that its center was on the cylindrical plane of zero flow velocity, thus
suppressing the capsule from moving in the direction tangential to
the plane.

The curvature effect on the shear rate was checked using the
ratio Δγ/γ of the shear rate variation Δγ along the diameter of the
capsule and the shear rate γ at the capsule center. Here, the maxi-
mum value of Δγ/γ was found to be 0.076, which is not sufficiently
large to affect the overall dynamics of the capsule. Therefore, to sim-
plify the problem, the curvature effect on the flow was neglected,
and the flow between the two cylinders was assumed to be a two-
dimensional simple shear flow between parallel plates. The capsule
was submerged in more than 4 cm of fluid to reduce the effect of the
free surface.

The working fluid filling the gap between the two rotating cylin-
ders is a silicone elastomer (Sylgard 184 base, Dowhitech Co.). To
check whether this fluid was Newtonian, its viscosity was measured
using a rheometer at room temperature. In the shear-rate range of
interest in this study (0.1 s−1–16.0 s−1), the average dynamic vis-
cosity was μ = 6.21 Pa s, and the variation of dynamic viscosity in
the shear-rate range was within 1.4% of the average dynamic vis-
cosity. Therefore, the viscosity can be assumed to be constant. The
specific gravity of the fluid was 1.11, and an almost neutrally buoy-
ant condition was confirmed such that the depth of the capsule
barely changed during the experiment. The Reynolds number [Re
= γ(2r)2/ν] defined by the shear rate γ, diameter 2r of the spherical
capsule, and kinematic viscosity ν of the external fluid was less than
0.03. Obviously, the Taylor number [Ta = Ω2

i Ri(Ro − Ri)
3
/ν2] was

less than 5.1, which is far below the instability condition under which
Taylor vortices develop. Using the shear rate γ, a dimensionless

parameter called the capillary number Ca is defined as

Ca =
μγr
Gs

, (12)

where Gs is the surface shear modulus of the capsule. Here, Ca rep-
resents the ratio between the viscous force of the external fluid and
the elastic force exerted on the membrane.

The deformation of the capsule in the flow field was captured
using a high-speed camera (FASTCAM Mini UX50, Photron, Inc.)
mounted on the top of the entire setup [Fig. 2(a)]. During the
video recording, images were captured with a resolution of 1280
× 1024 pixels (0.1 mm/pixel) at 50 fps–512 fps. The camera cap-
tured the top view, which is on the horizontal plane depicted as a
gray square in Fig. 2(b). Although the capsule was initially located
on the cylindrical plane of zero velocity, small perturbations in the
flow induced slow motion of the capsule along the tangential direc-
tion, making it necessary to view the entire flow domain. The two-
dimensional contour of the capsule was image-processed using the
IrfanView software (Irfan Skiljan), transforming the original image
into an edge-contrast form. The capsule edge was then fitted pixel-
wise using MATLAB to acquire a deformation parameter D, which
is introduced in Sec. III A.

C. Capsule preparation
Over recent decades, capsule synthesis techniques based on dif-

ferent compounds, such as covalently linked human serum albumin-
alginate, alginate-poly-L-lysine composite, and polysiloxane mem-
brane, have been developed,20,23,28–30 and these have enabled diverse
experiments examining the behavior of capsules in simple shear
flows,7,20,23 elongation flows,22,24 Poiseuille flows,28,31 and solid-body
rotation in a spinning rheoscope.25,26,29

For this study, the capsule was synthesized following the
method of Ref. 32. Sodium alginate, calcium chloride (ESFOOD
Co.), sodium hydroxide, imidazole, and sodium citrate (Daejung
Chemicals and Metals Co.) were initially in powder or solid pellet
form before being combined in aqueous solutions. HSA (Sigma-
Aldrich) and propylene glycol alginate (WAKO Pure Chemical
Ltd.) were pre-mixed with the sodium alginate solution, and small
droplets of the alginate solution were added to the bath of calcium
chloride, resulting in the gelation of the alginate solution. After rins-
ing in distilled water, the gels were immersed in sodium hydroxide
solution, where the membrane was coated onto the surface of the
gel during the reaction among the HSA, propylene gylcol alginate,
and sodium hydroxide. The membrane-coated gels were rinsed and
submerged in sodium citrate solution for one hour to liquefy the
solid gels, resulting in semipermeable capsules with liquid cores. The
resultant capsules were stored in batches under identical conditions.
To exclude osmotic effects, 9 g/l saline was used as the default state.
Throughout the experiment including the capsule synthesis process,
the room temperature was fixed to 22 ○C. To prevent any changes
in the material properties of the capsules, experiments were con-
ducted within a week of the capsule synthesis. This is acceptable
in terms of the time scale of material property changes; for exam-
ple, according to Table 1 of Ref. 33, the area dilation modulus of a
3.5-month-aged capsule is 18% lower than that of a 0.5-month-aged
capsule.
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III. RESULTS AND DISCUSSION
A. Determination of capsule properties

Two different types of capsule were used throughout the exper-
iments to observe the effects of pre-stress on the capsule breakup
mechanism. During the procedure of capsule synthesis, all condi-
tions were identical to ensure homogeneous initial properties in each
batch. After the capsule batch was submerged in 9 g/l of sodium
chloride saline for more than six hours, half of the capsule batch
was moved to 0.3 g/l sodium chloride saline for another 6 h to allow
it to reach a new Donnan equilibrium state.34 The capsules addi-
tionally immersed in the 0.3 g/l saline inflated radially as a result
of osmotic swelling. This can be confirmed using the inflation ratio
α(=r/r0 − 1), which is defined as the ratio between the radius change
(r − r0) and the initial radius r0 of the capsule. Capsules additionally
immersed in the 0.3 g/l saline inflated to α = 0.25 on average, whereas
capsules submerged only in the 9 g/l saline underwent no inflation,
i.e., α = 0.

The experiments are composed of two parts. In the first part,
capsule properties are determined, and the behavior of a capsule in
shear flow from small deformation to breakup is examined. In the
second part, the magnitude of the time scale required for breakup
is investigated by varying Ca. In the first part, six capsules from
each batch of α = 0 and α = 0.25 were used. Geometrical parameters
and mechanical properties of the two types of capsule are provided
in Table I. On the other hand, 74 and 48 capsules from the non-
inflated and inflated capsule batches, respectively, were examined
in the second part, the result of which is presented at the end of
Sec. III C.

Following the capsule synthesis, the mechanical properties
of the capsules were examined as a prerequisite to quantitatively
explaining the capsule behaviors. The constants Gs and νs in Eq. (7)
are obtained from two independent relations, Eqs. (13a) and (13b),
based on the formulations in Refs. 35 and 36, respectively,

D =
1

32
(5 + νs)
(1 + νs)Gs

ΔρΩ2r3, (13a)

D =
5
4
(2 + νs)
(1 + νs)

[1 + α
2 + 4νs
1 − νs

]

−1 μγr
Gs

. (13b)

Here, D denotes the Taylor deformation parameter D = (a1 − a2)/(a1
+ a2) (Fig. 1), Δρ denotes the density difference between the fluid
inside the capsule and the fluid outside the capsule (Δρ = ρout − ρin),
and Ω denotes the angular velocity of the spinning apparatus, which
is explained in the following paragraph.

As a first step, a capsule was placed in the spinning apparatus
[Fig. 2(c)], and images of the capsule were captured with the appa-
ratus moving at different angular velocities. As the angular velocity
increases, the pressure on the membrane surface grows by the differ-
ence in centrifugal force between the capsule and the external fluid.
Thus, the capsule is flattened toward the rotating axis. Accordingly,
the deformation parameter D scales with the square of the angular
velocity Ω [Figs. 3(a) and 3(c)], which provides the linear relation
in Eq. (13a) between D and ΔρΩ2r3. Furthermore, using the Couette
flow rheoscope [Fig. 2(a)], another linear relation between D and the
flow shear rate γ was identified [Figs. 3(b) and 3(d)].37 For each cap-
sule, the data in the plots [Figs. 3(a) and 3(b) for α = 0 and Figs. 3(c)
and 3(d) for α = 0.25] can be fitted into Eqs. (13a) and (13b), and the
fitted equations yield the values of Gs and νs (Table I).

For the inflated capsules (α = 0.25), the membrane is stretched,
and an isotropic pre-stress tension is generated on the membrane.
Using the definition of the area dilation modulus Ks [=Gs(1 + νs)/(1
− νs)], the pre-stress tension τ(0) is given by

τ(0) = Ks[(
r
r0
)

2
− 1]. (14)

The six different capsules have an average value of 0.037 N/m. The
pre-stress obtained for each capsule is used for stress–strain analysis
in Sec. III C.

B. Capsule deformation before breakup
For each batch of capsules, the deformation in a linear shear

flow generated by the Couette flow rheoscope [Fig. 2(a)] was

TABLE I. Geometrical parameters and mechanical properties of two types of capsule; a total of 12 capsules were fabricated.
r—average of two radii, r1 and r2, measured in two orthogonal directions, r2/r1—ratio of r1 and r2, α(=r /r0 − 1)—inflation
ratio, νs—Poisson’s ratio, Gs—surface shear modulus, and Ks—area dilation modulus.

Capsule type Marker r (mm) r2/r1 α νs Gs (mN/m) Ks (mN/m)

Non-inflated capsules

C1 1.23 1.00 0 0.44 71.7 182
C2 1.26 0.95 0 0.43 74.7 189
C3 1.24 0.98 0 0.46 54.6 146
C4 1.14 1.00 0 0.41 55.6 134
C5 1.25 0.99 0 0.42 61.7 153
C6 1.21 0.97 0 0.47 69.7 191

Inflated capsules

C7 1.52 1.00 0.25 0.39 30.6 70.2
C8 1.54 0.99 0.24 0.41 32.4 77.8
C9 1.49 1.00 0.27 0.35 33.3 68.3

C10 1.43 0.98 0.23 0.42 28.3 69.1
C11 1.48 1.00 0.25 0.33 29.2 58.1
C12 1.50 0.95 0.25 0.33 26.3 52.7
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FIG. 3. [(a) and (c)] Variation in the
deformation parameter D with respect to
ΔρΩ2r3 and [(b) and (d)] variation in
D with respect to the shear rate γ. (a)
and (b) represent non-inflated capsules
(α = 0) and (c) and (d) represent inflated
capsules (α = 0.25).

captured, and the deformation parameter D and alignment angle θ
(Fig. 1) were measured by varying the capillary number Ca. When
submerged in the shear flow, the capsule exhibits periodic oscilla-
tion, the characteristics of which will be explained in detail later.
Here, the time-averaged values of D and θ are first considered. The
data plots for both α = 0 and 0.25 in Fig. 4(a) show a linear relation
between D and Ca for a small value of Ca but exhibit a reduced slope

FIG. 4. (a) Time-averaged deformation parameter D as a function of the capillary
number Ca for non-inflated capsules (α = 0) and inflated capsules (α = 0.25). For
each value of α, the data of six capsules are collected and presented in the same
color to illustrate a consistent trend. The locations of breakup are marked at the
end of the deformation phase. The black and red curves denote the fitted curve
using Eq. (16). (b) Time-averaged alignment angle θ vs Ca for α = 0 and α = 0.25.
The inset presents the relation between θ and D.

for larger values of Ca. The linear relations hold below Ca ≈ 0.30 for
α = 0 and Ca ≈ 0.54 for α = 0.25, where D reaches 69% and 59%
of its maximum, respectively. The inflated capsule undergoes less
deformation than the non-inflated capsule over the entire range of
Ca. For example, D = 0.29 was measured for the inflated capsule,
which is 67% of that of the non-inflated capsule (D = 0.43) at Ca
≈ 0.35. Because of the pre-stress in the membrane of the inflated
capsule, a higher shear rate is necessary to develop an appropriate
distribution of tension for an equal amount of deformation, which is
consistent with the numerical results of Ref. 36. While D constantly
increases with Ca until breakup for α = 0, a plateau in D appears at
highCa for α= 0.25. Although a rigorous explanation for such differ-
ent behaviors due to the existence of pre-stress is not provided in this
study, we conjecture that, for the inflated capsule, large viscous dis-
sipation due to the increased volume of inner fluid10 suppresses the
deformation of the capsule and reduces the slope in D with respect
to Ca.

Because cross-linked HSA-based capsules exhibit viscoelastic-
ity,23 the nonlinear variation in D with respect to Ca in the mod-
erate Ca regime can be modeled by introducing the Boussinesq
number Bq,6

Bq =
μs
μr

, (15)

which represents the relative magnitude between the viscosity of the
membrane, μs, and the viscosity of the external fluid, μ; r is the aver-
age radius of the capsule presented in Table I. The nonlinear relation
between D and Ca was proposed for an incompressible viscoelastic
membrane (νs = 1/2) by Ref. 6 and was used in Eq. (3.5) of Ref. 23.
While the linear relation between D and Ca was given in Eq. (13b)
to account for the effect of pre-stress, the relation between D and
Ca, which considers both the viscoelastic characteristics of the mem-
brane and the effect of pre-stress, can be obtained, based on the
formulation described in the Appendix,
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, (16)

where β ≡ μsγ
Gs
= BqCa. For β≪ 1, by neglecting β, Eq. (16) reduces

to Eq. (13b). For α = 0, Eq. (16) becomes identical to Eq. (3.5) of
Ref. 23.

By varying Bq in Eq. (16), we can find the value that produces
the best fit to the curve for the D–Ca relation in Fig. 4(a). The curves
for α = 0 and α = 0.25 fit well with the experimental data when Bq
= 4.2 and 4.7, respectively; the non-inflated capsules produce simi-
lar results to those in Ref. 23, where they deduced Bq = 4. Although
Eq. (16) was originally derived for Ca≪ 1 and β = O(1),23 the equa-
tion also provides reasonable predictions up to Ca = 1. However, for
Ca > 1, the fitted curve underestimates D due to the limitation of the
small deformation theory.

The time-averaged alignment angle θ (Fig. 1) of each capsule
decreases until Ca reaches a particular value, Ca ≈ 0.30 for α = 0
and Ca ≈ 0.65 for α = 0.25 [Fig. 4(b)]. The variation in θ is almost
zero for 0.30 < Ca < 0.60 when α = 0 and 0.65 < Ca < 1.54 when
α = 0.25. Beyond these regions, a monotonic decrease in θ reap-
pears. Barthès-Biesel and Sgaier6 analyzed the decrease in θ with
Ca as a flow-adaptive behavior of the viscoelastic capsule, with the
alignment angle decreasing in order to realign the capsule along the
streamline. By noting that the curves of D and θ show similar shapes
for the two values of α, we find that θ reduces with D in a linear fash-
ion [see the inset of Fig. 4(b)]. In the inset, the data for the two values
of α collapse, and the relation appears to be independent of α.

As Ca increases, the deformed shape of the capsules gradually
changes. Starting as a spheroid, when a weak shear flow is generated
(Ca = 0.07), the non-inflated capsule deforms into a prolate form
whose poles are inclined by nearly π/4 with respect to the x-axis
[Fig. 5(a–I)]. The eccentricity of the profile grows as θ decreases in
the smallCa regime [Figs. 5(a–II) and 5(a–III)]. However, for greater
values of Ca (≈0.43), the tip at the pole starts to protrude such that
the overall profile develops into a spindle shape [Fig. 5(a–IV)]. The
curvature adjacent to the tip decreases, which leads to a sharp tip
with a discontinuous curvature [Figs. 5(a–V) and 5(a–VI)]. As Ca
increases further, the protruded tip grows and bends such that its
orientation conforms to the direction of the shear flow [Fig. 5(a–
VII)]. In this transformation stage, the capsule forms another dis-
tinctive shape, which resembles a sigmoid [Fig. 5(a–VIII)]. A similar
S-like shape was observed for a HSA-based microcapsule in Ref. 23.
The two sharp tips also resemble those of droplets, which breakup in
shear flow. However, in contrast to the tip-streaming behavior of the
droplets that eject a continuous stream of tiny fragments,38 the tip of
the capsule does not eject small fragments because of the elasticity of
the membrane. The elongation of the capsule continues along with
tip sharpening until the breakup occurs [Fig. 5(a–IX)]. Similar stages
of shape evolution can be observed in the inflated capsule [Fig. 5(b)].
At each deformation phase in Fig. 5, the shapes of the two capsules
are similar. However, the value of Ca at each phase is greater for the

FIG. 5. Deformation phase of (a) a non-inflated capsule (α = 0) and (b) an inflated capsule (α = 0.25) with increasing Ca. Note that the values of Ca differ between panels (a)
and (b).
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FIG. 6. Periodic oscillation of the deformation parameter D and alignment angle θ for a non-inflated capsule (α = 0): (a) Ca = 0.20 (Tso = 3.73 s), (b) Ca = 0.43 (Tso = 2.17 s),
(c) Ca = 0.64 (Tso = 1.35 s), (d) Ca = 0.87 (Tso = 1.04 s), (e) Ca = 1.06 (Tso = 0.83 s), and (f) Ca = 1.20 (Tso = 0.75 s). Tso denotes the period of shape oscillation.

inflated capsule, which is consistent with the aforementioned trend
of the deformation parameter D [Fig. 4(a)].

Although we have investigated its time-averaged behaviors thus
far, the capsule actually undergoes periodic shape oscillation at a
given Ca such that its eccentricity and alignment angle oscillate with
the same period. During the tank-treading motion, shape oscillation
occurs because of the asphericity of the initial shape of the cap-
sule.9,11,39 This oscillating behavior, which can be viewed as the shape
memory effect of the capsule initially having a non-uniform curva-
ture on its perimeter, is induced by changes in the elastic energy
of the capsule during tank-treading.40 Figure 6 shows the periodic
oscillation of D and θ at different values of Ca for the non-inflated
capsule. The images used to extract each parameter in Fig. 6 were
captured a few seconds after changing the rotation speed of the
motor in order to identify the periodic response of the capsule. As
Ca increases, the period Tso of the shape oscillation decreases in
an inversely proportional manner, which is similar to the period of
the Jeffrey orbit for a solid particle (T = 4π/γ).41 For instance, com-
pared with Tso = 3.73 s at Ca = 0.20, the period of shape oscillation
decreases by 20% to Tso = 0.75 s at Ca = 1.20.

C. Capsule breakup process
The capsule ultimately suffers a structural failure as the shear

rate of the flow continues to increase. According to recent exper-
iments,42 the breakup of elastic capsules impacting a wall at high
speed occurs when the maximum stretch reaches a critical value.
However, unlike scenarios where the deformation of the capsule is
induced by strong inertial effects within a second of impact, for
a capsule submerged in a shear flow, the viscous stress acting on
the perimeter causes the capsule to constantly rotate. Therefore,
the breakup mechanism in the shear flow is correlated with the

periodic deformation by repeated loading, rather than the defor-
mation caused by one-way loading, which is the case for a capsule
impacting a wall. According to Fig. 4(a), the breakup occurs in a lim-
ited range of D between 0.60 and 0.72 for both α = 0 and α = 0.25.
Although the critical condition of Ca has been investigated for the
breakup of a droplet,43 the condition does not hold for a capsule, and
some additional mechanism is required to fully explain its breakup.
Unlike the critical Ca condition for the breakup of a droplet, a vis-
coelastic capsule does not have a clear regime boundary with respect
to Ca. Notably, while the value of Ca corresponding to the breakup
state is 1.30 ≤ Ca ≤ 1.68 for α = 0, it is more broadly distributed (2.66
≤ Ca ≤ 4.68) for α = 0.25; that is, the inconsistency of the breakup is
more significant for α = 0.25.

The breakup occurs after a few dozen to hundred cycles of peri-
odic tank-treading. The membrane periodically undergoes a plastic
deformation during the tank-treading motion when the membrane
starts to yield. As a result, a fragment of the membrane is inho-
mogeneously ruptured, and the ruptured fragment is continuously
stretched. The rupture at a partial fragment of the membrane can
be observed as a bump (distortion) in the profile, as described in
the next paragraph. The capsule is originally stable and robust in
its deformed state. However, after the bumpy profile appears, the
capsule becomes unstable and changes its shape irregularly during
tank-treading.

The breakup process is demonstrated for a non-inflated cap-
sule at Ca = 1.30 in Fig. 7. The dimensionless time γt is set to zero
when an inhomogeneously ruptured fragment [convex red arc in
Fig. 7(a)] of the membrane appears after a long period of tank-
treading motion. As the ruptured fragment tank-treads and reaches
the tip (ϕ = 0 or π in Fig. 1), the phase angular velocity ω̇ of the
fragment appears to decrease. As the neighboring elements of the
membrane coherently tank-tread, the leading element in front of
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FIG. 7. Sequences of the capsule
breakup process for a non-inflated cap-
sule (α = 0) at Ca = 1.30 (γ = 10.2 s−1).
The location of the ruptured fragment on
the membrane is traced with a red arc
in (a)–(d). (a) γt = 0—the dashed arrow
shows the direction of tank-treading, (b)
γt = 0.42, (c) γt = 0.54, (d) γt = 0.70,
(e) γt = 0.80, (f) γt = 0.90, (g) γt = 0.99,
(h) γt = 1.3—the moment of breakup,
and (i) γt = 1.89. Multimedia view:
https://doi.org/10.1063/5.0024563.1

the ruptured fragment advances faster, while the trailing element
that lags behind comes closer to the ruptured fragment. As a result,
the membrane becomes stretched between the ruptured fragment
and the leading element, which can be confirmed from the continu-
ous elongation of the leading element at ϕ ≈ π/2. The width of the
capsule decreases as the capsule membrane is continuously elon-
gated, which eventually triggers the necking process at ϕ ≈ π/2 that
transports inner fluid toward each tip. Finally, the capsule breaks
into two daughter lumps [Figs. 7(g)–7(i)].

To examine the continuous elongation of the membrane that
precedes the tear-up phenomenon, the change in the local thick-
ness of the membrane, Δh/h0, and the change in the local area of
the membrane, ΔA/A0, along the capsule contour on the shear plane
were calculated [Fig. 8(a)] for α = 0 and Ca = 0.49 based on the
definition of ΔA/A0 = λ1λ2 − 1 and the assumption of volume con-
servation of the membrane: (1 + ΔA/A0)(1 + Δh/h0) = 1 (νs ≃ 1/2).
ΔA/A0 and Δh/h0 show opposite trends with respect to the polar
angle ϕ [Fig. 8(b)]. While ΔA/A0 attains a maximum at ϕ = π/2
and a minimum at ϕ = 0 and π, Δh/h0 reaches its maximum at
ϕ = 0 and π and its minimum at ϕ = π/2. More notably, the sign of
Δh/h0 becomes negative near ϕ = π/2, which means that the mem-
brane thinning is accompanied by local stretching. The site of max-
imum thinning corresponds to the location where necking occurs at
high shear rates, suggesting that membrane thinning precipitates the
necking and consequent tear-up. A similar tear-up was observed in a
nylon capsule in the experimental study reported in Ref. 7. However,
in contrast to our experiment, the tear-up of the nylon capsule was
observed at the tip. This discrepancy in the tear-up location comes
from the different variation in ΔA/A0. Chang and Olbricht7 inferred
that the nylon capsule was maximally stretched at the tip (ϕ = 0, π)
and the membrane thickness decreased to its minimum at the tip for
volume conservation.

The tension distribution on the membrane during the tank-
treading motion should be examined to understand how the tension
is correlated with the breakup process. The shear-induced tensions
originate from the elasticity [Eq. (7)] and viscosity [Eq. (8)] of the

FIG. 8. (a) A local segment A0 on the membrane, which is subjected to principal
tensions, is dilated to A and its thickness changes from h0 to h. (b) Distribution of
the ratio of the local thickness change to the initial thickness, Δh/h0(=(h − h0)/h0),
and the ratio of the local area dilation to the initial area, ΔA/A0(=(A − A0)/A0),
with respect to the phase angle ϕ (Fig. 1) for a non-inflated capsule (α = 0) at Ca
= 0.49. The profiles are periodic with Δϕ = π because of the symmetric geometry.
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FIG. 9. Distribution of the principal tension τ1 tangent to the perimeter of the capsule on the shear plane [Fig. 8(a)] with respect to the phase angle ϕ. For a non-inflated
capsule (α = 0), (a) Ca = 0.07, (b) Ca = 0.20, and (c) Ca = 0.49, and for an inflated capsule (α = 0.25), (d) Ca = 0.20, (e) Ca = 0.54, and (f) Ca = 1.03. Blue line—total tension
τT1 , red line—viscous tension τV1 , yellow line—elastic tension τE1 , and purple line—pre-stress τ(0).

membrane. In Fig. 9, the principal tensions tangential to the shear
plane [Eqs. (7) and (11)] are shown for α = 0 and α = 0.25. The
strain was obtained by fitting the capsule contour as an ellipsoid.
The ellipsoidal fitting starts to deviate when the capsule deforms into
a spindle shape and does not hold when the capsule deforms into a
sigmoid shape (Fig. 5). Hence, the calculated principal tensions are
only valid for Ca < 0.5 when α = 0 and Ca < 1.3 when α = 0.25.

For all cases considered in Fig. 9, the profile of the elastic prin-
cipal tension τE1 is sinusoidal with a positive offset. The maximum
of τE1 occurs near ϕ = π/2 and 3π/2, and its minimum is near the tip
(ϕ = 0 and π), similar to the profile reported in Ref. 14. Moreover,
the viscous principal tension τV1 has a profile that resembles a saw-
tooth with the shift of the maximum value toward the tip, i.e., ϕ : π/2
→ π. The difference between the two profiles is due to the depen-
dence of the principal tension on the local extension ratios (λ1,2).
The elastic tension is a function of the local extension ratios, whereas
the viscous tension is proportional to the time derivative of the local
extension ratio.27 Compared to the non-inflated capsule (α = 0), the
inflated capsule (α = 0.25) has a pre-stress component that supplies
an additional positive offset to the total tension [Figs. 9(d)–9(f)].

The maximum value of the total tension over a tank-treading
cycle, τT1,max, was normalized by the shear modulus Gs and exam-
ined with respect to Ca (Ca < 0.5 for α = 0 and Ca < 1.3 for α
= 0.25) [Figs. 10(a) and 10(b)]. For α = 0, τT1,max/Gs increases lin-
early with the capillary number until Ca ≈ 0.3, whereupon the slope
of the curve decreases. The linear growth of the maximum total ten-
sion in the small Ca regime comes from the elastic tension, which
depends on the linearly increasing deformation parameter D with
respect to Ca [Fig. 4(a)]. The contribution of the elastic tension to
the maximum total tension is dominant over that of the viscous ten-
sion for small Ca. For example, the ratio of the elastic tension to

the total tension is 0.985 at the point of maximum total tension for
Ca = 0.20 [Fig. 9(b)]. Although the maximum value of the viscous
tension over a tank-treading cycle, τV1,max/Gs, which arises near ϕ
≈ π, is not negligible, the contribution of the viscous tension at the
point of maximum total tension is rather minor, as demonstrated
in Figs. 9(a)–9(c). The value of D slowly increases beyond Ca ≈ 0.3
[Fig. 4(a)], which is responsible for the subtle increase in τT1,max/Gs
for Ca > 0.3 [Fig. 10(a)].

The maximum viscous tension τV1,max/Gs scales with the phase
angular velocity ω̇ [Eq. (10)], which grows in accordance with the
shear rate γ (also Ca). Therefore, the rate of increase of τV1,max/Gs
is nearly constant in Fig. 10(a). During a tank-treading cycle, the
value of τV1,max becomes comparable to the maximum elastic tension
τE1,max; e.g., τV1,max is 0.17 N/m and τE1,max is 0.30 N/m for Ca = 0.49.
For α = 0.25, τT1,max is nonzero at Ca = 0 due to the pre-stress and
increases linearly as in α = 0 until Ca ≈ 0.6 [Fig. 10(b)]. However, the
reduction in the slope is not prominent due to the rapid increase in
viscous tension. For example, according to Fig. 9(f) for Ca = 1.03, the
viscous tension becomes important in determining τT1,max/Gs such
that the phase angle corresponding to τT1,max/Gs shifts toward that of
τV1,max/Gs. For Ca > 0.6, the increase in τT1,max/Gs is primarily because
of the steadily increasing τV1,max/Gs [Fig. 10(b)].

The peak-to-peak amplitude ΔτT1 (= τT1,max − τT1,min) of the total
principal tension over the tank-treading cycle grows monotonically
with increasing Ca [Figs. 10(c) and 10(d)]. The profile of ΔτT1 /Gs

vs Ca is similar to that of τT1,max/Gs for both α = 0 and α = 0.25.
While linear growth is observed in the small Ca regime, a slightly
reduced slope appears as Ca increases. Regarding α = 0, the positive
slope of ΔτT1 /Gs for Ca > 0.3 is due to the reduction in τT1,min/Gs with
increasing Ca [Figs. 9(b) and 9(c)]. The peak-to-peak amplitude of
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FIG. 10. [(a) and (b)] Maximum of the
total principal tension τT1,max/Gs and
maximum of the viscous principal tension
τV1,max/Gs on the contour of the capsule
for a given Ca: (a) α = 0 and (b) α = 0.25.
[(c) and (d)] Peak-to-peak amplitude of
the total tension ΔτT1 /Gs: (c) α = 0 and
(d) α = 0.25.

τV1 /Gs becomes greater with increasing Ca, which contributes to the
increase in ΔτT1 /Gs. Furthermore, because of the positive correlation
between τV1 /Gs and the shear rate γ, it is expected that the increase
in ΔτT1 /Gs with respect to Ca extends to higher Ca values near the
breakup condition, beyond the range considered in Fig. 10.

The phase angle of a local point that is tank-treading on the
membrane changes over time, and accordingly, the total principal
tension exerted on the tank-treading point becomes periodic over
a cycle. For instance, the local point attains its minimum total ten-
sion when it is near the tip (ϕ ≈ 2π) in Fig. 9 (blue curve). As the
local point moves to ϕ ≈ 3π/2 in the clockwise direction, it attains its
maximum tension. The same process is repeated when it moves to
ϕ ≈ π and π/2, respectively. That is, any local point moving on the
membrane undergoes a cyclic stress in the principal direction with
a dimensionless amplitude of ΔτT1 /Gs, which is analogous to cyclic
loading eventually leading to the fatigue of a material.

To examine the effect of the shear rate on the time scale of
breakup, the number of periodic cycles required to induce breakup,
N, was obtained for a given Ca by measuring the time until the cap-
sule is separated into two daughter lumps, as shown in Fig. 7(i),
Tbreak, and dividing it by an approximated tank-treading period Ttt .
As mentioned at the end of Sec. II A, Ttt was obtained empirically
from a quadratic function γTtt/2 = f (D), for a given Bq, based on the
numerical results of Ref. 13,

γTtt

2
= {

26.1D2 + 0.26D + 6.28 (Bq = 4.2),
24.8D2 + 0.24D + 6.28 (Bq = 4.7).

(17)

Then, the number of periodic cycles was estimated as N = Tbreak/Ttt
≃ Tbreakγ/(2f (D)). In the experiment, Tbreak was initially set to zero
when the angular velocities of the cylinders [Fig. 2(b)] reached the
input velocities and was then measured until the separation of the

daughter lumps was observed. In Fig. 11, the number of periodic
cycles decreases monotonically with increasing Ca, and this trend
is more significant when α = 0; the magnitude of N reduces from
O(103) to O(10) as Ca increases from 0.71 to 1.55. When α = 0.25,
the magnitude of N remains at O(102) in the tested Ca range.
Nevertheless, the value of N decreases more than fourfold as Ca
increases from 1.78 to 4.01. Because the peak-to-peak amplitude of
the total principal tension is positively correlated with Ca as men-
tioned above, the cyclic stress exerted on a tank-treading point of
the membrane strengthens as Ca increases, and consequently, the

FIG. 11. Number of periodic cycles required until breakup, N, with respect to Ca.
Blue and red markers denote α = 0 and α = 0.25, respectively. Each point rep-
resents the average value of 4–6 cases, with error bars denoting their standard
deviation, and the curves of best fit for both cases are shown as solid lines.

Phys. Fluids 32, 113603 (2020); doi: 10.1063/5.0024563 32, 113603-11

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

number of periodic cycles decreases inversely with Ca. The con-
ventional S–N curve, which represents the amplitude of cyclic load
and the number of periodic cycles until the failure of a material,44

exhibits a similar trend to our results in Fig. 11.
In that, the breakup of a capsule is a consequence of the periodic

deformation of the membrane followed by the rupture of a mem-
brane segment, the breakup process can be regarded as a fatigue
failure. As one possible scenario of microscopic phenomena relevant
to fatigue, we conjecture that the pores on the capsule membrane act
as initial cracks, and the growth of these cracks during tank-treading
cycles eventually induces the rupture of the membrane. To support
this conjecture, the actual growth of pores on the membrane needs
to be visually demonstrated, and a direct relation between the fatigue
and the breakup of the capsule should be elucidated, which is beyond
the scope of the present study.

IV. CONCLUDING REMARKS
The dynamics of a millimeter-sized synthetic soft capsule tank-

treading in a shear flow have been investigated, with a particular
focus on the high-shear-rate region, to examine the breakup phe-
nomena of the capsule. The elastic behavior of the capsule mem-
brane, whose mechanical properties were determined from a spin-
ning apparatus and a Couette flow rheoscope, was modeled using
Hooke’s law. The viscosity of the membrane was obtained from the
variation of the time-averaged deformation parameter. As the cap-
illary number increases, the non-inflated and inflated capsules were
observed to deform into an ellipsoidal shape, followed by a spindle
shape, and finally into a sigmoid shape, with further increases in the
capillary number prior to the breakup of the capsule. The inflated
capsule exhibits less deformability for a given capillary number than
the non-inflated capsule.

The increase in viscous principal tension with the shear rate
contributes to the growth of the peak-to-peak amplitude of the total
tension with the shear rate. At high shear rates, the cyclic stress
exerted on the membrane during tank-treading induces the rup-
ture of the membrane in the direction tangential to the shear plane.
When an inhomogeneously ruptured fragment passes near the mid-
dle point of the membrane (ϕ = π/2), necking of the capsule occurs,
and the capsule eventually separates into two daughter lumps at the
final stage of the breakup. At higher shear rates, fewer cycles of the
periodic tank-treading motion are required to reach the breakup
state.

Although the mechanisms for the breakup of a capsule have
been explored for the tank-treading motion, in vivo micro cap-
sules may be subjected to various motions in actual applications,
and so, more diverse types of breakup or similar phenomena can
be expected. Future studies on capsule breakup should be extended
to motions such as tumbling and vacillating–breathing. Neverthe-
less, the results of this study provide insight into the nonlinear and
extreme behaviors of a soft capsule under external flow.
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APPENDIX: DERIVATION OF EQ. (16)
We present the formulation of Eq. (16), which is used in

Sec. III B. Following the derivation of Ref. 36, the tensors L and
M, which compose the load f per unit area on the membrane, are
given as

L = −12α
Ks

Es
J + 4(α2 + α3)J − (6α2 + 10α3)K,

M = 16α
Ks

Es
J − 4(α1 + 2α2 + 2α3)J + (12α2 + 16α3)K,

(A1)

where Es is surface Young’s modulus and the coefficients, which
depend on the material properties, are α1 = 0, α2 =

Gs
Es
(
Ks
Gs
− 1), and

α3 =
Gs
Es

. The two symmetric and traceless tensors J and K determine
the time evolution of the deformation of the viscoelastic capsule
according to Eq. (4.2) of Ref. 6,

β0(J̇ −Ω ⋅ J + J ⋅Ω) = −mJ + nK + 5(β0 + 1)E,

β0(K̇ −Ω ⋅K + K ⋅Ω) = −pJ − qK +
5
2
(β0 + 1)E,

(A2)

where β0 =
μsγ
Es

, m = (2αKs
Es

+ α2 + α3), n = 3α2
2 , p = 2αKs

Es
, q = α3,

and Ω and E represent the vorticity tensor and strain-rate tensor,
respectively. Since the nonzero components of J and K are 11, 22, 12,
and 21 components and J and K are symmetric and traceless (e.g., J12
= J21 and J11 = −J22), the above differential equations are rewritten
only for the components of interest (i.e., 11 and 12) as

β0

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

˙J11

˙J12

K̇11

K̇12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−m β0 n 0
−β0 −m 0 n
−p 0 −q β0

0 −p −β0 −q

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

J11

J12

K11

K12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
5
2(β0 + 1)

0
5
4(β0 + 1)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (A3)

The steady state can be reached as t→∞ such that the left-hand side
of the equation becomes negligible. By solving the system of linear
equations,

J11 =
5
4
β0(β0 + 1)

2β2
0 + mn + nq + 2q2

− 2np
β4

0 + (m2 + q2
− 2np)β2

0 + (mq + np)2 ,

J12 =
5
4
(β0 + 1)

(2m − n)β2
0 + (mq + np)(2q + n)

β4
0 + (m2 + q2

− 2np)β2
0 + (mq + np)2 .

(A4)

From the definition of the deformation parameter D in Ref. 6,

D = ϵ(J2
11 + J2

12)
1
2

=
5
4
ϵ(β0 + 1)[

4β2
0 + (n + 2q)2

β4
0 + (m2 + q2

− 2np)β2
0 + (mq + np)2 ]

1
2

. (A5)

Because we use Gs instead of Es, the notations in Eq. (A5) should
change using β0 =

β
2(1+νs)

and ϵ = Ca
β+2(1+νs)

, where β = μsγ
Gs

. Then,
by inserting m = 1+2α

2(1−νs)
, n = 3νs

2(1−ν2
s )

, p = α
1−νs

, and q = 1
2(1+νs)

in
Eq. (A5),
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D =
5
4

Ca
(1 + νs)

⎡
⎢
⎢
⎢
⎢
⎢
⎣

4β2 + ( 2+νs
1−νs
)

2

β4

(1+νs)2 + (2(ν
2
s +1)+4α(−2ν2

s−νs+1)+4α2(νs+1)2)β2

(1−ν2
s )

2 + (1−νs+2α(1+2νs))2

(1−νs)4

⎤
⎥
⎥
⎥
⎥
⎥
⎦

1
2

. (A6)
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