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ABSTRACT. We study measurable stationary solutions for the kinetic Kuramoto-
Sakaguchi (in short K-S) equation with frustration and their stability analysis.
In the presence of frustration, the total phase is not a conserved quantity any-
more, but it is time-varying. Thus, we can not expect the genuinely stationary
solutions for the K-S equation. To overcome this lack of conserved quantity,
we introduce new variables whose total phase is conserved. In the transformed
K-S equation in new variables, we derive all measurable stationary solution rep-
resenting the incoherent state, complete and partial phase-locked states. We
also provide several frameworks in which the complete phase-locked state is
stable, whereas partial phase-locked state is semi-stable in the space of Radon
measures. In particular, we show that the incoherent state is nonlinearly sta-
ble in a large frustration regime, whereas it can exhibit stable behavior or
concentration phenomenon in a small frustration regime.

1. Imtroduction. Collective behaviors of oscillatory complex systems are ubiqui-
tous in our nature, i.e., flashing of fireflies, beating of cardiac pacemaker cells, and
arrays of Josephson junctions [1, 10, 27, 30, 32] etc. Recently, collective behaviors
have received lots of attention from distinct scientific disciplines such as control the-
ory, physics, neuroscience due to its applications in robot system, sensor network,
and unmanned aerial vehicle. Among them, we are interested in the synchroniza-
tion representing adjustment of rhythms of oscillators. The rigorous and systematic
study for synchronization goes back to two pioneers Winfree and Kuramoto in a
half century ago. In this paper, our focus lies in the Kuramoto model with frus-
tration [29] (sometimes called the Kuramoto-Sakaguchi model). In order to fix the
idea, let 0; = 0;(t) € T and « be the phase of the i-th Kuramoto oscillator and the
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uniform frustration (phase shift) between oscillators. Then the phase dynamics of
Kuramoto oscillators is governed by the following first-order system [20, 21, 28, 29]:

N
éi—wi+;;sm(ﬁgﬂi+a), i=1,--- N, (1.1)
where w;, k and N are the natural frequency of the i-th Kuramoto oscillator, cou-
pling strength, and the number of oscillators, respectively.

Note that the K-S model (1.1) can be rewritten as

N . N
0; = w; + %Zsinwe —0;)+ HSJI\I;QZCOS(HZ —0,). (1.2)
=1 =1
The terms in the R.H.S. of (1.2) correspond to the natural frequency, synchroniza-
tion enforcing force and integrable forcing term, respectively. When the system size
N is sufficiently large, state of system (1.1) can be approximated by the continu-
ity equation with nonlocal velocity field. More precisely, let F' = F(t,0,w) be a
one-particle distribution function, and f = f(t,6,w) be the conditional probability
density function defined by the following relation:

F(t,0,0) = f(t.6,w)g(w), (t.6,w) € Ry x Tx R,

where g(w) is the probability density for natural frequency. Then, for w € R, we
define a measurable map w — f, := f(-,-,w) from R to P(Ry x T) (set of all
probability measures on T). Then the dynamics of conditional probability density
f. satisfies

O fo+ OVILIL) =0, (10.) Ry x T xR

V[fu](0,w,t) :=w+ K sin(6, — 0 + a)g(w.)df ., dws, (1.3)

TxR
/dfw=1,
T

where differential operator 9y is the derivation on T interpreted in the sense of
distribution: for any C* function ¢ on the circle, the action of 9p(V[f.,]f.) is given
by

(1801 0) = = [ @iz,

In the absence of frustration @ = 0, there have been lots of literatures on the
Kuramoto model (1.1), to name a few [4, 5, 8, 9, 14, 15, 17, 19, 31] etc. As discussed
in [6, 7, 22, 25, 26, 33], frustration is needed for the realistic modeling of physical
and biological oscillators. The mere change (1.1) of the Kuramoto model by adding
frustration causes several analytical difficulties in the study of emergent dynamics.
For example, the total phases:

N
Z 6; : particle system, / Og(w)df,dw : kinetic K-S equation.
j=1 TxR

are not conserved quantitites, and gradient flow structure for (1.1) is also destroyed.
Thus, we cannot use the useful machineries for the Kuramoto model in the study
of emergent dynamics for (1.1) and (1.3). So far, there are only few works on the
Kuramoto model with frustration [2, 12, 23]. Recently, the work [16] investigated
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the emergent property for a finite-N particle model with frustration |o < 7, and
Ha and his collaborators studied the stability and instability of incoherent solution
in [11, 18], if initial data are sufficient regular. However, As far as the authors
know, there are no results concerning all measurable stationary solutions and their
stability, if the initial datum is just a Radon measure for system (1.3). Thus, in
this paper, we address the following questions:

e (Q1): Are there measurable stationary solutions for the K-S equation (1.3)?
e (Q2): If there exists a stationary solution, are they nonlinearly stable?

The purpose of this paper is to answer the above questions. First, we discuss
the first question (Q1). Mirollo and Strogatz [24] presented some special stationary
solutions in the absence of frustration. In contrast, when frustration effect is present,
many tricks employed in the Kuramoto model do not work mainly due to the non-
conservation of the total phase (see Lemma 2.1 for details). Hence, we can not

expect genuine stationary solutions. For this, we define a new variable 6(6, t):

%g(t, 0) = V(f,lg(w)df,dw = kR*(t)sine, (t,0) € Ry x T,
TxR

0(0,0) = 0.

By studying a new equation formulated in terms of 0, we present all measurable
stationary solutions for the reformulated equation. Second, we study a nonlinear
stability of stationary solutions in more general case. Let M(T x R) be the set of
non-negative Radon measures on T x R. Then, for a Radon measure u € M(T x R),
we use the standard duality relation:

(u, h) = / h(0,w)pu(dfdw), for any h € C5°(T x R),
TxR

where C5° denotes the set of smooth functions vanishing at infinity.
Consider the stability of stationary solutions arising from the Cauchy problem:

0
&Ht + 800}[/%]#1&) = 07 (t7 0,60) € R"F x T x Ra

Vip)(0,w,t) :=w + /1/ sin(f, — 6 + o) (df.dw,), (1.4)
TxR

ttli=0 = po >0, po(0 +27) = po(0), / pe(dfdw) = 1,
TxR

where py(dfdw) := g(w)df,dw.

We first study the stability of the complete phase-locked state (stationary solution
with R = 1, see Definition 2.2 for details), and we show that the complete phase-
locked state is nonlinearly stable in space of Radon measures in which the size of
initial phase diameter is smaller than 7 — 2|a| (see Theorem 2.3 for more details).
On the other hand, we discuss the stability of partial phase-locked state. Let i, vy €
Cuw ([0, T]; M(T x R)) be measurable solutions to system (1.4) (see Definition 2.4 for
details). One of difficulty that we confront with is the lack of exponential stability
(see [3]):

Wi (e, v2) < €Wy (po, v0),
where W, (e, ) is the p-Wassertein distance between two measures g, and v;. In
fact, let ¢;,7 = 1,2 be the pseudo-inverse functions associated to u; and v4, denote
R; by the order parameters of ¢; respectively, then by Lemma 2.1 and proof of

Theorem 5.1 in [3], %W, (e, v¢) is bounded by |kR3(t) sino — kR3(t) sina|, so we
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have no knowledge whether W, (s, 1) will converge to zero. For this, we introduce
the characteristic function for the K-S system:

g@(t, 0, w) =w+ Iﬁ:/ sin(0, — © + a)u(db.dw,),
ot TxR
0(0,6,w) = 0,

and consider the dynamics of the following quantity:

Dy(ue) == sup  (O1(t) — Oa(t)),
@1,®2€Be(t)

where By(t) is the orthogonal #-projection of supp(p), and then show
Dj(ut) — 0 exponentially, as t — oo

which yields that lim; , (01 — ©2) exists and finite, that is, phase-locked state
emerge asymptotically. Moreover, we obtain the semi-stability of the partially
phase-locked state in space of Radon measures under suitable conditions (see The-
orem 2.6 for details). Finally, we study the stability of incoherent state to system
(1.4) for identical oscillators, i.e., the natural frequency is a constant, and without
loss of generality, we set w = 0 for simplicity. In a large frustration regime, the order
parameter R tends to zero, as time tends to infinity, i.e., the incoherent solution is
stable, whereas in a small frustration regime, the order parameter will tends to zero
if there exists a constant M such that p:(df) < Mpu.(df) with p. a renormalized
measure satisfying p.(T) = 1, otherwise, the probability distribution concentrates
and forms a Dirac mass.

The rest of this paper is organized as follows. In Section 2, we briefly present
main results of this paper. In Section 3, we discuss measurable stationary solutions.
We first verify that the incoherent state is unique, then we find out all phase-
locked states. In Sections 4 and 5, we study the stability of phase-locked states and
incoherent state by providing suitable frameworks respectively.

2. Presentation of main results. In this section, we present sufficient frame-
works and main results on the existence of stationary solutions and their stabilities
for the kinetic K-S equation.

2.1. Existence of stationary solutions. In this subsection, we introduce the
order parameters and present stationary solutions for the K-S equation (1.3). We
first define the order parameters (R, ) as follows:

Re™ ::Ag(w)(ﬁeiedfw)dw. (2.1)

We divide both sides of relation (2.1) by e¥, and separate the real and imaginary
part to obtain

k= [ gt)( [oosto—vat)dw. 0= [ o) [sino - i) o 22)

Moreover, we further divide both sides of relation (2.1) by e'?=2) "and compare the
real and imaginary parts of the resulting relation to get

Rsin(¢p — 0+ a) = / g(w) ( /T sin(f, — 0 + oz)df:)dw. (2.3)

R
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Lemma 2.1. Suppose the natural frequency distribution g = g(w) is integrable.
Then, one has

V[fulg(w)df,dw = kR?sin .
TxR

Proof. We use (2.3) to rewrite the nonlocal velocity V as
V[fu] =w — KkRsin(d — ¢ — ).
2.2) to get

and (
/Rg(w)(/T (w— KRsin(@ — 1 — a))dfw)dw
:/T o = iR | g(w) /sm — v a)df, )dw

= —IiRCOSOZ/ /s dfw)
T

+1—1Rsinoz/ /cos dfw)dw
T

= kR%sin a.

Then we use (2.5)

O

By Lemma 2.1, we can not get equilibria for system (1.3) unless R = 0. Thus,
we can get a relative equilibrium which is an equilibrium in a rotating frame with
a constant velocity. For this, we define

% = —kR?’sina, t >0, 5(0) =0,

and consider f,,(t,0,w) instead of f,(t,6,w). For simplicity, we still write 6 for .
Then our original K-S equation (1.3) can be rewritten as

éfw +0(V[fulfu) =0, (t,0,w) e Ry xT xR,
ot (2.4)

V[f,](0,w,t) ;== w — kRsin(d — ¢ — a) — kR*sina.
Next, we recall several distinguished states in the following definition.

Definition 2.2. Let f be a measurable stationary solution to (2.4), and R = Ry
is a corresponding order parameter associated with f in (2.1).

1. If R =0, then f is called an incoherent state.
2. If 0 < R < 1, then f is called a partial phase-locked state.
3. If R =1, then f is called the complete phase-locked state.

Now we are ready to present our first main theorem as follows.

Theorem 2.3. Suppose that the natural frequency distribution g = g(w) € L*(R)
and

suppg = [-L, L], g(~w) = g(w), / g(w)dw = 1. (2.5)

Then, the following assertions hold.
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1. The incoherent state of (2.4) and (2.5) is unique, and f, = pe is the normal-
ized Lebesgue measure on T with pe(T) = 1.

2. If the phase-locked state of (2.4) and (2.5) exists, then

Co—kR?sina
fo=dv- kR?sina — kRsin(f — )
=

, for |w—kR*sina| > kR,
(1= n(w))de, +n(w)dgs, for |w—rR*sinal < kR,
and the following relations must hold:
Y
Rsina = —/ (27C,, — w) (9(w + kR?sina) — g(w — kR*sin ) ) dw
kR kR

1 kR

-— w(g(w + kR*sina) — g(w — KR sina) | dw,
kR 0

w— kR?sina

Rcosa = / (1- 2n(w))g(w)\/1 — (——————)%dw,
|w—kR? sin | <kR kR
where 0 < n(w) < 1 is a constant, Cy is given by
1 1
- = /e 2 _ = /2 2
Cs 5 V§ (kR)2  or 5 V$ (kR)2  for any constant s,

L . C. _
with signs determined by [ Py ey ey B 1, phases 0, —a € [=7, 5] and
0 —a=m— (0, — ) are the roots of equation:

w— kR?sin o
KR ’
3. If g(w) is non-increasing on [0, L], then

L < kR — kR?sin|al.

sinx =

Remark 1. From the proof of Theorem 2.3, we will see that the same results hold
for identical case except the uniqueness of the incoherent state.

2.2. Stability of phase-locked states. In this subsection, we present main re-
sults on the stability of complete phase-locked state and partial phase-locked state.
Denote by C,([0,T); M(T x R)) the space of weakly continuous time-dependent
measures. First, we present a definition of measure-valued solution for (1.4) as
follows.

Definition 2.4 (Measure-valued solution). For T' € (0, 00], we say p; € Cy ([0,7);
M(T x R)) be a measure-valued solution to (1.4) with an initial Radon measure
to € M(T x R) if p; satisfies the following conditions:

(i) (p, h) is continuous as a function of time ¢, for any h € C3°(T x R).
(ii) For any h € C5°([0,T] x T x R),
¢
<,u't; h(tv K )> - <:u07 h(ov K )> = /0 <,LLS, Osh + V[u]89h>dsa (26)
where V[pu](s, 6,w) is defined by

V(pl(s,0,w) :=w+ /s/ sin(f. — 0 + a)p(db.dw).
TxR
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Remark 2. Below, we provide a brief comment on measure-valued solutions.

1. Recall that supp(p) (the support of a measure p) is the closure of the set
consisting of all points (z,v) € R?? such that u(B,((z,v))) > 0, Vr > 0. For
a finite measure with a compact support, we can use h € C*(R??) as a test
function in (2.6). Thus, we choose h = 1,w in (2.6) to get

(e, 1) = (po, 1) = 1, (e, w) = (po, w).
2. Let (0;(t),w;(t)) be a solution of following ODE system:

db; Fo
5 = wi + i ;sm(ej —0; +a),
dwi
=0, t>0.
dt b

Then, the empirical measure

1 N
TR N Z 09, (t) © Ouy (1)
=1

is a measure-valued solution to system (1.4).

Now let 11y € Cy ([0, T]; M(T x R)) be a measurable solution to system (1.4). We
define By(t) and B, (t) be the orthogonal 6 and w-projections of supp p, respec-
tively, i.e.,

By(t) :=Pgsupp s = {0 € T | (8,w) € supppu },
By(t) :=Pysupp py = {w € R | (6,w) € suppp },
Do(pt) := diamBy(t), D, () := diamB,,(t),
1 1
ect:zi 507 ct:zi ) ’
where M and diamA are given as follows.

M(t) = (ut, 1) and diamA := sup |z —y| for ACR.
z,y€EA

We use Remark 2 to see
M(t) = (pe, 1) = (po, 1) = 1, we(t) = (ue, w) = (po, w) = we(0).
For identical oscillators with g(w) = 4,,., we set
Moo (dadw) = 596@) X (50%(0).

Our second main result deals with the stability of complete phase-locked state (i.e.
for identical oscillators, g(w) = d,, (o)) as follows.

Theorem 2.5. Suppose that the initial datum py € M(T x R) satisfies
Dy(po) <7 —2lal,  Duslo) = 0. (2.7)
Then the measure-valued solution p; to system (1.4) satisfies
Dy (1) < Dyg(po)e "0t ¢ >0, tlim d(pe, ptoo) = 0 exponential,
— 00
where Ao := 2 cos (3 Dg(p0) + ||) is a positive constant, and pio (dfdw) = Gy, (1) X

0w.(0)- In particular, we obtain the stability of the complete phase-locked state in
space of Radon measure-valued solution whose initial data satisfy (2.7).
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For nonidentical oscillators, a difficulty we need to overcome is that the expo-

nential decay (see [3]):
W (e 1) < e W(ho, o),

where W),(ut, v¢) is the p-Wasserstein distance between two measures p; and v4. As
discussed in the introduction, 4 W, (s, ;) is bounded by |k R3(t) sin a—rR3(t) sin o]
with R;,7 = 1,2 the order parameter of the pseudo-inverse functions associated to
py and v, so we have no knowledge if W), (1, v4) will converge to zero. For this, we
study the characteristic function for system (1.4):

O(t,0,w) =w+ /@/ sin(@, — © + a)u(dbydw,), t >0,
TxR

G(ta 07 W)|t=0 = 0;
and define

Dy(u) =  sup  (O1(t) — O2(1)).
@1,@2653(15)

Our third main result deals with the exponential stability of Dj.
Theorem 2.6. Suppose the initial measure po € M(T x R) satisfies
Do(po) <7 —=2lal, 0< Dy(ug) < oo,

sin (Dg(po) + |al) — sin|a|’

K > Ke i=
and let py be a measure-valued solution to (1.4). Then, there exists a positive time
to such that

Dg(ps) < D=, Dj(us) < Dé(uto)e_%“COS(DOOHO‘l)(t_tO), for all t > to,
where D> € (0,5 — |a|) is the solution of
sin(x + [al) = sin(Dy(po) + o).

In particular, we obtain the semi-stability of the partial phase-locked state in space
of Radon measure-valued solution whose initial data satisfy (2.8).

2.3. Stability of the incoherent state. In this subsection, we provide stabil-
ity and instability estimates for the incoherent state. First, we discuss the small
frustration case:

0
&Mt + 89(V[Mt]/’6t) =0, (971‘/') eTx RJM

Ve (0,t) = /{/Tsin(ﬂ* — 0+ a)u(do.),

(2.9)

where |a| < §. Our main results are as follows.

Proposition 2.7. (Small frustration) Suppose frustration and initial datum satisfy

sin (257) | motdoypo(ds.) < .

™ T
——<a<—= and / In
2 2 TxT

and let py be a measure-valued solution for system (2.9). Then, the following as-
sertions hold.

1. If there exist a positive constant M such that u.(d0) < Mp.(d@), then we have
lim R(t) = 0.

t—o0
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2. If there does not exists a positive constant M such that p:(d0) < M p.(df),
then we have
i 11 (d0)
im

i=o0 || 1o (d6) Hm -

3

Next, we consider a large frustration |a| > 7 case. For this, we set & := a — 7.
Then, the original identical system can be rewritten as

%,
it + 09 (Clutlue) =0, (¢,0,w) eRy x T xR

(2.10)
Clu] = Iﬁ:/]r RCOS(G* — 0+ &) (dfdwy).

Then, our last result is as follows.

Proposition 2.8. (Large frustration) Suppose frustration and initial datum satisfy
0—0,
0<a<nm and / In ‘ sin <7) ‘uo(dG),uo(dH*) < 00,
TxT 2

and let i be a measure-valued solution for system (2.10). Then we have

tlgrolo R(t) = 0.

3. Existence of stationary solutions. In this section, we look for all measurable
stationary solutions for the kinetic K-S equation (2.4). Without loss of generality,
we may assume that phase order parameter ¥ = 0.

Note that the stationary solution of (2.4) satisfies the equation:

aH(V[fw}fw) =0.

Recall that the distribution £ on T satisfying g€ = 0 is equal to a constant C.,
multiples of normalized Lebesgue measure p, on T. In other words, du. = %d@.
Hence, the stationary solution for (2.4) should satisfy

V[fw]fw = Cylte (3'1)

In the following proposition, we show that a unique incoherent state is given by fi..

Proposition 3.1. The incoherent state for (2.4) and (2.5) is unique, and
fo = e,

where . s the normalized Lebesque measure on T.

Proof. Note that the incoherent solutions for (2.4) satisfies

V[fw]fw = ~w,ue~
Since R = 0, we have
V|f.,] = w.
Thus, we have
th%e
w

On the other hand, note that

1:/dfw:@/d,ue.
T W Jr



SEUNG-YEAL HA, HANSOL PARK AND YINGLONG ZHANG

436

)

Thus,
C
=1, e, fo=le
w
O

Next, we classify all the phase-locked states.

Proposition 3.2. The phase-locked state for (2.4) and (2.5) is

fo =4 w—kKR? g:;ﬂ—%i:];:in(ﬂ —a)’ for v~ sR*sina| > xE, (3.2)
(1 —n(w))de, +n(w)de=, for|w—rKR*sina| < kR,
where n(w) is a positive constant, and CffNRQ sina 18 given by
Co—rnR?sina = %\/(w — kR?2sina)? — (kR)? or — %\/(w — kR?sina)? — (kR)?,
with signs determined by
Cuw—rR?sina a0 =1,

/[r w— kR?sina — kKR sin(f — «)
phases 0, —a € [-5, 5], 05, —a:=7m — (0, — a) are the roots of equation:
. w— KkR?*sina
sing = ———.
kR

Proof. For a proof, we divide the domain of the natural frequency w into two cases:
w € [kR(—1+Rsina),skR(1+ Rsina)].

w ¢ [kR(—1+Rsina),kR(1+Rsina)] ;

e Case A. Suppose that
w ¢ [kR(—1+ Rsina),kR(1 + Rsina)], ie., |w—rxR’sinal> kR

Then we use relation (2.4) and assumption 1) = 0 to get

VIfu] # 0.

Hence, we use relation (3.1) to obtain
C.,/2
/21 de.

df = w—KkR?sina — kRsin(d — )

We use formula [} df, =1 to get
C./2m
=1
/T w— kR2sina — kRsin(f — a) 40

By direct calculation, one has

C, = +/(w— kR%sina)? — (kR)2.

We set
2T

Cloy_iR? sin o ZL\/(w — kR?sina)? — (kR)?2 or — ! V/(w— kR?sina)? — (kR)?,

with signs of C,,_ . g2 sin o determined by
do = 1. (3.3)

wanRz sin

/T w—kR?sina — kRsin(f — «)
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Hence, we have

s 1 \/(w —rkR?sina)? — (kR)? CorR?sina

T om lw — kR2sina — kRsin(f — )]  w—kR2sina — kRsin(d —a)’

e Case B. Suppose that
w € [KR(—1+ Rsina),kR(1 + Rsina)|, thatis, |[w — kR?sinal < kR.
In this case, we claim:
C, =0. (3.4)
Proof of claim (3.4). Suppose not, then for 6 ¢ {w—xR?sina—rkRsin(f —a) =0}
i — . Cy/2m .
w—kR?sina — kRsin(f — «)

Then, there exists ¢ {w — kR?sina — kRsin(f — a) = 0} such that df,, < 0. This
gives a contradiction since df,, > 0, then our claim holds. Hence, we have

V[fw]fw =0.

o,

We use [r.df, =1 to get
V[f,] =0 for |w—rkR?sina| < kR,
ie.,
w— kR*sina — kRsin(d —a) =0 for |w — kR*sina| < kR.

Thus, we can obtain

fo = (1= n(w))de,, +n(w)dss,
where 6, — a € [-7, §] is the solution of equation:
W= kR?sin
B kR ’
and 0% =7 — 6, + 2a. Now we summarize the value of f,, as follows:

sin(6,, — @)

Cw—rzR2 sin o 5 .
f, ={ w—KR?*sina — kRsin(f — a)’ lw— kRsinal > kR,
(1 - n(w))dgw + U(w)59;, |w — kR? sin al < KR,

O

In Proposition 3.2, we have determined the ansatz for f, in terms of R. It is
clear that f,, should satisfy the following relations with respect to order parameters:

R:/Rg(w)(/TCOSGdfw>dw, 0:/Rg(w)(/jrsin0dfw>dw. (3.5)

Lemma 3.3. The phase-locked state in (3.2) satisfies the following relations:

—+oo
Rsina = LR/ (27C,, — w) (9(w + kR?sina) — g(w — kR?sina) ) dw
K KR
1 KR

- — w(g(w + KR?sina) — g(w — KR?sina) | dw,
kR 0

w— KkRZsina\ 2
— ) dw,

Rcosa = /W—KRZ dnalenn (1 - 277(“’))9(“’)\/1 - ( kR
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where Cy = :I:i\/s2 — (kR)? for any variable s, n(w) is a constant satisfying
0<nw)<1.

Proof. We split the proof into two cases:
Either |w — kR?sina| > kR or |w— kR?*sinal < kR.

e Step A. We first estimate the integral:

/ g(w)(/cos@dfw)dw
|w—KkR? sin o|>kR T

cosf
B /|wnR2 sina|>xR 9()Co-rrzsina (/T w—kRZsina — kRsin(f — «) d@) dw.

We use the relation (3.3) and

/ cos(f — ) do =0
T

w—kRZsina — kRsin(f — )

to get

wanRQ sin / cos 6 do

T w—kR2sina — kRsin(f — a)

cos(f — ) cos o — sin(f — o) sin &
it Sina/ﬂs w—KkR?sina — KRsin(f — «) a0
) sin(f — «)
T Hwmklsina sma/T w— kR?sina — kRsin(f — «)
Co—rR? sina Sina(w — kR? sin @)
kR

de

1 1
X J—
/T{w—nRQSinoc—/iRsin(H—a) w—ﬁRQSina}
_ 27C,_gp2sinasina (w— kR?sina) sin o / CowR2sina &0
T

KR KR w— kR2sina — kRsin(f — a)
sin o .
=% (27C— Rz sina — (w — KR?sina)),
(3.7)
where
CowR2sina = %\/(w — kR?sina)? — (kR)?2 or — %\/(w — kR?sina)? — (kR)2.

In (3.6), we use the estimate (3.7) to see

/ g(w)(/cos Gdfw)dw
|w—kR?sin a|>kR T

- / R2 |>kR g(w;% [27TCW—HR2 sina (W - HR2 sin Oé)] dw
w—K sin a|>k
- S;I}%a " Rg(w + kR?sina) (2rC, — w)dw
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. 400
= SH}; / 9(w+ KkR?sina) (2nC, — w)dw
K

kR
i —kR
b:;%a g(w+ KR?sin ) (271'Cw — w) dw (3.8)
sina [T
== (27C,, — w) (g(w + kR?sina) — g(w — kR sin o)) dw,
kR

where we have used the relations:

C_,=-C, and g(—w+kR%*sina) = g(w — kR*sina).

Similar to (3.8), we get

/ g(w)(/ sin F)dfw)dw
lw—KkR? sin a|>kR T
cos 2 . 2
= / (—27Cy 4+ w) (g(w + kR?sina) — g(w — kR?sina)) dw.
kR <R
e Step B. Next, we consider the integral:
/ g(w)(/cos dew)dw
w—kR?sina|<k
ot sl snk B (3.10)

= ~/|w—mR2 dnaleni g(w) ((1 — n(w)) cos b, + n(w) cos HZ)dw.

By direct calculation, one has
(1 —n(w)) cos b, + n(w) cos b},
= (1 —n(w))(cos(f, — ) cosa — sin(f, — a) sin )

+ n(w) (cos(8, — @) cos a — sin(6}, — ) sin )

— kR2si 2 — kR? i
:(1—n(w))<cosa\/l—(w nfRsma) W /-flfR&nasina) (3.11)

o )< cos \/1 (w—/@RQSiHOL)? w—/@R2Sino¢S, )
w)( — o — — ino
g kR kR
w — /<;RQSino¢)2

w—kR?sina .
KRsmonr(lQn(w))cosa\/l( =

Note that

s o (w — kR?sin a)g(w)dw
kR |w—rkR2 sin | <k R

sin o
=— wg(w + kR sin o) dw
KR Jjw|<nr ol )
sin «v R 0
= { / wg(w + KR? sin o) dw + / wg(w + KR sin a)dw}
kR 0 —KkR
sina [*F
wlg(w + kR*sina) — g(w — KR sin )| dw.

B kR 0
(3.12)
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In (3.10), we combine estimates (3.11) and (3.12) to obtain

/ 9(w) ( / cos 0dfw>dw
|w—KkR?sina|<kR T

sina [
=—— wlg(w + kR?sina) — g(w — KR? sin )] dw (3.13)
0

w— kRZsin o\ 2
—_—— ) dw.

+ COSQ/W—HR? . (1- Qn(w))g(w)\/l — ( R

Similarly, we get

/ g(w)(/ sin@dfw)dw
lw—KkR? sin o|<kR T

cosa (B
=- 7 wlg(w + KR*sina) — g(w — KR sin )| dw (3.14)
0

w— kR2sino\ 2
— ) dw

+ Sina/wnRz . (1- 2n(w))9(w)\/1 - ( e

Now we substitute estimates (3.8), (3.9), (3.13) and (3.14) into (3.5) to obtain

sina [T
R= (27Cy, — w) (9(w + KR sina) — g(w — kR*sin @) ) dw
kR KR
: kR
— SH}: / wlg(w + kR?sina) — g(w — KR? sin )] dw (3.15)
K 0

w— KkRZsin o\ 2
W R SIAN T,

+ cosa/lme2 - (1- Qn(w))g(w)\/l — ( py

and
cosa [T
0= wR (—21C, +w)(g(w + KR*sina) — g(w — KR*sina)) dw
KR
KR
CZ;CK wlg(w + rR?sina) — g(w — kR?sina)]dw (3.16)
0

w— KkR?sin o\ 2
—_—— ) dw

+ Sina/|w—nR2 n ol <nR (1 - 277(0.;))9(0.2)\/1 B ( kR

We multiply relation (3.15) by sin «, and multiply relation (3.16) by cos «, and then
take the difference of the two resulting relations to derive

I
Rsina = = / (27C,, — w) (9(w + KR?sina) — g(w — kR*sin @) ) dw
1 KR&R (317)
- = w[g(w + kR? sin a) —glw— kR?%sin a)]dw.
kR Jo

Next, we substitute relation (3.17) into (3.15) to get

(1- 2n(w))g(w)\/1 — (%)2&&

R = Rsin2a+cosa/

lw—rR?sina|<kR
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Since a € (=5, %), we know cosa # 0. Thus, we have

w— kRZsin o\ 2
—_—— ) dw

Rcosa = ~/|w—r€R2 sin ol <R (1 - 2n(w))g(w)\/1 B ( kR
O

Lemma 3.4. If the phase-locked state for (2.4) and (2.5) exists, and g(w) is non-
increasing on [0, L], then the upper bound L of natural frequency should satisfy

L < kR — kR?sin |al.

Proof. Recall that Lemma 3.3 yields

2 [*°
Rsina = — C.(9(w+ kR?*sina) — gw — kR?sina))dw
kR kR
1 (o)
- wlg(w + KR*sina) — g(w — KR?sin )| dw.
kR J

By direct calculation, we have
—+oo
/ wlg(w + kR?sina) — g(w — KR?sin )] dw
0

1 [t
= 5/ wlg(w+ kR*sina) — g(w — KR?sin )| dw

—0o0
+oo

= —KkR? sina/ g(w)dw = —KkR*sin .
— 00

Thus, we have

o [T

0=
kR <R

Cu(9(w+ kR?*sina) — g(w — kR?sina)) dw. (3.18)

Next, we will prove only a > 0 case. The other case a < 0 can be treated similarly.
Suppose that

L > kR — kR*sina.
Then, we will derive a contradiction by ruling out the following two cases:

e Case A ({ > kR + kR?sina). In this case, we analyze R.H.S term of relation
(3.18) by using the non-increasing property of g on [0, +00) to get

—+o00
/ Co (g(w + K R?sin a) — glw— kR? sin oz))dw
kR

l—KkR?sina
= / Cu(g9(w+ kR?sina) — g(w — kR?sina) ) dw
KR

{+KkR?sina
— / Cog(w — kR?sin a)dw
¢

—kR2sina

l+KkR? sin o
< —/ Cg(w — kR%sin a)dw < 0.
¢

—kR2sina

This contradicts to relation (3.18).
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e Case B (kR — kR?sina < £ < kR + kR?sin ). Note that

“+00
/ Co (g(w + kR’ sin a) —glw— kR?%sin a))dw
KR

£+KR2 sin o
= —/ Cog(w — kR*sina)dw < 0.
KR

This also contradicts to relation (3.18). Hence, we derived the desired estimate. [

Proof of Theorem 2.3. First, Proposition 3.1 gives (1) of Theorem 2.3 directly. Next,
Proposition 3.2 shows if the phase-locked state exists, then

wanRz sin «
fo =< w—rR?sina — kRsin(f — )
(1 —n(w))de, +n(w)dgs, for |w— KR*sina| < KR,

, for |w—rkR*sinal > kR,

where 0 < (w) < is a constant, C=

w—kR2sin«

is given by

1 1
Co_kR?sina = 2—\/(w — kR?sina)? — (kR)? or — 2—\/(w — kR?sina)? — (kR)?,
7r 7r

with signs determined by

/ wanRz sin « do — 1’
T

w— kR?sina — kRsin(f — «)

and phases 0, — a € [-5, 5], 0} — o := 7 — (0, — «) are the roots of equation:

w—kR?sina
kR ’

Furthermore, Lemmas 3.3 and 3.4 show that the following relations must hold:

sinx =

I
Rsina = = (27Cy — w) (9(w + KR sina) — g(w — kR*sin @) ) dw,
kR
1 kR
-— wlg(w + kR*sina) — g(w — KR?sin )] dw,
kR 0

w— kRZsina\2
Rcosa:/ 1—2n(w gW\/l— —— | dw,
\w—nstinodSnR( ( )) ( ) ( kR )

L < kR — kR?sin|al.

O

4. Stability of phase-locked states. In this section, we study stability estimates
of the phase-locked states for equation (1.4), i.e., stability of the complete phase-
locked state and partial phase-locked state, respectively.

4.1. Existence of measure-valued solutions. We first derive a global existence
of measure-valued solution for the corresponding mean-field model.
Recall that the order parameters R and 1 can be redefined as follows.

Re .= / e pu(dhdw). (4.1)
TxR
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Then as in Section 2, one has

R = {(ut,cos(6 — ) = /TX]R cos(f — ) u(dfdw),

(4.2)
0= {usin(® ~ ) = [ sin(® ~ w)p(dod),
TxR

and

V(] (0,w,t) = w — kRsin(6 — ¢ — ).
Thus, equation (1.4) can be rewritten as

d

s + 0o(V[pelpit) = 0, (4.3)

V[0, w,t) :=w — kRsin(d — ¢ — ).

4.1.1. Emergence of phase-locked states. In this subsection, we list the emergent
estimates for the Kuramoto-Sakaguchi model for later use. Since the methodology
for proofs is similar to the arguments given in [12, 13, 23], we leave detailed proofs
in Appendix A.

Consider the following N-particle Kuramoto model with frustration:

N
. K . T
Gi:wi+N;sm(9j —0;+a), t>0, lo< 5 (4.4)
and for a given phase vector © = (61,--- ,0n), we define
= ; = i i, D = — D = i —wil.
O nax 0i;y Om in 0;, (©) :=0p — b, (w) | Jnax w; — wj|

(4.5)
Below, we state two asymptotic phase-locking for identical and non-identical en-
sembles.

Proposition 4.1. The following assertions hold.
1. Suppos natural frequencies, coupling strength and initial data satisfy
wi=0, 1<i<N, k>0 DO <7—2|al,
and let 0; be a solution to (A.1). Then, we have exponential synchronization:
D(6(t)) < D(0™) exp [— 2% cos (%D(@i”) + |a|)t}, fort > 0.
2. Suppose natural frequencies, coupling strength and initial data satisfy
0<DO™) <71—2al, 0< D)< oo,

D(©)
sin (D(©™) + |a|) — sin |a|’

KR > KRe =

Then, we have
D(©™) — D>
(1-5)D(Q)’

Re

D(©(t)) < D>, for anyt >ty :=

where D> € (0,5 — |al) is the root of the following trigonometric equation:
sin(x + |a|) = sin(D(0™) + |af).

Proof. We leave its proof in Appendix A. O
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4.1.2. Measure-valued solutions. Next, we briefly study a global existence of
measure-valued solution for system (1.4) and its property.

Theorem 4.2. For any o € M(T X R), let u; be a unique measure-valued solution
to system (1.4) with the initial data po. Then p; can be approzimated by a sequence
of empirical measures:

1
N _
=N Zﬂ 86:(6) © Qu(t)-
Furthermore, one has

d(ut,ui\])ﬁo, as N — oo.

Proof. Since the proof is nearly the same as in [3] using the N-particle theory in
Section 4.1.1, we omit its proof. O

Lemma 4.3. Suppose the initial measure satisfies

<,U/0a OJ> = Oa

and let py be a measure-valued solution of system (1.4). Then, for t > 0, one has

t
(e, 0) = (o, 0) +/ KkR? sin ads.
0

Proof. We take h = 6 in relation (2.6) and use system (4.3) to get

¢ ¢
{t:0) = (1o, 0) + / (s, VIul)ds = (o, 0) + / (ns,w — KRsin(0 — ¢ — a))ds.
0 0
Note that assumption on initial datum and Remark 2 (1) yield

(pt,w) = (po,w) = 0.

Thus, we use relation (4.2) to obtain
t
(ut,6) = (i 6) + | KR = sin® & — a)ds
0
t t
= (uo,0) — / kR cos alps,sin(0 —¥))ds + / KR sin a{us, cos(d — ¥))ds
0 0

¢
= (o, 0) +/ xR? sin ads.
0
O

4.2. Complete phase-locked state. In this subsection, we study the stability
estimate of the complete phase-locked state. Let p; € C([0,T]; M(T x R)) be a
measurable weak solution to system (1.4).
Recall that

By(t) := Posuppp; = {0 € T | (0, w) € supppu |,

B,(t) == Pysuppp; = {w € R | (0, w) € supppu },

Dy(pt) := diamBy(t), D, (ut) := diamB,,(t),

1 1

9 t) i = —— 0 t) i = ——

c( ) M(t) <Ht7 >a wC( ) M(t) <Mt7W>7
where

M(t) = (ut, 1) = (uo, 1) =1, and diamA:= sup |z —y|.
z,y€EA
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Since Remark 2 (1) gives that {(u:,w) = (1o, w), one has
B, (t) = B,(0), t>0.

Note that for identical oscillators, without loss of generality, we may assume w.(0) =
0. Thus,
we(t)=0, t>0.
Now we use Theorem 4.2 and Proposition 4.1 to get an exponential decay of Dy (p¢).
Lemma 4.4. Suppose the initial datum py € M(T x R) satisfies
Do(po) < m—2|af,  Du(po) =0,

and let py be a measure-valued solution to system (1.4). Then, there exists a positive
constant Ao := 2 cos ($Dg(p0) + ||) such that

Di(j1) < Dg(pug)e "0t t > 0.

Proof. We define pj) as in reference [3]. Note that Proposition 4.1 gives that the
approximate measure valued solution pl¥ € M(T x R) satisfies

Dy(py’) < Do(ug Je™"", ¢ >0.
Now we use Theorem 4.2:
d(p, p¥) =0 as N — oo

to see
Do(pl) — Dg(p;) as N — oo.

Hence, our desired stability estimate is obtained. O

Now, we set
froo (dfdw) == g, (1) X duue(0)-

Theorem 4.5. Suppose the initial datum py € M(T x R) satisfies
Dg(po) < m—=2[al,  Du(po) =0,
and let py be a measure-valued solution to system (1.4). Then, one has
tlirgo (e, fteo) = 0 exponentially.
Proof. Let h € C(T) be an arbitrary test function satisfying
[hlloc <1 and |[A]|Lip < 1.

Then we have

[ nometdo.do) = [ nOpatatd)| = | [ h@)a(an) — hioo

< [ 10 6uliutdo) < Douo)e =,
where
fiu(d6) = / 110 (0, do).
We use Theorem 4.2 to conclude that ‘
d(pit, hoo) — 0 exponentially, as ¢ — oo.
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As a corollary of Theorem 4.5, we obtain the exponential stability of the complete
phase-locked state in the space of Radon measure-valued solutions.

Corollary 4.6. Suppose that the initial datum pg € M(T x R) satisfies
Dy(juo) < 7—2lal,  Du(pio) =0, (4.6)

and let u; be a measure-valued solution to system (1.4). Then, u; is asymptotically
phase-locked. In particular, we obtain the stability of the complete phase-locked state
in the space of Radon measure solution with initial datum satisfying (4.6).

Proof. Let ©) and ©Y be initial measures satisfying
07 — 03] <7 —2|al.
Then, it follows from Theorem 4.5 that
01 — O3 — 0 exponentially,

where O(t,0,w) = K [ryop SiN(Ox — © + a)u(df.dw,) is the characteristic function.
O

4.3. Partial phase-locked state. In this subsection, we study the nonlinear sta-
bility of partial phase-locked state to the K-S equation (1.4).
Consider the characteristic function defined by the following system:

Ot 0,w) =w+ n/ sin(0, — © + a)u(db.dw,),
TxR
O(t,0,w)|i=0 = 0.

In this case, we set
B(t,0,w) = O(t,0,w).
Then, the new variable ®(t) satisfies

(t,0,w) = H/ cos(0, — O + a)(P, — D) u(db.dw,). (4.7)
TxR
We also define
Dg(pe) =  sup  (O1(t) —Oa(t)) :=  sup  (®1(t) — D2(1)).
@1,@2€B9(t) @1,@2€B9(t)

Note that 0 < D}(u:) < oo. In fact, for any O(t) € By(t), we use the compactness
of g in Lemma 3.4 to have

18| = 6] < L+ k < oo

In the sequel, we will prove that the quantity Dé () tends to zero exponentially
fast as t — oo.

Lemma 4.7. Let pg € M(T x R) be a given initial measure such that
0 < Dp(po) <m—2|a|, 0< D,(p0) < 00,

Dw(/”'O)
sin (Dg(po) + |al) — sin|a|’

K> Ke i=

and let py be a measure-valued solution to equation (1.4) with an initial datum pg.
Then, there exists a time tg such that

Dy(pt) < D*°,  for all t > to,
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where D> € (0,5 — |a|) is the solution of
sin(z + |af) = sin(Dy (o) + |af).
Proof. For given N > 0, we consider the approximation uf’ for p:

1 N
ply = N;ago ® Oy -

We solve the Cauchy problem for the following N-particle system:

do; .l
Wity j;sm(Gj —0; + a),
dwi
= 0,
dt

with the initial data (69,w?). We use Theorem 4.2 to obtain
d(ut,uiv) — 0, as N — oo.

Furthermore, Proposition 4.1 shows that there exists time tg:
Dy (pp) — D>V
Do) = w(sin (Do) + ) = sinal))

with DN + |a| = arcsin(Dg(ud) + |af) € (0, %) such that

Dy(ul¥) < DN, forall t >t}

for N large enough. Now let N tends to infinity to obtain the desired results. [

Theorem 4.8. Let iy € M(T x R) be a given initial measure such that

0 < Dg(po) <7 —2Ja), 0< Dy(po) < oo,

Dy, (po)
sin(Dy(po) + |af) — sin |af’

K> Re i=

and let p; be a measure valued solution to equation (1.4). Then there exists a
positive time to such that

D (1) < D (jug e~ 2R eosPTHDE=10) - for qll ¢ > ¢,

Proof. For t >ty and any ¢ € (0, %), we take any Oy . € By and O,, . € By, .
such that

/ u(dfidw,) <e and / w(dfdwy) < e.
qDZ‘i’]M,E qDS‘i’m,s

Then, we have

d
E(éM,s — ) = / +/ +/ = Ju1 + Ji2 + Ji3.
t 0. >0y, JO.<P,. SO, <P.<Ou.

Below, we estimate J1;, % = 1,2, 3 one by one.



448 SEUNG-YEAL HA, HANSOL PARK AND YINGLONG ZHANG
e Case A (Estimate on J11). It follows from relation (4.7) and Lemma 4.7 that
Ju = H/ [cos(O, — Onre + ) (Ps — Parye)
D >Pps e
—c08(0y — O e + ) (Ps — Pry )| pu(dbsdwy)
< li/ cos(0, — Onr e + ) (P — Pos o) (dbdwy)
D, > e
< keDg ().
e Case B (Estimate on [Jy2). Similar to Case A, we get
T2 = n// [cos(Ou = Onr e+ a)(Pu — Do)
D <P e
—c08(0, — Oy e + ) (Ps — Py )| pu(dbsduwy)
< Ii// —c08(0x — Oy e + @) (P — Dy o) p1(dBdwy)
D, >Pps e
< keDy ().
e Case C (Estimate on J13). We use Lemma 4.7 to obtain
Ji3 = /@/ [cos(0. — Opre + ) (P — Parye)
q>7n,sgq>* S¢N1,5
—08(0x = O e + ) (s — Pr )| (dsduwy)

< kcos(D™ + |al) / (B0 — Bare) — (Bs — )| u(dhdo)

P, e <Pu<Pise

= —kcos(D> + |a|)/ (Pare — Pone) pu(dOdwy)
Cbm,sg(b*g(blw,s

< —k(1 —2¢)(1 — &) cos(D™ + |a|) Dy (ps)-

Now, we combine all estimates to derive

d 2
i) —®0,,.) < - D> 1-B+———— -2 D} .
G (Pane = D) € —reos D fal[L— (34 s — 2292 D)
Thus, we can derive

d d 1 o

aDé(ut) < sup a((DM,E - q)m,e) < —§/£COS(D + |a|)Dé(,U't)
Prr,e,Prm,e

Finally, we use Gronwall’s lemma to get

D (1) < Dj(jugy e~ 2= P=NE00) - for all £ > 1.

Corollary 4.9. Let pug € M(T x R) be an initial measure satisfying
0 < Dp(po) <m—2|a|, 0< D,(p0) < o0,

Dw(:uO)
sin(Dg (o) + [f) — sin |a|’

K> Ke i=

Then, the measure-valued solution u; to equation (1.4) is asymptotically phase-
locked. In particular, we obtain the semi-stability of the partially phase-locked state
in space of Radon measure solution whose initial data satisfy (2.8).
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Proof. Note that Theorem 4.8 yields

t—o0

t
lim / |8591 — 85@2|d5 < 00.
0

Then we have
t
lim (©1(t) — O2(t)) = (0 — ©9) + lim [ (9,01 — 0;02)ds < oo.

t—o00 t—o0 0
This means that for any ©; and O,
tli)rglo (©1(t) — ©2(t)) exists and finite.
Now we use Theorem 4.8 and definition of order parameters to get
w— KkRsin(® — 9 —a) — kR?sina — 0 exponentially fast.

We set
R := lim R and ¢ := lim .
t—o0

t—oo
Then, we can get

w— Kk(R>®)?sina
KkR> '
Hence, for any ©(0) satisfy assumption (2.8), O(¢) approaches to an equilibrium

described in (2) of Theorem 2.3. In particular, the partially phase-locked state we
obtained in Section 3 is semi-stable. O

tlggo sin(@> — > —a) =

5. Stability of the incoherent state. In this section, we study the stability of
incoherent solution to the K-S equation with a frustration for identical oscillators.
For this, we define a new quantity:

10 (o () - o in(5)

Lemma 5.1. Let pi; := 52 be a uniform distribution on St such that

u1.(d0) 11 (0 )-

1
ue(Ty=1 or du.= —db.

27
/1rx11‘1n sin (%)

Proof. By direct estimate, we have

Then we can have

pe(dO)pe(dhy) = —1n 2.

[ sin (557 toypdt) = oo [t fsin (555 e
= (271)2/TXT1n‘sin (g) e (dO) pe(dOy) = %/Tln sin (g) e (dB)
= %/0 In(sin 0) pe(df) = —In 2.
O

By Lemma 5.1, we can see that Z(t) works well (at least for the uniform dis-
tribution on S'). As a corollary of Lemma 5.1, we have upper and lower bound
estimates for Z.
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Lemma 5.2. Suppose there exists positive constants m and M such that
mpe(df) < py(df) < Mpuc(df) for all 6 € T. (5.1)
Then, the quantity Z(t) satisfies
A M?*In2 < Z(t) < —4r*m*In2, t>0.

Proof. We use the assumptions (5.1) to get that for all ¢ > 0,

m? o In ‘ sin (%)

1o (d6) e (d6.) < (1)

SMQ/TXTIH sin(e_Qe*)

(152)

He (de),ue (de* ) .

Note that

pe(d) pe(dh,) = —4n*In 2.

/ In
TxT

—4n?M?In2 < Z(t) < —4n*m*In2, t>0.

Thus, we have

O

5.1. Small frustrations. In this subsection, we consider small frustration case
with o € (=5, 5). Similar to system (4.3), we use order parameters to rewrite

equation (2.9) as

%ﬂt + 0p{VIelpe(d0) } =0, V] = —rRsin( — 1 — ). (5.2)

We differentiate both sides of (4.1) with respect to ¢ and use equation (5.2) to get

RO + R0 = [ (o)
T (5.3)
= /Tei"ag{nR sin(f — o — ) (df) } = —i/ kR cos(0 — ¢ — a)u(dh).

T

Now we divide both sides of relation (5.3) by e, and compare the real and imagi-
nary parts to obtain

R= /-@R/ sin(f — ) sin(0 — ¢ — o) (d6),
B (5.4)

Ry = fﬁR/T . cos(0 — ) sin(0 — ¢ — a)pu(df).

Lemma 5.3. Let u; € M(T x R) be a measure-valued solution for equation (2.9).
Then, for allt > 0,

2
%I(t) = —kR’cosa  and %I(t) = —2k’R’ cos / sin(6 — 1) sin(0 — ¥ — o) ¢ (d0).
T
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Proof. (i) We use equation (5.2) to obtain
d
)‘Mt (do.) Mt(de)

d / .0 —
—1I(t) = In | sin
0 — d
+/ In | sin e (dB) pTi db,
- ( 2 )’ K +(d6.)

:HR/TXTI ’ n(g )’89(sin(9fwfa)ut(dﬁ)),ut(de*)

+ kR In ‘Sln(a 29*)‘89*(sin(9*—w—a)ut(dﬁ*))ut(d@.
TxT

Integrations by parts yield

%I(t)z—ﬁR (sin(@—w—a)agln‘sin(0_29*>’

TxT
sin (9 e ) Dut(d@ut(d&)

= —mR/ (sin(@ — ¢ —a) —sin(f. — ¢ — a))dyIn
TxT

sin (0 — 0. )
2
By direct calculation, one has

sin(f@ — ¢ — «) —sin(6, — ¢ — &) = 2cos (w —a) sin(e* _9>.

+sin(6, — ¢ — @)y, In

1(d0) i1 (d6)..).

2
Now we use the above estimates and relation:

00, cos(%5)
Op In | sin = —2
( 2 )’ 2sin(25)
to obtain
d - 0+ 0, — 24 /0, — 0y cos(5)
%I(t) = ﬂ{R/TxT cos (f - a) sin ( 5 ) (= )ut(dﬁ)pt(dﬂ )

B 0+0,—2 6—0.
= —chosaAXTcos (f) cos( 5 )ut(de),ut(dﬁ*)

. L0+ 0. —2¢ (09— 0
- HRblnoz/TXTbln ( 5 ) cos ( 5 )ut(dﬁ),ut(de*)
=: Ja1 + J22.

We use relation (4.2) to derive

/MCOS (M%) cos * ;9*)ut(d0>ut(d9*)
- /TX’H‘ (cos(0 — ¥) + cos(0s — ¥)) e (dO) e (db.) =
[ (55 o (5 tapetan

1 . .
=5 /TXT (sm(9 — ) + sin(f, — w))ut(dﬁ)ut(dﬂ*) -0

Thus, we have

Jo1 = —kR?cosa, Joo = 0. (5.5)
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This yields

%I(t) = —kR%cosa, t>0. (5.6)

(73) Now we differentiate relation (5.6) with respect to time ¢ to get

d? .
@I(t) = —2kcosaRR, t>0.
Hence, we use relation (5.4) to obtain
d2
@I(t) = —2k*R? cosa/sin(@ — ) sin(0 — ¢ — a)u(dl), t>0.
T

Proposition 5.4. Suppose the frustration and initial datum satisfy

Ty and /TXT In ’ sin (%) ‘uo(dﬁ)uo(dﬁ*) < o0,

379
and let 11 be a measure-valued solution for equation (2.9).
1. If there exist constant M such that p(df) < Mue(df), then we have

tlirglo R(t) = 0.

a € (

2. If not, we have
. ‘ 1 (dB) H _
im =
t—o0 |l e (dB) llLee

Proof. (1) We use Lemma 5.3 to see that 2Z(t) is uniformly continuous and Z(t)
is decreasing. Now if there exist a constant M such that p(df) < Mpu.(df), we can
use Lemma 5.2 to get
Z(t) > —4n’M?1n 2.
Hence, we deduce
lim Z(t) exists.

t—o00

Together with initial assumption

7(0) := /TXTIn

t
. d : :
lim £I(s)ds = tlg(r)lo Z(t) — Z(0) exists.

t—o0 0

sin (%) )Mo(de)uo(de*) < o0,

we obtain

Thus, we can use Barbalat’s Lemma to conclude

d
%I(t) —0, ast— oo.

Now we use J
@I(t) = —kR%*’cosa and |af <

T
2 )
to see

lim R(t) = 0.

t—o0
(2) If we can not find a positive constant M such that u(df) < Mp.(df), then we
obtain

lim Z(t) = —o0.

t—o00
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Furthermore, we can see

() = /T _insin (%) 112(d0) s (d0.)

> el [l ((57)

Thus, we can deduce

e (dO) e (dly) = — ln2H ZE;ZZ) Hix

do
’ut( ) — 00, ast— oo.

e (dO) HLOC
O

5.2. Large frustrations. In this subsection, we consider a large frustration case
(laf > 5). For this, we define & = o — 5. Then, the original K-S equation becomes

0
Tl 9o (Cluelpr) =0, (t,0,w) e Ry x T xR,
(5.7)
Clut] = n/ cos(0 — 0 + &) e (db.dw,).
TxR

Note that the assumption on « and definition of &, we have & € [0, 7], and since
a €[5, 7], it is easy to see that & € [0, 5]. As a € (—7

ve (-2 (5]

We divide both sides of relation (4.1) by e®=®) and take the real part of the
resulting relation to have

7, — %], we have

Reos(f— b — &) = / cos(0. — 0+ &)y (d0deo.). (5.8)
TxR
We use relation (5.8) to rewrite the equation (5.7) to rewrite as
0 .
T + 09 (Clpe)pe) =0,  Clue] = KR cos(d — ¢ — &). (5.9)

We differentiate both sides of (4.1) with respect to ¢ and use system (5.9) to get
A . 0 d
eV [R(t) +iR(t)Y(t)] = / — 14 (dfdw)
Txr  dt
=— / ew(%{/{R cos(0 — 1 — &)y (dfdw) }
TxR

= i/ e kR cos(f — 1 — &)y (dfdw).
TxR

Now, we divide both sides of above relation by ¥ and separate the real and imag-
inary parts to obtain

R(t) = —kR sin(f — ¢) cos(8 — ¢ — &) g (dfdw),
T (5.10)

R(t)Y(t) = kR / cos(f — ) cos( — 1 — &)y (dfdw).

TxR
Now, we define the first phase moment m;(t) as follows.

/ O1,(d0).
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Lemma 5.5. Let uy € M(T xR) be a measure-valued solution for equation (2.10).
Then one has

d
(4) %I(t) = kR?sin &, my(t) = kR? cos d.

dt
2

(id) %I(t) — 9’R?sina / sin(6 — 1) cos(6 — o — &)y (dB).
13 T

d 60— 0. d
@I(t):/TXThﬂsin( 5 )}ut(dﬁ*)%ut(dﬂ)

+/TXTln‘Sin<9_29*)

= —nR/TXTln ‘ sin (9 _29*)‘69(005(9 — ¥ — &)pe(dh)) 11 (d6s)

d
1i(d0) at (d.)

— kR In
TxT

sin (9 _29* ) ’89* (cos(b. — b — &) e (dhs)) e (d6).

We use integration by parts to get

%I(t) = ,'<;R/TXT (cos(9 — 1 —&)dyln ‘ sin (9 _20*”

— 0,

+ cos(Bx — 1 — @)y, In ‘ sin (9 ) Dut(dH)ut(dH*)

= ,%R/T i (cos(§ — v — &) — cos(f, — ¥ — &))Dp In ‘ sin (9 _29*) 1t (dO) e (dB.).
" (5.11)

By direct calculation, one has

cos(f —p — &) — cos(0, —p — &) = —2sin (M% - (54) sin (%) (5.12)
Now, we use (5.11), (5.12) and relation

(66 (5~)
sm(e 29 )‘226211(922&)

Og In

to obtain
0—0

d (00, =20\ 0. — 0\ cos(T5)
%I(t) = —,%R/qursm (f —a) sln( 5 >sin( 7} ),ut(de),ut(de*)

_ N .0+, —2¢ 60— 0.
= —chosa/TXTsm (f) cos (T)ut(dﬂ)ut(dG*)

. 0+06.—2¢ 60— 0.
+ ffRsmoz/TXT cos (f) cos (T),ut((w),ut(d@*)

=: I3 + Js2.
Similar to the derivation of (5.5) in Lemma 4.7, we have

j31 = 0, j32 = HRz sin &.

By

%

Hence, we conclude

d
%I(t) = kR?sing, t> 0. (5.13)
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We use relation (5.9) to obtain

%ml(t) = /T@%p(de) = fnR/ 00 (cos(0 — 1 — &) )

T

/<;R/T cos(0 — ¢ — &) (dO)

= kRcos & / cos(0 — )i (df) + kRsin & / sin(f — 1) pe(df) = K R? cos &.
T T

(#3) Now we differentiate relation (5.13) with respect to time ¢ to get

d? A
@I(t) =2kRRsinéa, ¢ > 0.
We use relation (5.10) to deduce
d2
@I(t) = —2k*R? sind/ sin(f — ) cos(6 — ¢ — &)ue(df), t> 0.
T

O

Corollary 5.6. Let uy € M(T x R) be a measure-valued solution for equation
(2.10). Then, the quantity cos &Z(t) — sin &mq (t) is invariant with respect to time
t:

cos &Z(t) — sin &my (t) = cos &Z(0) — sin &my(0), for all t > 0.

Proof. We combine estimate (i) of Lemma 5.5 (%) to get
d d
cos &aml(t)l'(t) - Sin&%ml(t) =0, t>0.
This yields our desired estimate. O

Remark 3. For all ¢t > 0, for @ = 0, Lemma 5.5 gives
Z(t) = 2(0),
and for & = 7, Lemma 5.5 gives m;(t) = m1(0).

Proposition 5.7. Suppose frustration and initial datum satisfy
0 — 0.
&€ (0,7] and / In ‘ sin (7) ‘,uo(dH)d,uo(dG*) < 00,
TxT 2

and let py € M(T x R) be a measure-valued solution for equation (2.10). Then we
have

lim R(t) = 0.

t—o0
Proof. Tt follows from Lemma 5.5 that

d d?
—I(t) = kR?sind, —
(t) = kR*sina, 2

p I(t) = —2k*R? sinéz/ sin(0 — ) cos(6 — ¢ — &) e (d6).

T
This yields that %I (t) is uniformly continuous. Furthermore, we use the assumption
on fo to get

t

lim iI(s)ds = lim Z(t) — Z(0) < —Z(0) < oo.

t—oo [o S t—00 -

Thus, we apply Barbalat’s Lemma to conclude

lim iz(t) = 0. (5.14)
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Now we use the relation %I(t) = kR?sin@, & € (0,7) and (5.14) to obtain
tlgglo R(t) = 0.
O

Appendix A. Proof of Proposition 4.1. In this appendix, we provide proofs
for Proposition 4.1 on the emergent dynamics of the Kuramoto-Sakaguchi equation.

A.1. Proof of the first part. Consider an ensemble of identical oscillators. With-
out loss of generality, we may assume

w; =0, i=1,---,N.
In this case, the Kuramoto model becomes

Zsm —0;+a), t>0, |o< g (A1)

Lemma A.1l. (Phase coherence) Suppose the coupling strength and initial data
satisfy

k>0, D(OM) <71 -2l
and let {0;} be a solution to (A.1). Then, the following relations hold:

sup D(O(t)) <7 —2[al, 0<s;1<p D(O(t)) < D(e™).

0<t<o0

Proof. (i) The first relation can be obtained from Lemma 3.1 in [12].
(ii) Note that the phase diameter D(©) satisfies

SD(O) = % (0 — 0u)

N N
= %{ Zsin(é'j —Op +a) — Zsin(Gj — O + a)} <0
j=1 j=1

where we have used the following relations:
10; — 0 +a| < D(O) + |a| <7 — |af,
6 — 6+ al < D(©) + |a] < 7~ |a].

0
Now, we are ready to provide the first estimate in Proposition 4.1.
Let © be a solution to system (A.1). By definition of D(©), one has
d Ko
&D( :ﬁz sin(; — O + ) —sin(l; — 0, + @) }
a (A.2)

- Ni (B B ) i (B By,

Since

0; — O 0; — 0 0 — O 0; — O
T I e
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one has
- 1 _
SO o (- 30O - fallal) € (- 2.5),
2 2 2°2 (A.3)
0; — 6, 1 ; T '
3 7m ~D(e™" c(-=,2).
5 Fac (lal 30O +lal) € (- 5.3)
Then, we use (A.3) to get
9j - 9M 0j — 0m 1 . 1 ; m™ T
= iny - in c(—=. D).
L+ 2 ae (- 5D(O™) —lal, 5D(O™) + |l ) € (-3, 7)
This yields
0j — 0y Hj — 0, 1 .
> z in A4
cos( 5t +a) _COS(QD(G )+|a\). (A.4)
Now we substitute (A.4) into (A.2) to derive a differential inequality:
dD(©) _ 2k 1 N Oy — 0,
<= —D(e" A Tmy, .
TR Ncos(2D(® )+|a|);sm( 5 ) (A.5)
Since HMEO’" € (0,), one has
(O — O 2D(©) _D(©)
_— ) > = . .
sin (S5 2 T2 71' (4.6)
Now we combine (A.5) and (A.6) to obtain
dD(0) 2K 1 ;
N7 < _ - - m
~ <~ cos (QD(@ ) + \a|)D(@). (A7)

We integrate the differential inequality (A.7) with respect to time ¢ to get
) 2 1 ]
D(O()) < D(@m)exp{ — 2 os (ip(em) + \a|>t}, for £ > 0.
7r

A.2. Proof of the second part. In this subsection, we consider the non-identical
Kuramoto-Sakaguchi equation (4.4). We find the exact time o such that all the
particles trapped in half circle after time ¢y, which is important for asymptotic
phase-locking of non-identical oscillators in Section 4.3.

Lemma A.2. Suppose initial data, natural frequencies and coupling strength satisfy
D(©)
sin (D(©™) + |a|) — sin |a|’

0<DO™) <7—2lal, 0<D(Q) <00, K>ke:=

Then we have
sup D(O(t)) < D(O™).

0<t<co
Proof. We will use the continuity argument. For this, we define
T, := sup {T | D(O(t)) < D(O™), forallt e (o,T]}.
We claim:
T, = +o0. (A.8)
Suppose not, i.e., Ty < +o0o. Then there exists tg such that
D(6(t)) < D(©™), for all t € (0,t5) and D(0)(ty) = D(O™). (A.9)
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Then we use continuity of D(0O)(t) to see
d
dt

On the other hand, note that the system (4.4) can be rewritten as

D(©) > 0. (A.10)

t=to

Kcosa I{Sané T
0; = w; + E sin(6 g cos(f t>0, |of<—=.
j=1

Hence, we use definition of D(©) in (4.5) to obtain

N
%D(@) <D e ; sin(6; — 0ar) — sin(6; — 0,,))
N (A.11)
/<;sma Z cos(0; — Oar) — cos(8; — Gm)).
j=1
We use (A.9) to see that for ¢t € (0,%p)
cos(0; — Onr) — cos(8; — 0,,) <1 —cos D(O), (A.12)
and
sin(@p; — 0 sin D(© sin(6; — 6, sin D(©
G(MMOJ-])> D(@()> and éjjem )> D(é)), € (0,to).
Hence, for ¢ € (0,tp), one has
sin(0; — Oar) — sin(6; — 6,,)
O (0,01~ (0, 6)) = —simpie).
Now we substitute (A.12) and (A.13) into (A.11) to obtain

dDT(t@) < D(Q) — kcosasin D(O) + wsin |a|(1 — cos D(O)) (A.14)

- D(Q) - (sm (D(©) + |a]) — sin |a|>, t € (0, ty).
Thus, we use (A.14) to get

% t:tUD(@) <D(Q) - (sm (D(©)(to) + |a]) —sin |a|)
D) | o
< D(Q) - sin (D(@m) T |04D “sin o] . (Sln (D(@)(to) + |a|) — s1n|a‘) =0.

This contradicts (A.10). Thus, we deduce that T, = +o00, and our assertion holds.
O

Now, we are ready to provide a proof of the second part.
Suppose initial data, natural frequencies and coupling strength satisfy
D(©)

0< DO <7m—2lal, 0< D)< o, > Ke 1= _ .
(©") <7 —2|al Q) <00, K> ke S0 (D(©7) + Ja]) — sinal

Then we claim: for all ¢t >ty = %,

D(O(t)) < D™, (A.15)
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where D> € (0, 5 — |a]) is a root of the equation:
sin(z + |a|) = sin(D(0™) + |af).

We split the proof of claim (A.15) into two steps.
e Step A. We need to find time ¢y such that

D(O(ty)) < D*®.

For this, we consider two cases.
o Case I. Suppose

0< D(O™) < g

Then, one has _
D> =D(e™).

Thus, it follows from Lemma A.2 that we have the desired estimate (A.15).
o Case II. Suppose

D(©™) € (
Then, it follows from Lemma A.2 that

D(O(t)) < D(©™) for all t > 0.

g7w).

Now we claim:

%D(@) <0, for a.e. tsuch that D(O(t)) € (D>, D(0™)). (A.16)
Proof of Claim (A.16). Since (D> + |af, D(6y) + |a|) C (|a|, ® — |e|), we have

sin (D(©) + |a]) > sin(D> + ) = sin(D(0™) + |al). (A.17)

We use relation (A.11), relation (A.17) and assumption of x to get
d
ZD(6) < D(%) - H(Sin (D(©) + |a]) — sin |a|)
< D(Q) - n(sin (D(®™) + |a]) — sin |a|)
D)

<D - sin (D(©p) + |al) — sin|a/

. (sin(D(@i") + |a]) — sin |a|> =0.

In fact, we can get

%D(@) < D(Q) — (sin (D(©™) + |a]) ~ sina)
=D(Q) - K%D(Q) —(1- i)D(Q)

Hence, we have

D(O(t)) < D(O™) + (1 - 2)DQ)t, t>0.

Ke

Thus, in order to have D(O(t)) < D>, we need
t>1, = DO D>
T -2)DQ)

e Step B. We need to verify
D(6(t)) < D*°, for all t > t.
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Suppose that there exists a time t; > ¢y such that

D(@(t)) < D> forte (to,tl) D(@(tl)) = D>,

This yields

d
— D . A.18
dt ‘t:tl (©)>0 ( )

However, we use relation (A.11) again to obtain that

%L:tlD(@) < D($) — #( sin (D + |a]) — sin |a]

= D(Q) - ﬁ(sm (D(©™) + |a]) — sin|a|>
B D)
sin (D(©™) + |a|) — sin |«

< D(Q) : (sin (D(®™) + |a]) — sin \a|) =0.

This contradicts to the relation (A.18). Thus, our assertion holds.
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