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1 Introduction

Any quantum field theory is constrained by its underlying symmetry. The states and op-
erators should transform appropriately under its symmetry algebra. For a superconformal
field theory (SCFT), various constraints on the spectrum of operators and the correlation
functions can be obtained from the representation theory of the superconformal algebra.
In this paper, we focus on 4d N' = 2 SCFTs and explore the consequences of the
kinematic constraints from the superconformal symmetry. The representation theory of
superconformal algebra has been analyzed systematically in the literature [1-4]. One of
the powerful consequences of superconformal symmetry is that any 4d N' = 2 SCFT has a
sector (called Schur sector), described by a vertex operator algebra (or chiral algebra) [5].
This correspondence allows us to compute the correlation functions of ‘Schur operators’
exactly in terms of the associated vertex operator algebra from which universal bounds
on the central charges for the global symmetry can be obtained. See also [6]. Combined
with the selection rules of the operator product expansion (OPE) of two stress-tensor
multiplets, the authors of [7] have shown that there is a universal bound for the central
charge ¢ > % for any interacting N/ = 2 SCFT. The bound is saturated for the minimal
Argyres-Douglas (AD) theory [8, 9] (sometimes called Hy = (A1, Ay) theory) when a certain
OPE coefficient vanishes. The vanishing of the OPE coefficient comes from the absence of
a relevant short multiplet. This has also been verified by analyzing the Macdonald limit



of the superconformal index [10] of the (A;, A2) AD theory [11] upon combining with the
selection rule computed in [7]. Our aim in this paper is to generalize the analysis of [7]
and [11] to show that various short multiplets disappear (in the Schur sector) for the AD
theories so that the corresponding OPE coefficients vanish.

The superconformal index for the AD theory (and its generalizations [12-16]) was
computed in [11, 17-20] using the connection between TQFT and the indices of class S
theories [10, 21-24]. The associated vertex operator algebra (VOA) for AD theories is
rather simple [20, 25-30], which allows us to compute the Schur index. It was shown
in [31, 32| that it is also possible to obtain the Macdonald index from the VOA, which is
more refined than the Schur index. The full superconformal index was obtained via N =1
gauge theory realizations for (a subset of) AD theories in [33-37].

Generally, the superconformal index cannot uniquely specify the short multiplet that
accounts for a particular term in the index. But as we discuss in this paper, it turns out
that AD theory and its generalizations have a rather simple expression for the Schur index
(see [20] for example) as a plethystic exponential over a sum of letters in the following form

(generators) — (relations)

ZSchur(Q) =PE 1—¢

, (L1)

so that we are able to identify the generators and relations. Had there been a fermionic
generators, it can contribute to the minus sign inside the PE. But in our case, the associated
VOA for the AD theories only have bosonic generators so that the minus sign corresponds
to the relations. Once the selection rules for the generators are found, it is possible to
uniquely identify the short multiplet that is accounted by the index for the AD theory.
For example, in the Schur sector (described by the associated VOA and Schur/Macdonald
index), we find

T~ (fn( 2y~ 0 for (A, Agy,) theory, (1.2)

0|3

where T = CAO(O,O) stands for the stress-tensor multiplet and C R(j1,j») 18 a short multiplet in
the Schur sector.! In general, the right-hand side of the above equation does not vanish. By
computing the selection rules, we find that n-fold product of stress-tensor multiplet only
contains the én(%’%) multiplet. Then the (Macdonald) index tells us that the r.h.s. should
vanish for the (Aj, Ag,) theory. This relation translates into the existence of a null state at
level 2n + 2 for the Virasoro minimal model M (2,2n + 3), which is the associated VOA for
this theory. To put it in another way, the existence of a null state in the VOA necessarily
implies the existence of a relation in the Schur sector. Therefore certain Schur operator
gets lifted (up to recombinations to a long multiplet) from the spectrum of the theory. We
use the information from the Macdonald index and the selection rule to pinpoint exactly
which operator gets lifted in the Schur sector.

Since any N = 2 SCFT has the stress tensor multiplet that realizes Virasoro algebra,
this OPE coeflicient vanishes for any theory whenever the central charge c is identical to

'We use the notation of Dolan-Osborn [2] throughout this paper.



the value of AD theory. Hence, we have

V|3

. . 2
MT.C, st o, )} ~ (e~ ca) (1.3)

=1

with ¢, being the central charge of the (Aj, Asy,) theory ¢, = Z((SZIE’)) (38, 39].

Other than the index, the crucial information we need in our analysis are the selec-
tion rules. In order to obtain these, we first compute the superconformal characters for
arbitrary long and short superconformal multiplets. This was also studied by [40, 41].
We implemented the algorithm of Cordova-Dumitrescu-Intriligator [3] to construct various
supermultiplets from which we compute the characters. Then we take a product of the
characters and decompose it in terms of supermultiplets. It is this decomposition of the
tensor product of superconformal representations into irreducible ones, that we refer to as
our selection rules in this paper. Also, rather than trying to obtain the full decomposition
of this product, we find that a series expansion up to a sufficiently high order is enough for
our purpose.

We also study (Agx_1, Ap—1) theories with coprime k,n where the corresponding VOA
is given by the (k,n + k) Wi-minimal model [25]. We need to know the Macdonald index
in addition to the selection rules to unambiguously specify the vanishing short multiplets.
The Macdonald index for k£ = 2 is known [11, 33, 34], but not for the more general AD
theories. To achieve this, we use the conjectured prescription to obtain the Macdonald
index from the associated W-algebra [31, 32] as a refined character of the vacuum module.
See also [42, 43]. By assuming that the generators of the TW-algebra come only from the
scalar primaries, we are able to compute the Macdonald index using the VOA. We explicitly
compute the refined vacuum character for the Ws-algebra up to level 9. This allows us to
find vanishing short multiplets in these theories.

The organization of this paper is as follows. We review aspects of superconformal
representations and explain the method to obtain the selection rules in section 2. In
section 3, we consider an n-fold product of the stress-tensor and the conserved-currents in
(A1, As,) and (G"[n], F') theories respectively. We identify the vanishing short multiplets
and OPE coefficients for these theories. We generalize the discussion to (Ag_1, An—1) AD
theories in section 4. We compute the Macdonald index for k = 3 using the associated
W3s-algebra, and make a conjecture for general coprime k,n. Then we conclude in section 5
with a discussion and possible future directions. We provide explicit expressions for the
characters for a number of short multiplets in appendix A, and also a number of null states
for the W3-algebra in appendix B. Interested readers can verify our computations here by
using the Mathematica file we provide along with this paper.

2 Superconformal characters and selection rules

The operators/states in any given d-dimensional conformal field theory can be organized
into irreducible representations of the SO(d,2) conformal group. The various states in
their respective irreducible representations are labeled by their quantum numbers with re-
spect to the compact subgroup, SO(d) x SO(2) C SO(d,2), with SO(d) being the group



of Wick-rotated Lorentz transformations and SO(2) being the scale transformation. The
operation of lowering/raising the various states is achieved through the action of transla-
tion generators P, and special conformal transformations K,. The state with the lowest
scaling dimension in a given irreducible representation of the conformal group is called the
conformal primary. It is annihilated by all K, while the other states, often referred to as
the descendants of the conformal primary, are obtained by successively acting with P,’s
on the conformal primary. It thus follows that a generic conformal multiplet is infinite
dimensional. It is customary to label the entire conformal multiplet by the SO(d) x SO(2)-
quantum numbers of its conformal primary.

In a unitary CFT, all the states should have a positive norm. This then places con-
straints on the quantum numbers that a conformal primary is allowed to have. These are
usually expressible in the form of a lower bound on the scaling dimension of a conformal
primary with a given SO(d)-spin. When this bound is saturated, the norm of certain states
in the conformal multiplet becomes zero. Such states and their descendants should be
removed from the multiplet, giving us a shorter conformal multiplet.

When d = 4, unitarity places the following bounds on conformal primaries with non-
zero spin [44]

Az (it +2 #0270, (2.1)
A>(i+g)+1, j1-ja=0, ji+ja#0, (2.2)

where (j1,j2) are the SO(4)-spin quantum numbers of the conformal primary. When the
above bound is saturated, the level-1 descendant with SO(4)-spins (|j1— 3/, [j2—3) acquires
a zero-norm and drops out. When the conformal primary is a Lorentz scalar i.e. j; = jo = 0,
there can be zero-norm states at level-2 which then leads to the constraint given by

A>1, j1=72=0, (2.3)

with the bound being saturated by free scalar fields.
In d-dimensional superconformal field theories, with 3 < d < 6, all the operators can be
organized into irreducible representations of the superconformal group &(d,N'). They are

d=3 S(3,N) =o0sp(N14) D 50(3,2) x s0(N)g,

JN) =5su(2,2IN) D s0(4,2) x sulN)g xu(l)g, N #4,
,4) = psu(2,2]4) Dso(4,2) x su(d)r, N =4, (2.4)

Thus, the states are now labeled by their quantum numbers with respect to the R-symmetry
group along with the quantum numbers with respect to SO(d) x SO(2) € SO(d,2). This
gives us a superconformal multiplet which is in fact always a collection of a finite num-
ber of (non-supersymmetric) conformal multiplets. The operation of lowering/raising is



Multiplet | (A, j1, jo, R, 7) Oschur h r

Br (2R,0,0,0, R, 0) UARER R 0
Dr0js) | 2R+ j2+1,0,42, R, jo + 1) QL wil- R+ja+1 jo+ %
Driroy | @R+ +1,51,0,R,—j1 — 1) ol wilt R+j1+1 —j1— 3
Crjvja) | @R+ 1+ ja + 2,1, 2. Ry j2 — 1) QLot Wil IR+ i+ +2 (52—

Table 1. Short multiplets that contain Schur operators using the notation of [2]. The second
column gives the associated Dynkin labels. The third column indicates where inside the multiplet
the Schur operator sits, with ¥ representing the superconformal primary. The last two columns
give the 2d holomorphic dimension and r-charge in terms of (j1, jo, R).

now achieved through the action of Poincare supercharges Q@ and the superconformal su-
percharges S [1, 45]. The operator with the lowest scaling dimension is now called the
superconformal primary. It is annihilated by all the superconformal supercharges S. The
superconformal algebra then implies that the superconformal primary is also annihilated by
all the K,’s. The descendants in the superconformal multiplet are obtained by successive
action of the Poincare supercharges Q. Requiring all the superconformal descendants to
have a positive norm gives rise to unitarity bounds which when saturated cause some of the
superconformal descendants to drop-out, hence giving a short superconformal multiplet.

In this paper, we will be interested in 4d superconformal field theories with N' = 2
supersymmetry. We will further focus on short-multiplets that contain Schur operators,
so-called because they contribute to the Schur (and Macdonald) limits of the 4d N =
2 superconformal index [10, 22, 46]. The scaling dimension and U(1),-charge of Schur
operators are necessarily given in terms of their SU(2); x SU(2);, x SU(2)r quantum
numbers as follows:

A =2R+ j1 + jo, (2.5)
r=jo—j1 (2.6)

The corresponding supermultiplets are listed in table 1.

Of the multiplets listed in table 1, we will be particularly interested in the multiplets
80(070) and B;. This is because 60(070) is the superconformal multiplet formed by the stress-
tensor and the R-currents of the SCFT. An interacting SCFT with no other decoupled
sector contains a unique copy of 60(070) in its operator spectrum. Similarly, Bi is the
superconformal multiplet containing the conserved currents of the flavor symmetry acting
on a given SCFT. The multiplet éo(jl,jQ) contains higher spin conserved currents which are

never present in an interacting SCFT. Thus the appearance of the éo( superconformal

J1:32)
multiplet in the spectrum will indicate the presence of a free-decoupled sector in the theory.

Let us now define the superconformal character of a supermultiplet V as
21 2§ -
xv (@21, 22,9, 8) = Tryg® 27 272y s ™2 (2.7)

where the trace is over all the states in the superconformal multiplet (also see [40, 41]).
Here, A is the scaling dimension of the state being traced over while (2j;,272) give its



weights with respect to the SO(3,1) ~ SU(2);, x SU(2);, Lorentz transformations. Simi-
larly, 2R is its weight with respect to SU(2)g and 7 is its U(1), charge. We give explicit
expressions of the characters for some of the short multiplets considered in this paper in
appendix A.

Selection rules. The superconformal character as defined above can be used to decom-
pose the product of two or more superconformal multiplets into a direct sum over the
various possible supermultiplets. In order to do so, we expand the product of the charac-
ters as a series in the variable ¢. Each monomial in this expansion represents an operator
whose scaling dimension and SU(2);, x SU(2);, x SU(2)r x U(1), charges can be read-off
from the monomial. The coefficient of the monomial represents the multiplicity of such op-
erators. The monomial with the lowest power of ¢ in this expansion necessarily represents
a superconformal primary. Thus we are guaranteed to have the corresponding supercon-
formal multiplet. We now subtract the character of this superconformal multiplet from
our product to obtain a series which start at some higher power of ¢q. This then gives us
the next supermultiplet that must also be present in the product. We can now repeat the
above steps to obtain the list of superconformal multiplets that appear upon decomposing
a given product.

For example, if one considers the product of two stress-tensor multiplets, then up to
O(q%), the product can be decomposed as

Xéo(o,o) x XéO(O,O) - XAé,o(o,o) * Xc%,%(% 0) * Xé%,_%(o,%) T XCoaa0 T XC —1(0.1)
TXe, g gy T ) TG gy TXe (2.8)
+ XCo,l(%,%) + XC_O,—1(%,%) + Xél(l,l) + 3XA8,0(1,1) + XAg,o(Lo)
+ X‘AS,O(O,l) X'Ag,o(o,o)
The product of conserved current multiplets decompose into
Xg, X Xg, = Xp, T Xé, 0.0 + XAS 0.0 + XC}(%,%) + XAE»(%,%) + Xé, 1) + XA o1 1)

FXA g0 TXC, g gy TXAL g ) TXAL ) ) T X T XA (2.9)

XA g1y T XA 00 TXC, 5, T g ) T g TXAT )

+ Xé1(3,3) T XA(l)?o(3,3) T XAéf)o(zz) T X'A(I)f)o(m) + X‘A(l)?O(O,O) T

This procedure can be applied to any product of short or long representations to obtain
the selection rule.

Notice that our selection rule is not identical to the more general operator product
expansion (such as the ones obtained in [7, 47]) in the flat space. We are considering the
states on S? or equivalently the product of operators at the same point. Once we separate
the operators in spacetime, we get extra contributions that depend on the distance which
eventually reorganize according to the conformal dimension and spin. This is doable in
principle, but we do not consider this more general problem. For our purpose, it suffices



to focus on the case where all the operators are at the origin since we are interested in the
relation between the local operators at the same point.

Superconformal index for the short multiplets. The N = 2 superconformal index
is defined as [46]

T(p,q,t) = Te(— 1) ph=h—rgiathrgfsr (2.10)
It receives a non-trivial contribution only from those states that satisfy
A=2R+2jy—1. (2.11)

These are states that are annihilated by the supercharge, @1;. All the other states in an
SCFET always appear in Bose-Fermi pairs and hence their net contribution to the index is
trivial. The index of long multiplets also evaluates to zero for the same reason. In [10],
several simplifying limits of the superconformal index were considered such that non-trivial
contributions only come from the states that are annihilated by more than one supercharge.

In this paper, we will be interested in the limiting cases referred to as the Macdonald
and the Schur index. The Macdonald index is obtained by taking the limit p — 0 with ¢
and t fixed in (2.10). Similarly, the Schur index is obtained by taking the limit ¢ — ¢ while
keeping p arbitrary. Turns out that upon taking the Schur limit, the p-dependence drops
out and therefore the Schur index is a function of a single fugacity ¢. In both of these
limits, the states that contribute non-trivially have to also satisfy the condition,

r=Jj2—J1, (2.12)

in addition to (2.11). As mentioned before, these are usually referred to as the Schur
operators. The Schur index can also be obtained from the Macdonald index by taking the
limit £ — q.

Let us now compute the Schur and Macdonald indices of the short multiplets C R(j1,52)
and Br. For each of these multiplets, the conformal primary satisfying the Schur conditions
is given in the third column of table 1. This operator and its descendants arising from
the action of P, ;, are the only components of the supermultiplet that contribute to its
Macdonald and the Schur indices. For our purposes it will be more useful to redefine the

fugacity ¢ in (2.10) as t = ¢T". Then the Macdonald index is defined as
T(q,T) = Te(~1)FgA~RTHRH" (2.13)

where the trace is over the states satisfying (2.11) as well as (2.12). The Schur index can
then be obtained from the Macdonald index by simply setting 7" = 1. It then follows that
the Macdonald/Schur index for the C R(j1,jo) Multiplet is

R+2+j1+j2a pR+14j2—51 R+2+j1+72

— _1 2(j1+j2)q
1—gq ( ) 1—¢q

where the arrow refers to taking the Schur limit 7" — 1. This expression for the index also

(a.T) = (1)1

(2.14)

CR(jl 2J2)

include other short multiplets in the Schur sector via

~ ~

Cr-352) = Prisos) CrGi-3) = Prijro Cr-3-4) = Bret, (2.15)



The index for the B multiplet is given as

qRTR qR—H

Iy (0,T) = (2.16)

1—gq . q’
3 Vanishing short multiplets in 7" and J"

3.1 T"™in (A, A2,) theory

Let us consider the selection rule for the products of stress tensor multiplets. The stress
tensor multiplet is denoted as CAO((]’O). It is shown in [7] that the selection rule for the
operator-product of two stress tensors is given by

~

60(070) X CAo(Qjo) ~7T+ éﬂ(%a%) + él( ) + ... (31)

Nles

£
29

The multiplets éo( ¢ ¢y are the ones containing the higher spin conserved currents, so they
272

have to be absent in an interacting theory (without any decoupled free sector) [48]. It has

been shown in [7] (by using the relation between 4d N' = 2 SCFT and chiral algebra [5])

that the OPE coefficient for the 81( 11y can be determined to give
272

. 2 11
with a being a positive constant. This yields the lower bound on the central charge c as
11
> — . 3.3

This value is saturated by the Hy = (Aj, A2) Argyres-Douglas theory [39].

It was also shown in [11] that by combining the Macdonald limit of the superconformal
index [10] and the selection rule (3.1), the OPE coefficient A[T, T, él( 11 )] vanishes. The
argument goes as follows. The Macdonald index for the (Aj, As) (or Hp) AD theory is
(conjectured) to be given by

q2T_ q4T2
(1-q)(1—q°T?)

where PE stands for the Plethystic exponential. The PE generates the product operators

Z(a1,40)(¢,T) = PE +0(¢™)| , (3.4)

from the ‘single-trace’ type operators. This expression has been further verified in [20, 31,

33-35]. The Macdonald index gets contributions only from the short multiplet ¢ R(j1,j2)

upon extending ji2 > —3 via relation (2.15) and its index is given in (2.14). The stress
tensor multiplet éo(o 0) and the él( 11y multiplet contribute to the index by
’ 272

2 42
_qT ) _qT
Ico(o,o) 1 _q’ ICM%!%) 1 e . (3.5)

From the index of (A1, A2) theory (3.4), we see that the term contributes to él(
is missing. Therefore this multiplet has to be absent and the corresponding OPE coefficient

) multiplet

11
272



has to vanish. Notice that had we only known the index, we cannot make this statement
7) with j € Z+
5. The selection rule (3.1) enables us to unambiguously identify the (lack) of contribution

in the index as the one with j = %

because the term 4— Tq can come from any short multiplet of the form C3 e

Essentially, what we are doing is as follows: there is a null state in the associated VOA
(which is the Virasoro algebra with ¢ = —22/5) given as (L_4 — 2L?,)|0). We use our
selection rules to resolve the ambiguities that arise when lifting thls VOA null-relation to
relations between 4d short-multiplets.

One might worry that there may be a contribution to the index from a number of
short multiplets of the from C 3_j(1 ) SO that it contributes to zero (or the minus one inside

the PE) in the index. In order for this to happen without vanishing of él(%’%) multiplet,
which has to be there from the OPE selection rule we need a fermionic generator (in this
case, C3( 0) or él( 1) to account for the —4= term inside the PE of (3.4). Since the
associated VOA for the (A1, As) theory is (conJectured to be) purely bosonic and there is
no fermionic generator. Therefore this cannot happen.

Now, equipped with the character formulae and decomposition in terms of supercon-
formal representations, we work out the selection rule for the higher powers of stress-tensor
multiplets. Combining with the index formula for the (Aj, Ag,) AD theory, let us show
that certain OPE coefficient vanishes for this AD theory. The Macdonald index for the
(Aj, Agy,) theory can be written as

2 2mmyn+1
_pp | €T = (¢°T)
L(41,A2,) (0, T) = PE { =

This expression for the index tells us the relation of the form 77t! ~ 0 if we assume there

+0(¢*"™)| . (3.6)

is no fermionic generator in the associated VOA. We see that the second term inside the
numerator comes from a short multiplet of the form Can _ i) From the character, we find
2 27

~ n+1 ~
(CO(O,O)> > Cp(n,ny, (3.7)

and
~ n+1 ~ ) n
<C0(0,0)> PCop_jmgy forn# o (3.8)

Therefore the second term in the index implies the absence of the short multiplet C (2

5:5)

which proves the conjecture made in [11]. We can further show that the Cn(%,%) mul-

tiplet only appears from the OPE of én_l( no1 m_1y X T. Therefore the following OPE
2 0 2
coefficient vanishes:
A [7-, Cnil(anl’anl),Cn(%vg)} =0, for the (Ay, Agy,) theory. (3.9)
More generally, we expect the OPE coefficient above for arbitrary N'= 2 SCFT to have a
form given by

A [T, én_l(nifl nfl),én(%7%):|2 ~ H(C — Ci), (3.10)



n(6n+5)
6(2n+3)
lation functions of the Schur operators are entirely determined by associated VOA. For

where ¢, = is the central charge of (Ay, Aa,) theory. This is because the corre-

the (A1, Agy) theory, VOA is simply given by the Virasoro algebra, which is contained in
arbitrary VOA associated to 4d NV = 2 SCFT. Hence the OPE coefficients must vanish
whenever the central charge is identical to that of the AD theory.

3.2 J" in (G"*[n], F) theory

Let us consider the n-fold product of the conserved current multiplet B;. By computing
the character, we find that

(B})n 5 B, . (3.11)

This can be seen easily without computing the character. The bottom component of By
multiplet has quantum number (A, ji, j2, R,7) = (2,0,0,1,0). The n-fold product should
contain a state with (A, ji,j2, R,7) = (2n,0,0,n,0) satisfying the shortening condition
A = 2R for the BR multiplet.

The Argyres-Douglas theory of type (G"[n], F) [13-16] has flavor symmetry G if
(h,n) = 1. Here h is the dual coxeter number of a Lie algebra G € ADE. The Schur
index can be concisely written as [20, 27]

q_qh+n
1-q)(1—¢

Z(Ghpn),r)(¢: 2) = PE ( h+n)Xadj(Z) , (3.12)

where y.q; refers to the character for the adjoint representation of GG. The associated chiral
with kog = —h+ 7. The

first term in the index comes from the conserved current multiplet J = B;. Since any

algebra is given by a simple affine Kac-Moody algebra su(k)g,,
power of J is present in general, the second term with the minus sign means that a certain
multiplet contributing to the index that appears in the operator product of J"*" should
be absent.

We find that Z’S’h+n is the only superconformal multiplet appearing in the h + n-fold
product of the conserved current, that can account for the second term in the index.
Therefore we conclude that Bn+k in the adjoint sector is absent. In terms of OPE, we find

=0, (3.13)

adj

A [J Bhin-1, Bh+n]

where B; are in the spin-j representation of SU(2)r. Here we find that only the adjoint
sector of this OPE vanishes. For the case of h 4+ n = 2, we see that the By short multiplet
in the adjoint representation is absent. When G = SU(N), this is precisely the condition
the flavor central charge bound k4q > N is saturated except for N = 2 [5, 6.2 At this
value of the flavor central charge, the OPE coefficient A [j s T BQ] ‘ _ vanishes.

adj

2For N = 2, the bound ksg > % is stronger, and it is saturated for h +n = 3.
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4 Vanishing short multiplets in (Ax_1, A,_1) theory

In this section, we consider generalized Argyres-Douglas theory of type (Ax—1, An—1) [12,
13] with k,n being coprime. The Schur index for this theory is known to be given in a
concise closed form as [11, 20, 25]

(4.1)

Zf: i _ i+n—1
T(ay 1,An-1)(0) = PE [ (1 —Qq()q(l —q‘IHN))]

This expression is exactly the same as that of the vacuum character of YW-minimal model
W(k,k + n) [49] with the central charge given as
(k—=1)(n—1)(k 4+ n+nk) 1

. 4.2
k+n AT (4.2)

Cod = —

This suggests that the associated chiral algebra (or vertex operator algebra) for the
(Ag—1,Ap—1) theory is given by the W-minimal model. Notice that this is only the case
when k,n are coprime. See [17-19, 29, 30] for the case of ged(k,n) # 1.
This form of the index (4.1) suggests that there is a set of generators and relations
for the associated vertex operator algebra. The generators of the WW-algebra are the holo-
g

morphic currents of spin ¢ = 2,3,...,k. These generators contribute to the term T in

the index. In terms of the 4d short multiplets, ¢ = 2 comes from the CAO([)’O) multiplet,
which contains the stress-energy tensor. What about the other terms with ¢ > 27 Unlike
the case of (A1, Ag,) theory, neither the full index nor Macdonald index is available. Had
we known the Macdonald index, it would be possible to identify the corresponding short
multiplet assuming the spins in the bottom component are the same j; = jo. Since this
is not available, we make an educated guess instead. Let us assume that a generator of
the chiral algebra comes from the 4d operator without spin. To motivate this assumption,
let us consider the case of £k = 3. The short multiplets that can contribute to % to the

Schur index are éR( with R + j1 + j2 = 1 and j; + j2 € Z>p. There are only finitely

J1 9j2)
many cases:

Co(
Bs

’%)7 éO(l,O): éO(O,l)a 61(070)7
Cy( D

D=

_ L (4.3)
D§(3 0) _— CO(%

29

-1 Prog =C-1y

N
N[
N

Among these multiplets éo( 11 corresponds to the higher-spin conserved current, which
should be absent for any interacting theory [48]. Also, D, D type multiplets with spin,
called ‘exotic chiral primaries’, are absent for most of the theories we know [50]. The
Br contains an operator that parametrizes the Higgs branch, which is not present in the
current theory. Therefore if we assume the spins of the generators are the same, which
is natural for a Lorentz invariant theory with no preferred direction, we are left with the
unique choice 61(070) for the ¢ term in the index.

We conjecture this assumption to be true in general, which leads us to claim that short
multiplets C},Q(O,O) are the ones corresponding to the generators. These short multiplets are
mapped to the higher-spin currents in the associated W-algebra. From this assumption,

- 11 -



we can compute the Macdonald index from the associated vertex operator algebra for the
(Ak—1, Ap—1) theory using the procedure described in [31, 32]. Armed with the Macdonald
index and the selection rules, we show that certain OPE coefficients for this theory vanish
in a similar way as in section 3.

4.1 Macdonald index of (A2, A,—1) from W3-algebra

The associated chiral algebra (or VOA) allows us to obtain the Macdonald grading once the
T grading for the generators is specified [31, 32]. Let us briefly review how this procedure
works. The reader may skip this subsection if one is more interested in the consequences
of the Macdonald index.

The vacuum module of a chiral algebra (or VOA) admits a filtration Vo C V; C Vo C
... with

Vi = Spaun{X(_iTll)1 - X(_Tyi Q) :ng > > nm,Zw(X(ij)) < k}/{null states}, (4.4)
j=1

where |Q) is the vacuum state and X are the (strong) generators of the chiral algebra
with the subscript denoting the mode number in the Laurent expansion. Here the weight
w(X) of the generator X is a priori arbitrary from the chiral algebra perspective. We will
choose the weights to make connection with the Macdonald index of the 4d theory. Once
the filtration is given, one can construct an associated vector space as

Va=EV: with V;=V;/Viqand Vi =W . (4.5)
=0

From here, we define the refined character as

X5 (g, T) = Try,q"eT, (4.6)

i>0

where Lo denotes the Virasoro weight.? In short, the refined character introduces additional
grading via counting the number of ‘raising operators’ that are needed to reach a particular
state with given Virasoro weight. See [31] for more details.

We are interested in the refined character for the Ws-algebra that is coming from the
(A2, Ap—1) with (n,3) = 1. Let us compute the refined character for the vacuum module
of Ws. It has 2 generators L, W with spin 2 and 3, where L is the usual Virasoro generator
and W being the higher-spin current. We expect they are coming from the short multiplet
60(070) and él(0,0) respectively. The Macdonald indices for these multiplets are

7z T L _aT
Co0,00 1 — q ’ Cio00 1 — q '

(4.7)

3We need to insert (—I)F to match with the index of the general 4d theory. But for the examples we
consider in the current paper, there is no fermionic generator so that we drop it.
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This fixes the weight of the generators as w(L) = 1 and w(W) = 2. Therefore the refined
character vacuum module when there is no null state besides the vacuum can be written as
2 32
rof T+ qT 1
TY=PE|———| = | | . 4.8
XVgeneric (q’ ) |: (1 _ q) (1 _ q2+nT)(1 _ q3+nT2) ( )

n>0

We do have null states in the vacuum module corresponding to the (Az, Ay—1)

Argyres-Douglas theories.  The correponding Virasoro central charges are coy =
—#, —23, —%, —% for n = 4,5,7,8 respectively. We list some of the null states ex-

plicitly in appendix B.
From this result, we compute the refined character to ¢°. This translates to the Mac-
donald index for the corresponding theory. The result is as follows:

Tiay (@ 1) =1+ ¢T +¢* (I° + T) + ¢* (217 + T)

+q° (212 +T) +¢° (20° + 372 + T) + ¢ (37° + 372 + T)

Fa (ST 44T 1 T) 4 (470 44724 7) 40 (7). (49)
Lpnn)(@,T) =1+ T+ ¢* (T* + T) + ¢* (217 + T)

+ @ (T3 4+ 20% 4+ ) +¢5 (37 + 372 + T) + ¢7 (47° + 37% + 1)

+¢® (3T 4+ 6T +4T% + T) + ¢° (57* + 8T +4T% + T) + O (¢')

(4.10)

Tiapag)(@,T) =1+ T +¢* (T* +T) + ¢* (27° + T)

+¢° (TP +2T° +T) + ¢° (T* +37° + 3T° + T

+q" (2T +4T° +3T° + T) + ¢ (5T + 6T° +- 4T + T)

£ QI T ST T T) £ 0 g) @
Liny )0, T) =1+ ¢*T + ¢ (T + T) +¢* (21° + T)

+¢° (T2 +2T% +T) + ¢ (T* + 37 +- 37% + T)

+q7 (2T +4T% 4 312 + T) + ¢* (T° + 5T + 6T° + 472 + T)

T T ST AT T) 40 () e
We use this result to find vanishing short multiplets for the (As, A,—1) theory. It would

be interesting to come up with a closed-form formula for the Macdonald index (or refined
character) for the general (Ag_1, A,—1) AD theory as was found in [11] for k = 2.

4.2 (Az,A,_1) theory

(A2, A3) theory. Let us consider the simplest generalized AD theory of type (Ag, A3).
The Schur index reads

P+ - —¢°
1-q)(1—=q") |~

so that we have 80(070) and 61(070) short multiplets. The term —¢® in the numerator inside

I(Az,As)(q) =PE (4.13)

the PE means that certain short multiplets appear in the OPE of CAO(O,O) X 61(070) should be
absent. The term —¢% in the Schur index can come from either 73 or W2 (T = 60(070)’ W =
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81(070)). How can we tell if —¢® comes from 72 or W2? It can be determined from the
Macdonald index at ¢® order whether this term comes from 72 or W2. The first would
give —¢5T? and the latter would give —¢T".
The Macdonald index can be written as
2 372 _ 53 _ 694
T+ q°T? —q¢°T° — ¢°T
Z(Ay,45)(¢, T) = PE

- +0(¢")] . (4.14)

Therefore we conclude that certain short multiplets appear in the OPE of 60(070) X CAl(Oyo)
and 61(070) X CAl(O,O) should be absent. In terms of the associated chiral algebra (or VOA),

it means that there are null states at level 5 and 6. The term in the index % comes

jp) With R4 jp = % The term % comes from R + jo = % both

from the absence of Cp 1

with % + 2 € Zzo.
The Macdonald index by itself is not enough to fix these charges, but we can fix them

1
2

by combining with the following selection rules:
Co0,0) X C1(0,0) 3 Co1 1) (4.15)

) (4.16)

N[
N

61(0,0) X 61(0,0) > ég(

NI

1
2
Therefore, we find that 62( 1

, ) and ég(
This also means that the fol

1 1y multiplets are absent in the (A2, A3) AD theory.
272
owing OPE coeflicients vanish for this theory:

N

—

~ ~

A [00(1,1)761(0,0)702(%,%)} =A [Cl(O,O)acl(O,O)vCg(%é)] =0 (4.17)
(A2, A4) theory. Now, let us consider (Ag, A4) theory. The Schur index is given as
q2+q3_q6_q7:|
(1-q)(1—-¢%

The generators are the same as before: éo(o,o) and CAl(Oyo). Now we have the terms —¢%, —¢”

L(a,44)(q) = PE [ (4.18)

coming from the relations among the generators. The term —¢® can come from either 773
or W2, whereas the term —¢q” can only come from 72W. The Macdonald index can be
written as

q2T 4 q3T2 _ q6T4 _ q7T4
l—q

from which we find that the term —q¢®7* comes from W?2. This term suggests that one

T(ay.4)(q,T) =PE [ + O(q8)] , (4.19)

of the short multiplet of the form C R(L o) with R + jo = % is absent. Likewise, the term
27

—q¢"T* means that one of ¢ R(1,j;) With R+ j2 = 4 is absent. The quantum numbers are
fixed by the selection rule we compute:

(?1(0,0) X 61(0,0) > ég(%,%) (4.20)

éO(0,0) X 60(070) X 61(0,0) > 63(1,1) (4.21)
Therefore, 63( 11 and 63(171) short multiplets are absent in the (Ag, A4) theory. We can
verify that 83(171) in (4.21) is coming from 51(1 1y X CAI(O’O). Therefore, the following OPE

272
coefficients vanish in (Ag, A4) theory:

~

A [CI(O,O)aCl(O,O)vcg(%é)} =A [Cl(%,%),cl(o,o),63(1,1)] =0 (4.22)



(A2, Ap—_1) theory. We find the Macdonald index for the (Aa, Ag) theory given as
q2T + q3T2 _ q8T5 _ q9T6
l—q
This means that we have the relations W3 ~ 0 and TW? ~ 0 in the Schur sector. For the

(Ag, A7) theory, we find

T(ay.4)(¢,T) = PE [ + O(qlo)] . (4.23)

q2T + q3T2 - q9T6
+
I—¢q

Lias,a0)(q,T) = PE{ O(qm)}. (4.24)

We expect there is a term —¢'°7% on the numerator inside the PE. If this is the case, we
have the relations W3 ~ 0 and 7?W? ~ 0 in the Schur sector.

We notice a pattern here, so that we conjecture the indices for (Ay, A,—1) theory with
n=3k+1and n=3k+2 as

|: 2T 4 q3T2 _ q3k+2T2k+1 _ q3k+3T2k+2

T 4s,44,)(¢, T) = PE + O(q3k+4)] . (4.25)

1—¢q
2 32 3k+372k-+2 3k-+472k+2
T+ q’T*—q T —q T
T(as,4511) (¢, T) = PE [ I +O(FPY| . (4.26)
This also means that we have the relations
WEHL <0, TWE ~ 0 for (Ag, Asp.) theory, (4.27)
WL L0, T2WF ~ 0 for (Ag, Agpyr) theory. (4.28)

By computing the characters for the short multiplets, we find

(C100) " 3 Copai k) Cooy X (Crom)" 3 Coy

MBS

E) ’
’2
) (4.29)
. 5 . .

(Co0,0))° x (Ci0,0))" 2 C2k+1(%,’%1) :
The short multiplets on the r.h.s. of the selection rule above are the ones contribute appro-
priately to the —g3F 31242 _(3k+3T2k+2 and — @3k +4T2k+2 terms in (4.25). Therefore, we
find é2k+1(§,§) and é2k(§,§) multiplets are absent in the (Ag, Ag) theory and CA%_FI(%%),
Cop p1(kfL Bf1) are absent in the (Ag, A1) theory. As before, we are able find from which
channel these short multiplets appear. In the end, we find the OPE coefficients of the
following form vanish for the (Ag, Asy) theory

A [61(070)’621@—1(’“;1 Ly 62k+1(2,2 } =A [60(0,0) CQk 1551 By é (5,3)} (4.30)
=X [Cio0) Copaqisr o) Gy )] =0,
and the following OPE coefficients vanish for the (Asg, Asxy1) theory
A [61(00)7czk 155 A 1)’CQk+1(§,§)] =A [61(%,5 é (5L A 1)aczk+1(i %)]
=A {60(070)76%(%,%) 2k+1(kEL } (4.31)
=A [CAI(O,O) éQk 1(%, g)vé%ﬂ(%,%)} =0.

In addition, any OPE coefficients involving absent short-multiplets should vanish.
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4.3 (Ag—1,An_1) theory
Let us write n = mk + r with 0 < » < k. Then the Schur index can be written as

P4 gk — (R g gkt
(1 _ q)(l _ q(m+1)k+r)

I(Ak—lvAmk+7>—1)(q) = PE (4.32)
We do not know the Macdonald for the general (Ag_1, A,—1) theory. It should be possible
to obtain the Macdonald index from the refined vacuum character of the Wy-algebra, but
we leave it as a future work. Instead, we give a conjectural expression based on previous
computations.

Let us specialize to the case of n = mk + 1. Then we conjecture the Macdonald index

can be written as

l—q

Ziay A0, T) =PE

_CTE@T )" + PTHGTEN 4 (@ TD™ ey
l—gq

(4.33)

If we write the short multiplets as W, = C},2<0’0), the index implies we have the relations
in the Schur sector as

WiWi)™ ~0 foreachi=2,....k. (4.34)

This is a natural generalization of the relation (4.27) for the (Ag, As;,) theory. By
combining the index and superconformal characters, we see that the short multiplets
émk_m+i_2(%’%) with ¢ = 2,...k must vanish. Therefore, any OPE coeflicients involv-
ing this short multiplet vanishes including

~

A [@-2(0,0)7émk—m+i—2(%,%),ka—m+k-2(%,%) =0, (4.35)

for the (Ax_1, Agm) theory.
Likewise, we can write a conjectural Macdonald index for the case of r =k — 1 as

I(Akfl7Amk+k72)(Q7T) =PE

1—¢q
( k:Tk—l)m k—1pk—2 ( T+ 2T + -+ k—lTk:—Z) (4.36)
l—¢q
The index implies the relations
W)™~ 0, WiWe W)™ ~0 fori=2,...k—1. (4.37)

which is a natural generalization of the relation (4.28) for the (A, Asm+1) theory.

~16 —



For a general n = mk + r, we conjecture the relations for the generators as

W)™ Wi Wi ~0  fori=2,3,...,7, (4.38)
(Wg)"™W; ~ 0 forj=r+1,r+2,...,k. ’

This gives us the Macdonald index as

2 32 kk—1
T+ q¢°T*+--- 4+ q¢~T
(Ak—lvAmk+r—1)(q’ ) PE

l—gq
B (qkafl)mqkflkaQ (q2T 4. qurfl)
l—gq
kpk—1 1 kpk—1
B (q T )m (qur Tr—i—q T ) —|—O(q(m+1)k_T)
1—gq ’

(4.39)

which reduces to (4.32) upon taking 7" — 1. It would be interesting to verify this is indeed
the correct index. For any theories of type (Ag—_1, Apmktr—1) With coprime k, n, the relation
(W)™ ~ 0 is satisfied. From this and the selection rule, we find

A CAku(O,O)aémkfm+i72(%,%)7émk7m+k72(%,%) =0 fori=2,...r. (4.40)

More generally, we expect the above OPE coefficients vanish when the central charge is
given as (4.2).

5 Conclusion

In this paper, we have shown that certain short multiplets and the OPE coefficients in-
volving products of stress-tensor vanish for a class of Argyres-Douglas type theories. From
this, we were able to argue that OPE coefficients for a general 4d N' = 2 SCFT vanish
when the central charge c is identical to the AD theory.

We would like to mention a couple of interesting directions to pursue. First, we expect
that the vanishing of specific short multiplets and the OPE coefficients can be a crucial
input data for choosing the target in the superconformal bootstrap program [51-55]. For
the AD theories, the Schur sector is completely fixed by the Virasoro or W-algebra. It
would be interesting to see if this data is enough to fix the CFT to a certain degree.*

It should also be possible to find the exact OPE coefficients for the vanishing ones
we considered in the current paper. Once the superconformal block with arbitrary spin is
known, we can decompose the correlators of Schur operators that we can obtain from the
chiral algebra in terms of the blocks. Then the relevant OPE coefficients can be determined
as in [5].

Finally, our analysis in section 4 relied on a few conjectures necessary to compute Mac-
donald index. It would be interesting to prove that the generators of the associated VOA
come from the spin-less primaries. Any other independent computation of the Macdonald
index will corroborate our prescription.

4There exist two different theories that give rise to the same associated VOA. This happens whenever
the two CFTs are related by discrete gauging.
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A Characters for a number of short multiplets

Let us write down characters for a number of important short multiplets we consider in
this paper. For the 4d N = 2 stress-tensor multiplet CAO((]’O), the above superconformal
character evaluates to

N (A.1)
+q° (2X§1X§2 + X5 XN + S% + 32X§2> +...,

where, x;' represents character of the d-dimensional irreducible representation of SU(2);,,
with analogous interpretation for x7* and XZ. Similarly, the character of the short multiplet
labeled as Cy () is given by

Y. z1 21.,,Y
X2X X2 X
Xéyop = 4G+ a2 (255 +axing” + 2 4+ sd*xd
1(0,0) S S
1 Xy nyzl
+q° <32 + 57+ x5+ ng + 57X 4+ 3XEI NG + 223 (A.2)

+5"XEXE + X?x‘f?xé’) +oo

272

The character of the short multiplet él(l 1 is given by

X¢ = " X3 X524

13,5

11 Y.\ %2 Y.\ z2.,,%1 22, 21.,Y
e <3X%><§1 FAE L R g+ T sxélx?xii)

21,22 21,,22.,Y
ra (14 2208 g o+ 8 4 g 4o

22, 9. 21
T+ X G GG GG + AP

+ 23X + x?x?x?) o (A-3)
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The character of short multiplet 62( 11y is given by
272

= ¢ X5 XN

Xc2 )

S

(l
3,
22, 21.,,Y

X2 X3 X1 Z1. 22 Y

22.Y
X2 X4 iy +

15

+q2 <sx§1xf{ +

22, 21.3,Y
+ X2 );3 X6 + SX?X?X@

21, ,22.,Y
X5 X5 X
+q° <x§ + S5 SN X X X X
XZ1XZ2X?J
+ 220230 4 N + 2 23 4 3G NG
22 21.,Y
+ X2 X4 X5 ;(;l X5 + 82x§1xffx§ + x§1x§2xg> + ... (A.4)

The character for the CAz(LI) is given by

8
Xéyoh, = 4 X5'XE X5
17 zZ1..22. Y 22 Yt+z1
+q® (Sx?x? W XA M gt

Zo . 21

y
+ X3 ﬁ4 X6 4 sx?xffxé)

Y.\ 71,72
XAX3 X
+q° <x§1x§2 X5+ S S XEGXG  XINEX  XGTXEXE XN X
21. 292

Yy
X3 X3 X
FEXGNE + T GG 2N+ 2GS

z22.Y. 21
X3 X5X5 2.z
T2 +s

+ XGNP XD + XFXEXE2 + Xffx?x?) ... (A.5)

The character of the conserved current multiplet 5 is given by

Y.\ A1
XX 1
XBI = q2xg + q5/2 < 252 + 3X321X52> +q3 <82 + 82 + 2X§1X§2 + X?X?X%) +...,
(A.6)
and the character of the B, multiplet is given by
le Xy
xg, = XL + " (234 + sx?xi)
N (A.7)
+q° <S§’ +52x5 + XSG + x?x?x‘%’) o
B Null states of W5 vacuum module
The commutation relations for the W3 algebra is given as
c
(Lo, L] = (m — n)Lypyn + ﬁm(m2 — 1)mtn0,
[Lma Wn] = (2m - n)Wm+n >
c 16 (B.1)
(Wi, Wa] = %m(m2 —1)(m? = 4)dmino + 52 1 5e (m —n)Apin
+ %(m —n)(2m* +2n* —mn — 8) Ly -
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Let us define the vacuum state [, c) as
L,|Q¢)=W,|Q¢c)=0 n>0. (B.2)

The vacuum module can be constructed by acting negative modes of L, W on the vacuum
state. One can easily see that the states L_1 |, ¢), W_1|Q,¢) and W_2|Q, ¢) have zero
norm. We list some of the non-trivial null states in the vacuum module of the W3 algebra
that we use to compute the refined character.

Level 5:
1 114
<W_3L_2 — OW_5> ‘Q,c = —> (B.3)
7 7
Level 6:
102 24 6 39 114
L g — L 4L o— —(L_3)> 4+ (L o) —=(W_3)?)|Qec=——= B.4
(ot Tiaia- 2@+ @of - Tovap) joc=-11) 6
27 21 51 279
S Log— L 4L o— —(L_3)>+(L_9)—="=(W_3)2|I9,¢c= -2 B
<4 6 = L1l 32( 3)° 4+ (L—2) 16(W3)>!76 3) (B.5)
Level 7:
5 3 11 3
—§W_7 - gL_4W_3 — ZW_SL_Q — T6W_4L_3 4+ W_3sL_oL_o |Q,c = —23> (B.G)
27L_» 1
L_3L2_2 - gL_5L_2 + "Lz — EL_4L_3 — %W_4W_3 ‘Q, c= —23) (B.7)
4 8 8 8
Level 8:
1413 531 1011 1599 369
L g —15L L9 — oL 5L 5 — ——(L_4)> + ——W_sW_5 + — (W_4)?
<5 8 6Lz~ oo LsLog— 5o (L-a)” + =~ WsWos + - (Wed)
48 15 123 186
— 7L_4(L_2)2 — 7(L_3)2L_2 + (L_2)4 - 7(W_3)2L_2 Qec=——
5 4 2 5
(B.8)
Level 9
123 123 1
( ?L,3WE3 — LWy - 1—15L?13 + L350 3
141 111 27 11061L_q
— L ¢L 35— —L_4L oL 35— "—L_s[?,+— """ B.9
5632042310572"‘ %5 (B.9)
1587 309 246 4797 186
L el 4= L L o W Wy —— W gWos | Qe = -
ro L-sl-a— 7y L7 2+5W5W4+ 40W6W3>‘7C 5>
42 877 9
LPW g — —I2 W s — —L oW _»— —L 3L sW_
(—2W3 i lmeWes = gpleWor = 7 Lal2Wos
51 777 596 38
— L 4L oW g+ —L sW g+ oL W5+ —L_sW_ B.10
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