
J
H
E
P
1
1
(
2
0
1
9
)
0
9
2

Published for SISSA by Springer

Received: September 25, 2019

Accepted: October 26, 2019

Published: November 15, 2019

Instantons from blow-up

Joonho Kim,a Sung-Soo Kim,b Ki-Hong Lee,c Kimyeong Leea and Jaewon Songa

aDepartment of Physics and Astronomy & Center for Theoretical Physics,

Seoul National University,

1 Gwanak-ro, Gwanak-gu, Seoul 08826, Korea
bSchool of Physics, University of Electronic Science and Technology of China,

No. 4, section 2, North Jianshe Road, Chengdu, Sichuan 610054, China
cSchool of Physics, Korea Institute for Advanced Study,

85 Hoegiro, Dongdaemun-gu, Seoul 02455, Korea

E-mail: joonhokim@kias.re.kr, sungsoo.kim@uestc.edu.cn,

khlee11812@gmail.com, klee@kias.re.kr, jsong@kias.re.kr

Abstract: We generalize Nakajima-Yoshioka blowup equations to arbitrary gauge group

with hypermultiplets in arbitrary representations. Using our blowup equations, we com-

pute the instanton partition functions for 4d N = 2 and 5d N = 1 gauge theories for

arbitrary gauge theory with a large class of matter representations, without knowing ex-

plicit construction of the instanton moduli space. Our examples include exceptional gauge

theories with fundamentals, SO(N) gauge theories with spinors, and SU(6) gauge theo-

ries with rank-3 antisymmetric hypers. Remarkably, the instanton partition function is

completely determined by the perturbative part.

Keywords: Brane Dynamics in Gauge Theories, Differential and Algebraic Geometry,

Field Theories in Higher Dimensions, Solitons Monopoles and Instantons

ArXiv ePrint: 1908.11276

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP11(2019)092

mailto:joonhokim@kias.re.kr
mailto:sungsoo.kim@uestc.edu.cn
mailto:khlee11812@gmail.com
mailto:klee@kias.re.kr
mailto:jsong@kias.re.kr
https://arxiv.org/abs/1908.11276
https://doi.org/10.1007/JHEP11(2019)092


J
H
E
P
1
1
(
2
0
1
9
)
0
9
2

Contents

1 Introduction 1

2 Instanton counting from blow-up 4

2.1 Blowup equation 4

2.2 Recursion formula for 5d instanton partition function 9

2.3 Number of independent blowup equations 13

3 Examples 17

3.1 Theories with known ADHM description 18

3.2 Theories with spinor hypermultiplets 21

3.3 Theories with an exceptional gauge group 26

3.4 SU(6) theory with a rank-3 antisymmetric hypermultiplet 28

4 Conclusion 33

A One-instanton partition functions 34

1 Introduction

The Seiberg-Witten prepotential provides a complete description for the low energy dy-

namics of 4d N = 2 or 5d N = 1 gauge theory in its Coulomb branch [1, 2]. It is a

function of the vacuum expectation value (VEV) of the scalar in the vector multiplet that

parameterizes the Coulomb branch moduli space. Quantum correction to the prepotential

is known to be one-loop exact, while there also exist non-perturbative corrections coming

from Yang-Mills instantons.

An efficient way to compute the fully quantum corrected prepotential F is to study

the Nekrasov partition function Z on Ω-deformed C2 or C2 × S1. It can be written as the

product of the classical, one-loop, and instanton contributions,

Z(~a, ~m, ε1, ε2, q) = Zclass(~a, ε1, ε2, q) Z1-loop(~a, ~m, ε1, ε2) Zinst(~a, ~m, ε1, ε2, q), (1.1)

where the instanton piece is the fugacity sum over all multi-instanton contributions:

Zinst(~a, ~m, ε1, ε2, q) = 1 +
∞∑
n=1

qnZn(~a, ~m, ε1, ε2). (1.2)

Once the Nekrasov partition function is known, one can extract the Seiberg-Witten prepo-

tential via taking the ε1, ε2 → 0 limit as F = limε1,2→0 ε1ε2 logZ [3–6].

The instanton part of the partition function in the Ω-background can be computed

once we know the appropriate instanton moduli space. For the classical gauge groups, the
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ADHM construction of the moduli space [7] provides a direct way to compute the instanton

partition function. The ADHM construction can be understood as the quantum mechanics

describing the Dp-D(p+ 4) system. The Higgs branch moduli space of the Dp system gives

the desired moduli space. Matter fields can be also introduced by including more branes,

for instance, by considering the world-volume theory on the D0-branes of the D0-D4-D8

system. By using the localization on the 1d system on the D0-branes or its dimensional

reduction [8, 9], the contour integral formula of the partition function has been obtained

for the case of classical gauge groups with a particular choice of matter representations [10–

14]. The precise choice of the contour of the ADHM integral has been derived in [15–17]

following the Jeffrey-Kirwan residue formula in 2d elliptic genus [18, 19].

However, there is no ADHM type construction for the exceptional gauge groups or

generic type of matter fields even for the classical group. The string-theoretic picture im-

plies that they require strong-coupling dynamics or non-Lagrangian field theories to realize

instanton moduli space of exceptional theories as a vacuum moduli space. Even though

there has been a number results regarding the exceptional instantons that we review later

in the beginning of section 3, a complete way for general instanton counting is still lacking.

To this end, we generalize the blowup formula of Nakajima-Yoshioka (NY) [5, 20–

24].1 In [28], the blow-up formula was used to compute the instanton partition function

for exceptional gauge group without matter by extrapolating the NY blowup equation to

arbitrary gauge group. This is tested against the superconformal index of 4d SCFT where

the Higgs branch is given by the instanton moduli space [29]. Since the Nekrasov partition

function computes the topological string partition function for certain toric Calabi-Yau

spaces, a similar blowup formula for topological string theory is expected. Indeed such

formulae are found and developed in [30–34]. Especially in [33, 34], non-perturbative

partition functions for 6d SCFTs are obtained using the blowup equation. We generalize

the Nakajima-Yoshioka (NY) blowup equations [5, 20–24] to arbitrary gauge group (with a

possible 5d Chern-Simons term or discrete theta angle) with hypermultiplets in arbitrary

representations. We propose a blow-up formula for a general gauge theory with arbitrary

matter representations, under the condition that the matter representation is not ‘too

large’ as we discuss shortly. This enables us to compute the instanton partition functions

for numerous gauge theories that have not been known before, without relying on the

explicit construction of the moduli space.

The basic idea is as follows: let us consider a one-point blow-up Ĉ2 of the flat space

C2. The full partition function on Ĉ2 can be written in terms of the products of the full

partition function of C2. But at the same time, the partition function on the blowup is

identical to that of the flat space since we can smoothly blow-down Ĉ2 to C2. On Ĉ2, we can

insert certain topological operator associated with the 2-cycle that turns out to be trivial

via selection rule as long as the matter representation is not ‘too large’. This provides us

functional relations for the partition function, that we call the blowup equations of the

1This is an equivariant generalization of the blow-up formula of Donaldson invariants [25], which is also

derived and generalized in the context of Seiberg-Witten theory in [26, 27].
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form

Z =
∑
~k∈∆

Z(N),d(~k)Z(S),d(~k) for 0 ≤ d ≤ dmax , (1.3)

for some value of dmax that depends on the gauge group and matter content. Here,

Z(N/S),d(~k) is given entirely in terms of the flat space partition function Z and the sum

is over the co-root vectors of the gauge group. It turns out that this equation is sufficient

to determine the instanton partition function itself as long as dmax ≥ 2. Remarkably, this

blowup equation leads to a set of recursion relations which can completely determine the

instanton contribution from the perturbative part of the partition function. Therefore we

arrive at a surprising conclusion:

The perturbative physics determines the non-perturbative physics!

Sometimes in the resurgence analysis, the perturbative partition function constrains or

even determine the non-perturbative part. This is not necessarily the case, especially for

the case of 4d N = 2 and 5d N = 1 gauge theory that we consider [35]. In our case, we

demand the consistency of the partition function as we change the spacetime smoothly,

without assuming any analytic property, which turns out to be sufficient to determine the

full partition function from the perturbative part. In fact, it was noticed several decades

ago in [36, 37] that the instanton part of the prepotential can be determined recursively

via perturbative part. What we find here is that the same statement holds at the level of

partition function in Omega background as well.

Using the blowup equation we find, we obtain the following universal expression of the

1-instanton partition function for arbitrary gauge group and matter (5d version):

Z1 =
e−

b
2

(ε1+ε2)∏
l e

mtw
l I2(Rl)

2

(1− e−ε1)(1− e−ε2)

∑
~k∈∆`

e
κeff

2
(~a·~k−dijkaikjkk)∏

ω∈Rl
L~k·~ω(~a · ~ω +mtw

l )

(1− e−ε1−ε2−~a·~k)(1− e~a·~k)
∏
~α·~k=−1

(1− e−~a·~α)
. (1.4)

Various symbols in this expression will be explained later in section 2. But we highlight

here that this formula depends only on group-theoretic data such as the set of long roots ∆`

and weight vectors for representation Rl of each hypermultiplet labeled by l. We emphasize

that even though this expression looks completely universal, this formula turns out to be

valid only if the matter representations satisfy certain constraint. For example, it fails for

the matters in the adjoint representation. We find our 1-instanton formula in 5d is valid if

dmax = h∨ − 1

2

∑
l

I2(Rl) ≥ 2 for G 6= SU(N) or Sp(N) , (1.5)

where h∨ is the dual Coxeter number of the gauge group and I2(R) is the quadratic Dynkin

index of the representation R and l runs over all hypermultiplets that are charged under the

gauge group G. We give analogous expressions for G = SU(N) or Sp(N) in section 2.3. The

complication arises because of possible Chern-Simons term and discrete theta angle. One

can consider 4d version of the partition function as well. In this case, an analogous formula

turns out to be valid for any gauge group and matters with h∨ − 1
2

∑
l I2(Rl) > 1 since we
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do not have a Chern-Simons coupling nor discrete theta angle in this case. We compute

instanton partition functions for a large number of examples and test against known results,

from which we build our confidence for the generalized blowup equation we find.

The organization of this paper is as follows: in section 2, we give a physical derivation

of the blowup equations. From this, we obtain a recursion formula to compute instanton

partition function at any number of instantons. Especially, we derive a concise closed-form

formula for one instanton partition function that works for a large number of theories. We

give a precise condition for our formula to work. In the case of 4d Nekrasov partition

function, we are able to derive the bound on the matter representation for which the

formula to work. We suggest an analogous bound for 5d version, by extrapolating known

results. In section 3, we test our formula against various known cases. Moreover, we also

obtain many previously unknown partition functions. Some of them are expressed as the

character expansion, whose form is explicitly given in appendix A. We then conclude with

several future directions.

2 Instanton counting from blow-up

The essential idea of using the blow-up of C2 for instanton counting is that the gauge

theory partition function for a 4d N = 2 (or 5d N = 1) theory on the blow-up of a point

Ĉ2 (or Ĉ2×S1) can be written in two different ways. This will allow us to write a recursion

relation for the instanton partition function that can be solved rather easily [5, 20, 21, 28].

2.1 Blowup equation

Localization on the blow-up Ĉ2. One of the expressions for the partition function Ẑ
on the blow-up Ĉ2 comes from the Coulomb branch localization, which results that Ẑ can

be obtained by patching together the flat-space partition function Z [38].

The blow-up Ĉ2 of the complex plane is constructed from C2 by replacing the origin

with a compact 2-cycle P1. In particular, the geometry is identical to the total space

of the line bundle of degree (−1) over P1. One can parametrize O(−1) → P1 using

the homogeneous coordinates (z0, z1, z2), satisfying the projective condition (z0, z1, z2) ∼
(λ−1z0, λ

1z1, λ
1z2) for any λ ∈ C∗, where the two-cycle P1 ⊂ Ĉ2 corresponds to the locus

z0 = 0. We are interested in the U(1)2 equivariant partition function, with the U(1)2 action

V rotating the complex coordinates (z0, z1, z2) as follows:

(z0, z1, z2) 7→ (z0, e
ε1z1, e

ε2z2). (2.1)

Instantons are located at two fixed points of the U(1)2 action, i.e., the north/south poles of

the P1, whose coordinates are (z0, z1, z2) = (0, 1, 0) and (0, 0, 1). Around these fixed points,

(C∗-invariant) local coordinates are given by (z0z1, z2/z1) and (z0z2, z1/z2) respectively.

The local weights under the U(1)2 action V near the fixed points are:

(z0z1, z2/z1) 7→ (eε1z0z1, e
ε2−ε1z2/z1) (near the north pole)

(z0z2, z1/z2) 7→ (eε2z0z2, e
ε1−ε2z1/z2) (near the south pole)

(2.2)
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The full partition function Ẑ on Ĉ2, which includes both the perturbative and instanton

contributions, can be obtained by performing the localization on the Coulomb branch. On

the Coulomb branch, the gauge group is generically broken to U(1)r where r is the rank

of the gauge group. The U(1)r equivariant parameters ~a naturally appear in the partition

function. One needs to sum over all distinct field configurations with zero-sized instantons

located at the north and south poles. All the inequivalent configurations are labeled by

the r-dimensional vector ~k of the first Chern numbers, corresponding to different flux

configurations on the two-cycle P1. When the gauge group has U(1) factor, we can turn

on the external flux that can be supported on the P1. We assume there is no such a factor

in the gauge group. Summing up, Ẑ can be expressed in terms of the partition function Z
on C2 as [22, 38–41]

Ẑ(~a, ε1, ε2, q, ~m) =
∑
~k∈Λ

Z(N)(~k)Z(S)(~k) , (2.3)

where the flux sum is taken over the co-root lattice Λ of the gauge algebra. Each factor

represents the partition function localized at the U(1)2 fixed points (north/south-poles of

the P1 ⊂ Ĉ2) given as

Z(N)(~k) ≡ Z
(
~a+ ~kε1, ε1, ε2 − ε1, q, ~m−

1

2
ε1

)
,

Z(S)(~k) ≡ Z
(
~a+ ~kε2, ε1 − ε2, ε2, q, ~m−

1

2
ε2

)
.

(2.4)

In addition to the Coulomb branch parameters, the partition function depends on the

Omega deformation parameters ε1, ε2 and also mass parameters ~m. The instanton fugacity

q takes the following form: for a 4d theory, it is given as q = e2πiτ = Λb0 where τ is the

complexified gauge coupling and Λ being the dynamical scale of the gauge theory. The

exponent b0 is the 1-loop beta function coefficient. For a 5d theory, it is also given by the

exponentiated gauge coupling as q = e
− 1
g2 ≡ e−m0 . Notice that the Coulomb parameter

~a gets an appropriate shift at each fixed point p, induced by the non-trivial magnetic flux
~k on the blown-up P1, with the proportionality constant H|p. The values of the moment

map H for the U(1)2 action V , i.e., dH = ιV ω, at the north and south poles are given as

H|NP = ε1 and H|SP = ε2. (2.5)

The mass parameters also get shifted since the hypermultiplet mass is twisted by SU(2)R,

which makes the combination m− ε1+ε2
2 invariant at the fixed points.2

Partition function on Ĉ2 vs C2. Another important fact for the partition function

Ẑ on the blow-up Ĉ2 is that Ẑ is actually identical to the flat-space partition function

Z [5, 20–24]. The blow-up Ĉ2 is identical to C2 except for the origin, which is replaced

by the blown-up sphere P1. Since the Nekrasov partition function gets contributions only

from the small instantons localized at the fixed points of the U(1)2 equivariant action V ,

2One can instead use the shifted mass to simplify the formula involving mass. We use unshifted mass

to match with the existing formulae in the literature.
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the size of the divisor should not affect the partition function as we smoothly shrink it. So

we expect that Ẑ = Z. This implies the following relation:

Z = Ẑ =
∑
~k∈Λ

Z(N)(~k)Z(S)(~k). (2.6)

This blow-up identity can be thought of as a special case of more generalized orbifold

partition functions [41–45]. For example, the Nekrasov partition function on the orbifold

C2/Z2 can be computed in two different ways, one is via formula analogous to (2.3) by

combining the contributions from two fixed points of the blown-up geometry O(−2)→ P1.

The other way is to compute the partition function at the orbifold point using the ADHM

construction for the orbifolds. The Nekrasov partition function still remains the same as

we blow up or down the singular point.3 The only difference in our case is that we blow-up

or down a non-singular point instead of a singular point.

Correlation functions in 4d. The equation (2.6) itself is not enough to fix the partition

function completely, since there are 3 unknown functions and only one relation. It turns out

the necessary additional relations can be found from the insertion of non-trivial Q-closed

operators [5, 21] associated to the two-cycle on the blow-up.

In the 4d Donaldson-twisted theory, the Q-invariant observable O2 associated to a

two-cycle can be constructed by applying the topological descent procedure twice to the

Casimir invariant O0 = Tr(Φ2) as [46]

0 = {Q,O0}, dO0 = {Q,O1}, dO1 = {Q,O2},
dO2 = {Q,O3}, dO3 = {Q,O4}, dO4 = 0 .

(2.7)

In our case, we consider a U(1)2-equivariant version of the topological descent procedure,

that is to choose Q so that Q2 = LV and also change d→ D ≡ d+ιV to obtain the operator

associated to the two-cycle. In terms of the component fields, it can be written as [47]

OP1 =

∫
P1

O2 =

∫
M4

{
ω ∧ Tr

(
ΦF +

1

2
ψ ∧ ψ

)
+H Tr

(
F ∧ F

)}
. (2.8)

Here ω and H are the Kähler two-form on the P1 and the moment map ιV ω = dH, respec-

tively. M4 denotes the spacetime. The first part of (2.8) without H is the non-equivariant

version of the topological operator associated to two-cycle. It is convenient to study the

generating function 〈etOP1 〉 of the correlators 〈OP1 . . .OP1〉. This causes a shift of the in-

stanton parameter by q → q exp(tH) at the fixed points of the blow-up Ĉ2 [5, 20, 21]. The

expectation value of the generating function can be written as

Ẑt ≡ 〈etOP1 〉 =
∑
~k∈Λ

Z(N),t(~k) · Z(S),t(~k) , (2.9)

3This simple picture does not necessarily hold when there are too many hypermultiplets, due to some

subtle scheme dependence related to the wall-crossing [43].
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where

Z(N),t(~k) ≡ Z
(
~a+ ~kε1, ε1, ε2 − ε1, q exp(tε1), ~m− 1

2
ε1

)
,

Z(S),t(~k) ≡ Z
(
~a+ ~kε2, ε1 − ε2, ε2, q exp(tε2), ~m− 1

2
ε2

)
.

(2.10)

Now, as we shrink the two-cycle P1 to recover the flat C2, the effect of inserting

(OP1)d turns out to give a vanishing contribution for small d due to the selection rule. We

recall that the instanton breaks the U(1)R symmetry to the discrete subgroup Z2b0 with

b0 = 2h∨−
∑

l I2(Rl) where the sum is over all hypermultiplets, and h∨ is the dual Coxeter

number of the gauge group and Rl denotes the representation of the l-th hypermultiplet and

I2(R) being the quadratic Dynkin index.4 The first term of the operator OP1 (the two-form

piece) carries R-charge +2, which is the familiar non-equivariant version. This discrete R-

charge is sometimes called as a ghost number. The correlation functions vanish unless the

R-charges add up to zero, modulo 2b0 = 4h∨ − 2
∑

l I2(Rl). Therefore, expanding (2.9) in

powers of t, we find

〈etOP1 〉 = Z +O
(
t2h
∨−

∑
l I2(Rl)

)
. (2.11)

This is our blowup equation. To show this, notice that each term at order tm carries pieces

with R-charge between 0 and 2m. When m < b0, the only possible non-trivial contribution

comes from the R = 0 piece
∫
HF ∧ F at zero instanton sector. This piece vanishes

for zero instanton sector (at the north/south poles). For n-instanton sector, one should

have R = 2b0n, which is the condition to absorb the fermionic zero modes. For m ≥ b0,

we always have a term that absorbs all the fermionic zero modes (or the term that has

R ≡ 0 mod 2b0n) so they do not vanish.

We see that as long as the hypermultiplet representation is not too large, i.e., when

b0 = 2h∨−
∑

l I2(Rl) > 2, this allows us to write 3 independent relations for the 3 unknown

variables. One can expand 〈etOP1 〉 to order t2, O(t2) and then recursively solve for Z at

each instanton number. So the instanton part of the partition function will be completely

determined from the perturbative partition function. An explicit form of the recursion

relation will be studied in section 2.2.

Correlation functions in 5d. We now turn to 5d N = 1 gauge theory wrapped on S1.

The Casimir invariant Tr(Φ2) and its descendants are no longer considered as well-defined

observables. Instead, there are two types of Q-invariant observables [48]. The first type

of observables are constructed from the 5d Wilson loop on the S1 by applying the descent

procedure. The second type of observables introduce the 3d (Kähler) Chern-Simons term,

which can be written as [48, 49]

OP1 = exp

[ ∫
S1×M4

(
ω ∧ Tr

(
A ∧ dA+

2

3
A ∧A ∧A

)
(2.12)

+ ω ∧
(
φF +

1

2
ψ ∧ ψ

)
∧ dt+H Tr

(
F ∧ F

)
∧ dt

)]
.

4We normalize it so that I2(F) = 1 for the fundamental representation F.
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It can be viewed as the natural S1 uplift of (2.8) via exponentiation. The correlation

function is now given by

Ẑd ≡ 〈(OP1)d〉 =
∑
~k∈Λ

Z(N),d(~k) · Z(S),d(~k) , (2.13)

where

Z(N),d(~k) ≡ Z
(
~a+ ~kε1, ε1, ε2 − ε1, q exp

((
d− b

2

)
ε1

)
, ~m− 1

2
ε1

)
,

Z(S),d(~k) ≡ Z
(
~a+ ~kε2, ε1 − ε2, ε2, q exp

((
d− b

2

)
ε2

)
, ~m− 1

2
ε2

)
.

(2.14)

Here the quantity b is given as

b ≡ h∨ − 1

2

∑
i

I2(Ri)− κeff , κeff = κ− 1

2

∑
i

I3(Ri) , (2.15)

where I2(R) and I3(R) are quadratic and cubic Casimir invariants respectively. We note

that d appearing in the exponential in (2.14) has to be an integer to be gauge-invariant.

The reason that the instanton parameter is further shifted by exp( b2H|p) is that the

instanton mass parameter is twisted by SU(2)R as in the case of the hypermultiplet mass.

The SU(2)R twisted mass of the instanton soliton is given by minst ≡ m0,eff − κeff ε+.

The effective Chern-Simons coupling κeff also induces an electric charge to the instanton,

contributing to its ground state energy as E0 = minst − ~a · ~Π, where ~Π is the U(1)r ⊂ G

electric charge.5 To keep the effective instanton mass minst invariant at a fixed point p of

the blow-up Ĉ2, we require the shifted gauge coupling m0|p to be

m0|p = m0 +
b

2
H|p with b ≡ h∨ −

∑
i

I2(Ri)

2
− κeff. (2.16)

For the case of 5d pure N = 1 SYM, the correlation function turns out to be

〈(OP1)d〉 = Z for 0 ≤ d ≤ dmax , (2.17)

where dmax = h∨.6 We call (2.17) as the blowup equation. The value of dmax depends

on the matter content and gauge group. For dmax ≥ 2, there are a sufficient number of

algebraic relations to determine the instanton partition function recursively in increasing

order of instantons. This fact was utilized in [28] to compute instanton partition function

for the gauge theories with exceptional gauge groups, for which the ADHM construction

of instanton moduli space is unknown.

In this paper, we aim at developing the relation (2.17) for various 5d N = 1 gauge

theories with hypermultiplets in various representations, so as to compute the instanton

partition function. We will identify a certain bound on d in section 2.3 as the necessary

condition for (2.17) for a large number of theories. We conjecture that the bound on d

5This agrees with the supersymmetric Casimir energy of the ADHM quantum mechanics.
6This was shown in [21] for the case of G = SU(N).
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we obtain is actually sufficient to obtain the blowup equation (2.17). While we do not

attempt to prove this sufficiency, we compute n-instanton partition function Zn, based on

the recursion formula that will be derived shortly from (2.17), and confirm the agreement

with the known result obtained from an alternative method.

We find a universal expression for the bound on d when the gauge group is neither

SU(N) nor Sp(N):

dmax = h∨ − 1

2

∑
l

I2(Rl) for G 6= SU(N) or Sp(N). (2.18)

This is essentially identical condition as in 4d N = 2 gauge theory. But in 5d, some new

effects come into play. For the SU(N) case, we can have a Chern-Simons term generated at

1-loop, which alters the bound on d. When there is neither bare nor effective Chern-Simons

coupling, the same bound holds for the SU(N) case as well. The detailed condition will be

given in section 2.3. For the case of Sp(N), one can turn on the discrete θ-parameter and

it turns out the bound on d depends on this parameter.

2.2 Recursion formula for 5d instanton partition function

The blowup equation (2.17) can be translated to a recursion formula on the (5d) n-instanton

contribution Zn to the full partition function Z. To derive this, we decompose the partition

function Z in terms of the classical, one-loop, and instanton pieces:

Z(~a, ε1, ε2, q, ~m) = Zclass(~a, ε1, ε2, q, ~m) · Z1-loop(~a, ε1, ε2, ~m) · Zinst(~a, ε1, ε2, q, ~m), (2.19)

where Zinst can be further expanded in terms of the instanton fugacity q as7

Zinst(~a, ε1, ε2, q, ~m) =
∑
n≥0

qnZn(~a, ε1, ε2,m) . (2.20)

Then the blowup equation (2.17) can be written as

Zinst =
∑
~k

Z(N),d
class (~k)Z

(S),d
class (~k)

Zclass

Z
(N),d
1-loop(~k)Z

(S),d
1-loop(~k)

Z1-loop

Z(N),d
inst (~k)Z

(S),d
inst (~k)

≡
∑
~k

fd(~k)Z
(N),d
inst (~k)Z

(S),d
inst (~k) ,

(2.21)

where the superscript (N/S), d denotes the appropriate shift of the parameters, specified

in (2.10). The function fd(~k) is determined only via the perturbative part of the partition

function.

7Sometimes the instanton partition function is expanded in powers of the shifted instanton mass

q exp(−b ε1+ε2
2

) instead of q [21, 22, 28]. We expand it with the true instanton fugacity, which makes

the symmetry property ε1,2 → −ε1,2 of Zn manifest. This is the one that we obtain using the ADHM

quantum mechanics.
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We recall the known expressions for the classical and 1-loop partition function (in

5d) [3, 50, 51]:8

Zclass = exp

[
1

ε1ε2

(
1

2
m0 hijaiaj +

κ

6
dijka

iajak
)]

, (2.22)

Zvec
1-loop = exp

[
1

ε1ε2

∑
~α∈∆

(
(~a · ~α+ ε+)3

12
− ε21 + ε22 + 24

48
(~a · ~α+ ε+) + 1

)]
(2.23)

× PE

[
− p1p2

(1− p1)(1− p2)

∑
~α∈∆

e−~a·~α

]
for the vector multiplet

Zhyp,l
1-loop = exp

[
− 1

ε1ε2

∑
~ω∈Rl

(
(~a · ~ω +ml)

3

12
− ε21 + ε22 + 24

48
(~a · ~ω +ml) + 1

)]
(2.24)

× PE

[
+

(p1p2)
1
2 · y`

(1− p1)(1− p2)

∑
~ω∈Rl

e−~a·~ω

]
for the l’th hypermultiplet

where p1 ≡ e−ε1 , p2 ≡ e−ε2 , yl ≡ e−ml , q ≡ e−m0 .9 Also ∆ is the set of all roots and

~ω runs over all weight vectors in representation R`. Here, PE represents the Plethystic

exponential

PE [f(~a, ε1, ε2,m0, ~m)] ≡ exp

( ∞∑
n=1

1

n
f(n~a, nε1, nε2, nm0, n~m)

)
. (2.25)

We also set the radius of S1 as β = 1. Also, the symbols hij and dijk are defined as

hij = Tr(TiTj) , dijk =
1

2
TrTi{Tj , Tk} , (2.26)

where Ti are the generators of the gauge algebra. They satisfy the relations∑
~ω∈R

(~a · ~ω)(~b · ~ω)(~c · ~ω) = I3(R) dijk a
ibjck,∑

~ω∈R
(~a · ~ω)(~b · ~ω) = I2(R)hij a

ibj ,∑
~ω∈R

(~a · ~ω) = 0,

(2.27)

where I2(R) and I3(R) are the quadratic and cubic Dynkin indices.

8There exists an ambiguity in writing the perturbative partition function, which depends on a choice of

the C2 boundary condition at infinity. The equations (2.23) and (2.24) are fixed upon a specific choice.

The ‘Casimir part’ of Z1-loop is included here to make fd(~k)1-loop and thus the whole blow-up equations

respect the charge conjugation, regardless of the ambiguity. We thank Hee-Cheol Kim for the related

comment.
9We assume a particular Weyl chamber in the Coulomb branch, i.e., 0 < ai < ε+ < m for all i ∈

{1, · · · , r}.
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Substituting them to (2.21), we obtain the ratio of three different Z’s given as

fd(~k)class = q
~k·~k
2 (p1p2)( b

2
−d)(

~k·~k
2

)+κ
6
dijk k

ikjkk × e−( b
2
−d)(~a·~k) e−

κ
2
dijk a

ikjkk , (2.28)

fd(~k)vec
1-loop = e

h∨
2

(~a·~k)
∏
α∈∆

L~k·~α(~a · ~α, ε1, ε2)−1 , (2.29)

fd(~k)hyp
1-loop = e−

I2(Rl)

4
(~a·~k)+

I3(Rl)

4
dijk a

ikjkk(p1p2)
I2(R`)

8
(~k·~k)− I3(Rl)

12
dijk k

ikjkk (2.30)

× y−
I2(R`)

4
(~k·~k)

`

∏
ω∈Rl

L~k·~ω(~a · ~ω +mtw,l, ε1, ε2) ,

where we split the fd(~k) into classical and 1-loop pieces for vector and hypermultiplet. Here

we used I2(adj) = 2h∨, I3(adj) = 0, and also the fact hij and dijk are totally symmetric.

We also define mtw ≡ m− ε+. The function Lk(x, ε1, ε2) is introduced to denote concisely

the combination of the PE parts:

Lk(x, ε1, ε2) ≡ PE

[
e−x

(
pk1 p2

(1− p1)(1− p2

p1
)

+
p1 p

k
2

(1− p1

p2
)(1− p2)

− p1p2

(1− p1)(1− p2)

)]
.

(2.31)

One can easily check that the expression inside the PE vanishes at k = 0, 1. After some

work, it is not difficult to find that

Lk(x, ε1, ε2) =



∏
m+n≤k−2

(1− pm+1
1 pn+1

2 e−x) for k ≥ +2

∏
m+n≤−k−1

(1− p−m1 p−n2 e−x) for k ≤ −1

1 for k = 0, 1.

. (2.32)

Combining them all together, the recursion formula on the n-instanton piece Zn can be

written as

Zn =
∑

1
2
~k·~k+`+m=n

(
(p1p2)( b

2
−d)(

~k·~k
2

)+
κeff

6
dijk k

ikjkke(d+
κeff

2
)(~a·~k) e−

κeff
2
dijk a

ikjkk (2.33)

×
∏
l y
−I2(Rl)(

~k·~k
4

)

tw,l

∏
ω∈Rl

L~k·~ω(~a · ~ω +mtw,l, ε1, ε2)∏
α∈∆ L~k·~α(~a · ~α, ε1, ε2)

· p( b
2
−d)`

1 p
( b

2
−d)m

2 Z
(N)
` (~k)Z(S)

m (~k)

)
,

where ytw,l ≡ e−mtw,l = yl/
√
p1p2 and l runs over all hypermultiplets in the theory. This is

a generalization of the recursion formula found for the pure SYM case [21, 22].

Solving the recursion formulae. The recursion relation (2.33) can be rewritten as

Zn = p
n( b

2
−d)

1 Z(N)
n + p

n( b
2
−d)

2 Z(S)
n + I(d)

n with an allowed range of d, (2.34)
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where I
(d)
n is defined as

I(d)
n =

∑
1
2
~k·~k+`+m=n

`,m 6=n

(
(p1p2)( b

2
−d)(

~k·~k
2

)+
κeff

6
dijk k

ikjkke(d+
κeff

2
)(~a·~k) e−

κeff
2
dijk a

ikjkk (2.35)

×
∏
l y
−I2(Rl)(~k·~k/4)
tw,l

∏
ω∈Rl

L~k·~ω(~a ·~ω+mtw,l, ε1, ε2)∏
α∈∆L~k·~α(~a ·~α,ε1, ε2)

·p( b
2
−d)`

1 p
( b

2
−d)m

2 Z
(N)
` (~k)Z(S)

m (~k)

)
.

Notice that we have a set of equations labeled by the parameter d. If the blowup equation

holds for at least 3 values of d, we can solve it for Zn. The n-instanton partition function

Zn is given as the solution to the three linear equations (2.34) with consecutive integers

{d0, d0 + 1, d0 + 2},

Zn(~a, ε1, ε2, ~m) =
pn1p

n
2 I

(d0+2)
n − (pn1 + pn2 ) I

(d0+1)
n + I

(d0)
n

(1− pn1 )(1− pn2 )
. (2.36)

Since I
(d)
n only involves low-order instanton corrections, the n-instanton partition function

Zn can be constructed from Zm<n, allowing us to obtain the full non-perturbative part

Zinst in a recursive manner starting from Z0 = 1.

Therefore we arrive at a remarkable conclusion. The non-perturbative partition func-

tion Zinst is completely fixed by the perturbative partition function! We note that we do

not reach this conclusion by requiring the perturbative series to be well-behaved, as is often

done in the resurgence analysis. Instead, we demand consistency upon smooth deformation

of the spacetime C2 or C2×S1. Such consistency condition requires non-perturbative parts

to exist and even enough to fix the instanton partition function (at least for a large number

of examples).

Now, let us write the solution for 1-instanton explicitly. At one instanton level, the

formula (2.35) can be written as

I
(d)
1 =

∑
~k∈∆`

(
(p1p2)( b

2
−d)e(d+

κeff
2

)(~a·~k) e−
κeff

2
dijk a

ikjkk

×
∏
l y
−I2(Rl)/2
tw,l

∏
ω∈Rl

L~k·~ω(~a · ~ω +mtw,l, ε1, ε2)

(1− p1p2e−~a·
~k)(1− p−1

1 e~a·~k)(1− p−1
2 e~a·~k)(1− e~a·~k)

∏
~α·~k=−1

(1− e−~a·~α)

)
,

(2.37)

where ∆` is the set of long roots (~k · ~k = 2) and we used Z0 = 1. It turns out to be more

convenient to express Z1 by decomposing I
(d)
1 into the flux sum, i.e., I

(d)
1 ≡

∑
~k∈∆`

i
(d)
1 (~k),

where

i
(d)
1 (~k) ≡ (p1p2)( b

2
−d) e(d+

κeff
2

)(~a·~k)e−
κeff

2
dijka

ikjkk (2.38)

×
∏
l(y

tw
l )−I2(Rl)/2

∏
ω∈Rl

L~k·~ω(~a · ~ω +mtw,l, ε1, ε2)

(1− p1p2e−~a·
~k)(1− e~a·~k)(1− p−1

1 e~a·~k)(1− p−1
2 e~a·~k)

∏
~α·~k=−1

(1− e−~a·~α)
.
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Using the property i
(d0+ℵ)
1 (~k)/i

(d0)
1 (~k) = (p1p2)−ℵ eℵ(~a·~k), the one-instanton partition func-

tion Z1 can be written as

Z1 =
∑
~k∈∆`

(1− p−1
1 e~a·

~k)(1− p−1
2 e~a·

~k)

(1− p1)(1− p2)
· i(d0)

1 (~k) (2.39)

=
(p1p2)( b

2
−d0)∏

l(y
tw
l )−

I2(Rl)

2

(1− p1)(1− p2)

∑
~k∈∆l

e(d0+
κeff

2
)(~a·~k)−κeff

2
dijka

ikjkk∏
ω∈Rl

L~k·~ω(~a · ~ω +mtw
l )

(1− p1p2e−~a·
~k)(1− e~a·~k)

∏
~α·~k=−1

(1− e−~a·~α)
.

Notice that there are multiple options for choosing d0. However, we find that (2.39) is

independent of a specific choice of d0. Once we choose d0 = 0, for instance, which works

in most cases,10 (2.39) becomes

Z1 =
(p1p2)

b
2
∏
l(y

tw
l )−

I2(Rl)

2

(1− p1)(1− p2)

∑
~k∈∆`

e
κeff

2
(~a·~k−dijkaikjkk)∏

ω∈Rl
L~k·~ω(~a · ~ω +mtw

l )

(1− p1p2e−~a·
~k)(1− e~a·~k)

∏
~α·~k=−1

(1− e−~a·~α)
. (2.40)

When the hypermultiplets are in the representations with |~k · ~w| ≤ 1 for all ~w ∈ R, we have∏
ω∈R
L~k·~ω(~a · ~ω +mtw, ε1, ε2) =

∏
~k·~ω=−1

(1− ytwe
−~a·~ω). (2.41)

The formula (2.39) indeed reduces to the pure YM partition function derived in [28, 52]

upon removing hypermultiplets and Chern-Simons levels up to the overall factor (p1p2)
b
2 =

e−
h∨
2

(ε1+ε2) that accounts for the shift of instanton fugacity.

We claim that (2.39) is the closed-form expression for the one-instanton partition

function, which holds universally for any gauge theory with dmax > 2. In section 2.3, we

study the structure of the blowup equations to bound the number of possible independent

equations.

2.3 Number of independent blowup equations

We are mainly interested in 4d N = 2 and 5d N = 1 gauge theories which are UV-

complete. The UV-complete set of 4d N = 2 gauge theories are classified in [53]. For

5d gauge theories that are UV complete as 5d SCFTs, possible matter representations are

restricted to [54]:11

• fundamental representation for SU(N), SO(N), Sp(N), G2, F4, E6, E7

• antisymmetric representation for SU(N), Sp(N)

• spinor representation for SO(N) with 7 ≤ N ≤ 14

• rank-3 antisymmetric representation for Sp(3), Sp(4), SU(6), SU(7)

• symmetric representation for SU(N).

10A numerical value of d0 should be a half-integer for theories with G = Sp(N)θ=π.
11A gauge group is always assumed to be simple in the current paper.
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In the case of 4d, we can also have the following additional cases:

• adjoint representation for arbitrary group

• rank-3 antisymmetric for SU(8)

• 16 for Sp(2) (half-hypermultiplet)

We note that though our blow-up formula is applicable to a large number of 5d theories

with various matter representations, we are not able to apply our formula for some cases

including the one with adjoint hypermultiplet since the number of independent blowup

equations is smaller than 3.

The formula (2.33) is valid only for a certain range of d, for which 〈(OP1)d〉 = Z.

We want to narrow down the valid range of d by performing a simple sanity check on the

blowup equation for the one-instanton partition function:

Z1 = p
b
2
−d

1 Z
(N)
1 + p

b
2
−d

2 Z
(S)
1 + I

(d)
1 with an allowed range of d . (2.42)

Specifically, we want to examine the expansion of each term in (2.42) in powers of p1p2 � 1.

The leading exponent of each term behaves as

I
(d)
1 ∼

g0(~a, ~mtw) · (p1p2)
b
2
−d+1 + · · · for Nsym = 0

g0(~a, ~mtw) · (p1p2)
b
2
−d + · · · for Nsym = 1

Z1 ∼ g1(~a, ~mtw) · (p1p2)
s
2 + · · ·

p
b
2
−d

1 Z
(N)
1 ∼ p

b
2
−d

2 Z
(S)
1 ∼ g2(~a, ~mtw) · (p1p2)

b
4
− d

2
+ s

4 + · · · ,

(2.43)

where g0,1,2(~a, ~mtw) are functions independent of p1,2 and Nsym denotes the number of

symmetric representation. The numerical value of s will be obtained shortly for a variety

of gauge theories for which ADHM-like construction is available. Notice that for the equa-

tion (2.42) to be true, some terms on the right-hand side should have the leading exponent

less than or equal to that of Z1. Therefore, the condition d− b
2 ≥ −

s
2 is naturally imposed,

setting a lower bound on d.

Similarly, an upper bound on d can be found from an expansion of (2.42) with respect

to 1/p1p2 � 1.12 Each term in (2.42) can be written as

I
(d)
1 ∼

h0(~a, ~mtw) · (1/p1p2)d−
b
2

+1 + · · · for Nsym = 0

h0(~a, ~mtw) · (1/p1p2)d−
b
2 + · · · for Nsym = 1

Z1 ∼ h1(~a, ~mtw) · (1/p1p2)
s′
2 + · · ·

p
b
2
−d

1 Z
(N)
1 ∼ p

b
2
−d

2 Z
(S)
1 ∼ h2(~a, ~mtw) · (1/p1p2)

d
2
− b

4
+ s′

4 + · · · .

(2.44)

12This is equivalent to assuming a different parameter regime 0 < ai < −ε+ < m for all 1 ≤ i ≤ r. In

general, an explicit form of the 1-loop partition function (2.23)–(2.24) can change depending on a param-

eter regime, thus affecting (2.33). However, all the above expressions remain valid under flipping a sign of

ε+, such that we can simply study the expansion of the single terms in (2.42) with respect to 1/p1p2 � 1.
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Again, for (2.42) to be consistent, the leading exponent of Z1 should be greater than or

equal to those of the terms on the right-hand side. Such a requirement imposes an upper

bound on d, namely s′

2 ≥ d − b
2 . Combining the two inequalities, one can identify the

following range

− s

2
+
b

2
≤ d ≤ s′

2
+
b

2
, (2.45)

as a necessary condition for (2.42). We explicitly checked that the n-instanton partition

function Zn actually satisfies all the ( s+s
′

2 ) recursion relations up to a certain value of

n > 1 for numerous examples whose Zn is already known from alternative methods. This

is true even though the bound (2.45) itself is merely a necessary condition found from one-

instanton analysis. Based on this empirical observation, we claim that the 5d recursion

formulae (2.33) within the above range of d is true at all instanton orders.

Another remarkable thing is that a numerical value of (s, s′) exhibits the very simple

pattern across a broad range of theories whose gauge group is not SU(N)κ.

s = s′ = h∨ − 1

2

∑
l

I2(Rl) for G 6= SU(N)κ nor Sp(N)

s = s′ − 2

{
Nf

2

}
= h∨ − 1

2

∑
l

I2(Rl) for G = Sp(N)θ=0 (2.46)

s = s′ + 2

{
Nf

2

}
= h∨ − 1

2

∑
l

I2(Rl) + 1 for G = Sp(N)θ=π

where {x} ≡ x−bxc denote the non-integer part of x. As the above numerical pattern (2.46)

emerges for all G 6= SU(N)κ examples that we studied, we conjecture that (2.46) is generally

true, thereby taking the recursion formulae (2.33) with

0 ≤ d ≤ h∨ − 1

2

∑
l

I2(Rl) for G 6= SU(N)κ nor Sp(N),

0 ≤ d ≤ h∨ − 1

2

∑
l

I2(Rl) +

{
Nf

2

}
for G = Sp(N)θ=0, (2.47)

−1

2
≤ d ≤ h∨ − 1

2

∑
l

I2(Rl) +
1

2
−
{
Nf

2

}
for G = Sp(N)θ=π,

as a basic assumption to obtain the partition function Z for any G 6= SU(N)κ gauge

theory. It would be desirable to understand from the first principle the range (2.47) of d

for which (2.33) holds true.

It turns out to be more difficult to characterize a general pattern behind (s, s′) for

SU(N)κ gauge theories, due to extra complication caused by the 5d Chern-Simons level

κ. Here we consider two particular classes of SU(N)κ gauge theories for illustration. For

SU(N)κ +NfF gauge theory (Nf fundamental hypermultiplets) with Nf + 2|κ| ≤ 2N , we
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find that

s =


Nf

2
if κeff = N −Nf ,

N − 1

2

∑
l

I2(F) + |κeff| otherwise,
(2.48)

s′ =


Nf

2
if κeff = −N,

N − 1

2

∑
l

I2(F) + |κ̄eff| otherwise,
(2.49)

where κ̄eff ≡ κ+ 1
2

∑
l I3(F). Plugging in these values to (2.45), we find the range of d to be

0 ≤ d ≤ N if κ = −N +
Nf

2
,

0 ≤ d ≤ N −
Nf

2
− κ if κ ∈

(
−N +

Nf

2
,−

Nf

2

]
,

0 ≤ d ≤ N if κ ∈
[
−
Nf

2
,+

Nf

2

]
, (2.50)

Nf

2
− κ ≤ d ≤ N if κ ∈

[
Nf

2
, N −

Nf

2

)
,

0 ≤ d ≤ N if κ = N −
Nf

2
,

which always includes the range 0 ≤ d ≤ N . Thus the recursion formula (2.33) holds for

at least 3 values of d, which is enough to determine the partition function Zinst completely.

For the SU(N)κ +NfF + 1AS theory (Nf fundamentals and 1 anti-symmetric tensor)

with Nf + 2|κ| ≤ N + 4, we find

s = min

(
N − 1

2

∑
l

I2(Rl)− (κeff − 2), N − 1

2

∑
l

I2(Rl) + 2
{κeff

2

})

s′ = min

(
N − 1

2

∑
l

I2(Rl) +

(
κeff +

∑
l

I3(Rl) + 2

)
,

N − 1

2

∑
l

I2(Rl) + 2

{
− κeff

2
+

1

2

∑
l

I3(Rl)

})
(2.51)

for most cases except for

s =
N

2
+ 2 N ∈ 2Z, Nf = 0, κ =

N

2
+ 1,

s′ =
N

2
+ 2 N ∈ 2Z, Nf = 0, κ = −N

2
− 1, (2.52)

from which one can identify the valid range of d via (2.45). As long as there exist at least

three distinct allowed values for d for given (N,κ), the corresponding partition function

Zinst can be solved from the recursion formula (2.33).
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G Hypermultiplets Conditions for dmax ≥ 2 (s, s′) d

SU(N)κ NfF Always (2.48) (2.50)

SU(N)κ NfF + 1AS
Nf ≤ N − 1

(2.51) (2.45)
Nf = N, κ ≡ N + 1 (mod 2)

Sp(N)θ=0 NfF +NaAS Na(N − 1) + bNf/2c ≤ N − 1

(2.46) (2.47)

Sp(N)θ=π NfF +NaAS Na(N − 1) + dNf/2e ≤ N
SO(2N) NvV +NsS +NcC Nv + 2N−4(Ns +Nc) ≤ 2N − 4

SO(2N + 1) NvV +NsS Nv + 2N−3Ns ≤ 2N − 3

E6 NfF +Nf̄ F̄ Nf +Nf̄ ≤ 3

E7 NfF Nf ≤ 2

E8 ∅

Table 1. List of 5d gauge theories whose partition function is determined via the blowup equations.

The number of hypermultiplets are bounded so that there are at least 3 blowup equations. For the

case of SU(N) + NfF theory, it turns out that the Young diagram formula (3.1) always satisfy

at least 3 blowup equations. When Nf + 2|κ| > 2N , however, this formula does not produce the

correct partition function for the UV field theory as we discuss in the text.

We also consider SU(6)κ+1TAS theory (one rank-3 antisymmetric tensor) with |κ| ≤ 3

in section 3. This model can be Higgsed to two disjoint copies of SU(3)κ theory without

a bifundamental hypermultiplet [55]. At the level of the partition function, Higgsing is

realized by turning off mtw = 0 and imposing the SU(3) traceless conditions. As neither of

them modifies s nor s′, the numerical value of (s, s′) must be identical to that of SU(3)κ
gauge theory, the blowup equation always holds for the range 0 ≤ d ≤ 3. Therefore, the

recursion formula (2.33) is enough to determine the instanton partition function Zinst for

SU(6)κ + 1TAS theory as well.

We give the list of theories we consider in the current paper in table 1.

3 Examples

The recursion formula (2.33) for the n-instanton partition function and also the general ex-

pression (2.39) at one-instanton order are widely applicable to 5d N = 1 (and also similarly

to 4d N = 2) gauge theory whose (s, s′) satisfies s+s′

2 ≥ 2. Combined with the observation

that (s, s′) follows (2.46) in most cases, they become a very efficient approach to obtaining

the BPS partition function on C2×S1 (or C2), unless the matter representation is ‘too large.’

Conventionally, the instanton partition function can be computed by employing the

ADHM construction of the instanton moduli space [3, 4, 7] or by applying the topological

vertex formalism to the 5-brane web [56, 57]. Both are based on a certain UV realization

of 5d N = 1 gauge theory via geometric engineering in string theory. Even though IR 5d

gauge theory sometimes can be obtained using more than one string theory realizations,

the correct UV completion might be only achieved through specific string theory realiza-

tions. For instance, the SU(2) gauge theory with Nf fundamental hypermultiplets with
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Nf ≥ 5 must be embedded into D4-D8-O8 brane system to be UV-completed as 5d ENf+1

Minahan-Nemeschansky SCFT [58–60]. Ordinary (p, q) 5-brane web with colliding branes

(without O-planes) indicate UV inconsistency [61]. A sensible QFT observable can thus be

obtained only through a proper embedding of the gauge theory into string theory. In some

occasions, an extra factor dressing the true QFT observable may appear during the above

instanton computation, which is sensitive to the choice of a string theory embedding. Our

blow-up formula (2.33) does not explicitly specify a particular UV completion nor string

theory embedding. However, we observe that the formula does prefer a particular string

theory embedding of the gauge theory. For example, for the SU(2) gauge theory with Nf

fundamental hypermultiplets, we find the partition function obtained from the blow-up

formula agrees with the partition function obtained from the ordinary (p, q) 5-brane webs.

There are wide varieties of ‘exceptional’ gauge theories (having exceptional gauge

groups or exotic matter representations) whose UV completion is found as M-theory

wrapped on a singular Calabi-Yau 3-fold [62–65]. As most exceptional theories lack the

ADHM description [66], their instanton partition function Zinst has been studied in a case-

by-case basis. Once the 5-brane web configuration engineering an exceptional theory is

identified [55, 67, 68], the topological vertex formalism can be applied to compute the

relevant partition function Z [57, 69]. Alternatively, one can first construct the C2 × T 2

partition function for a related 6d gauge theory, based on its modularity and anomaly,

then take the circle reduction to obtain the 5d partition function Z [70, 71]. Several inter-

esting exceptional theories have been studied so far, based on the above two approaches.

Sometimes, there exists auxiliary 4d N = 2 SCFT [72] that realizes exceptional instanton

moduli space as its Higgs branch.13 In this case, computing the superconformal index in

the Higgs branch limit provides a way to compute the necessary instanton partition func-

tion for the exceptional gauge theory [29, 74–77]. Likewise, 3d N = 4 theory can realize

exceptional instanton moduli space via its Coulomb branch [78]. Computing its Hilbert

series (or the Coulomb branch limit of the superconformal index), one can compute the

instanton partition function [79, 80]. We will illustrate that bootstrapping the instanton

partition function Zinst based on the recursion formula (2.33) works well for those ‘excep-

tional’ theories, providing their BPS spectrum efficiently.

3.1 Theories with known ADHM description

Let us first consider the ‘standard’ gauge theories with classical gauge groups, whose hyper-

multiplet admits UV realization as a perturbative string ending on D-branes. In these cases,

the ADHM construction of the instanton moduli space is well-known [3, 7, 51]. As for the

k-instanton partition function Zk, the Witten index of the relevant ADHM quantum me-

chanics can be computed by SUSY localization [15, 81–83], ending up collecting all Jeffrey-

Kirwan residues of a multi-dimensional contour integral. We will examine whether the

recursion formula (2.33) actually produces the same result as the localization computation.

13Also 2d N = (0, 4) version [73] for any 4d N = 2 theory can be obtained upon twisted dimensional

reduction, which allows us to compute the 6d instanton string partition function.
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SU(N). The ADHM construction for the n-instanton partition function, for SU(N)κ +

NfF (Nf fundamentals) theory with Nf + 2|κ| ≤ 2N is well-known. Its partition function

can be written as a sum over Young diagrams as

ZADHM
n =

∑
|~Y |=n

N∏
i=1

∏
σ∈Yi

e−κφ(s)
∏Nf
l=1 2 sinh φ(σ)+ml

2∏N
j=1 2 sinh

Eij
2 2 sinh

Eij−2ε+
2

, (3.1)

where

Eij(σ) = ai − aj − ε1hi(σ) + ε2(vj(σ) + 1)

ϕ(σ) = ai − ε+ − (n− 1)ε1 − (m− 1)ε2 for σ = (m,n) ∈ Yi .

Here hi(σ) denotes the distance from σ to the right end of the diagram Yi by moving right

and vj(σ) denotes the distance from σ to the bottom of the diagram Yj by moving down.

We checked that the instanton partition functions Z1 and Z2 obtained from the recursion

formula (2.33) with (2.50) and the 1-instanton expression (2.39) precisely agree with the

above ZADHM
n=1,2 for N = 2, 3, 4.

As we have said earlier, ZADHM
n often contains an additional factor Zextra that captures

the contribution from an extra branch of vacua of the ADHM quantum mechanics. It is

sensitive to the string theory embedding (UV completion) of the gauge theory and can be

regarded as spurious from the 5d QFT perspective. It is usually factorized from the true

QFT partition function as

∞∑
n=0

qn ZADHM
n (~a, ε1, ε2, ~m) = ZQFT(~a, ε1, ε2, ~m, q) · Zextra(ε1, ε2, ~m, q). (3.2)

A non-trivial Zextra 6= 1 appears in the above expression (3.1) if and only if Nf +2|κ| = 2N .

This factor can be identified as the contribution of D1-branes escaping from D5-branes

which engineer the SU(N)κ + NfF gauge theory. Since Zn = ZADHM
n , the same factor

Zextra emerges from the recursion formula (2.33) as well. The 5-brane web construction of

the gauge theory is thus indirectly reflected in the recursion formula.

A similar observation is that the 1-instanton expression (2.39) applied to SU(2)κ +

NfF with Nf ≥ 5 does not match the Witten index of the D0-D4-D8-O8− quantum

mechanics, which is the correct 1-instanton partition function.14 Instead, it coincides with

the topological vertex computation applied to the 5-brane web with a colliding pair of

branes, which engineers the SU(2) gauge theory with Nf ≥ 5 in the IR, but behaves

badly in the UV. Again, this suggests that the recursion formula (2.33) implicitly chooses

a specific string theory construction of the gauge theory, i.e., the web of (p, q) 5-branes. It

would be interesting to figure out if there is a version of the recursion relation (2.33) that

allows us to choose the particular UV embedding of the gauge theory.

For the SU(N)κ + NfF + 1AS theory (Nf fundamental and 1 anti-symmetric hyper-

multiplets) with Nf + 2|κ| ≤ N + 4, the ADHM quantum mechanics is the worldvolume

theory of D1-branes, probing the D5-NS5-D7-O7− brane configuration that realizes the

14The case with SU(2) ' Sp(1) is an exception, which allows Nf ≤ 7 fundamental hypermultiplets [58].
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gauge theory. Let us compute the Witten index for 1 and 2 D1-branes, then compare with

the blow-up computation based on the recursion formula (2.33). For instance, the Witten

index for the single D1-brane can be written as

ZADHM
1 = −

N∑
i=1

e−κ(ai−ε+)

2 sinh ε1
2 2 sinh ε2

2

∏Nf
l=1 2 sinh −ε++ai+ml

2

2 sinh −3ε++2ai+ma
2

∏
j 6=i

2 sinh
ai+aj+ma−ε+

2

2 sinh
ai−aj

2 2 sinh
2ε+−ai+aj

2

− 1

2

e−
κ
2

(ε+−ma)

2 sinh ε1
2 2 sinh ε2

2

(∏Nf
l=1 2 sinh ε++2ml−ma

4∏N
i=1 2 sinh 3ε+−M−2ai

4

− (−1)κ+
N−Nf

2

∏Nf
l=1 2 cosh ε++2ml−ma

4∏N
i=1 2 cosh 3ε+−M−2ai

4

)
.

(3.3)

Note that ZADHM
n contains an extra factor Zextra 6= 1 if Nf + 2|κ| = N + 4, coming from

the spectrum of D1-branes escaping from the D5-branes on which the gauge theory is

supported. The appearance of Zextra 6= 1 is an artifact of the string theory embedding,

spurious from the 5d QFT perspective. We checked that ZADHM
1 and the 1-instanton for-

mula (2.39) agree for the SU(3), SU(4), SU(5) theories whose (n, n′) satisfies n+n′

2 ≥ 2. We

confirmed Z2 = ZADHM
2 as well, where Z2 is the solution of the recursion formulae (2.33)

with (2.51). The same spurious factor Zextra arises from the recursion formula, implying

that our blowup equations are implicitly based on the D5-NS5-D7-O7− brane realization

of the gauge theory.15

Sp(N). The n-instanton partition function for Sp(N)θ+NfF theory (θ being the discrete

theta-angle for Sp and Nf fundamental hypermultiplets) with Nf ≤ 2N + 4 can be com-

puted from the ADHM quantum mechanics of D1-D5-NS5-O5 branes, which engineers the

gauge theory and its instantons. The Witten index for the D1-brane theory is written as

ZADHM
1 =

1

2

1

2 sinh ε1
2 2 sinh ε2

2

( ∏Nf
l=1 2 sinh ml

2∏N
i=1 2 sinh ε+±ai

2

+ eiθ
∏Nf
l=1 2 cosh ml

2∏N
i=1 2 cosh ε+±ai

2

)
. (3.4)

We checked that our 1-instanton formula (2.39) agrees with ZADHM
1 for the Sp(2) and

Sp(3) gauge theories satisfying N − 1 ≥ bNf2 c (at θ = 0) and N ≥ dNf2 e (at θ = π). We

also confirmed that ZADHM
2 = Z2, where Z2 is the solution of the recursion formulae (2.33)

with (2.47). Note that there is no spurious factor Zextra so that the ADHM and the

blowup results agree ZADHM
n = Zn for these theories.

For the Sp(N)θ+NfF+1AS theory (Nf fundamental and 1 anti-symmetric hypermul-

tiplets) with Nf ≤ 7, the relevant ADHM quantum mechanics is the worldvolume gauge

theory of D0-branes which probe the D4-D8-O8 brane configuration. It is well-known

that the QFT on D4-branes exhibits an enhanced ENf+1 flavor symmetry at the UV fixed

point [58]. Let us consider the Witten index for one and two D0-branes [15, 84]. For a

15An exceptional case is the SU(2) gauge theory, in which the antisymmetric hypermultiplet decouples and

never affects the recursion formula. The corresponding Zn is the same as the Young diagram formula (3.1).
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single D0-brane, we obtain the one instanton partition function to be

ZADHM
1 =

1

2

1

2 sinh ε1
2 2 sinh ε2

2 2 sinh ma+ε+
2 2 sinh ma−ε+

2

(3.5)

×

( ∏N
i=1 2 sinh ma±ai

2

∏Nf
l=1 2 sinh ml

2∏N
i=1 2 sinh ε+±ai

2

+
eiθ
∏N
i=1 2 cosh ma±ai

2

∏Nf
l=1 2 cosh ml

2∏N
i=1 2 cosh ε+±ai

2

)
.

We find that ZADHM
1 itself is not the same as the 1-instanton expression from the

blowup (2.39) for the Sp(2)θ, Sp(3)θ theories with Nf ≤ 1 (at θ = 0) and Nf ≤ 2 (at

θ = π). Instead, the difference between Z1 and ZADHM
1 can be identified as the BPS in-

dex of D0-branes moving away from the D4-D8-O8 brane system [15, 84]. Similarly, we

confirmed that the 2-instanton correction Z2 captures the same 5d QFT spectrum as in

ZADHM
2 , upon subtracting the spurious contribution of escaping D0-branes. It is interesting

that our blow-up formula does not contain a spurious factor Zextra.

SO(N). One can compute the instanton partition function of SO(N) +NvV theory (Nv

hypermultiplets in the vector representation) with Nv ≤ N − 4 using the ADHM quantum

mechanics of the D1-D5-NS5-O5 brane system. For even N , the Witten index for a single

D1-brane can be written as

ZADHM
1 =

N/2∑
i=1

(
2sinh(2ε+−ai)2sinh(ai−ε+)

∏Nv
l=1 2sinh ml±(ai−ε+)

2

2 ·2sinh ε1
2 2sinh ε2

2

∏
j 6=i 2sinh

ai±aj
2 2sinh

2ε+−ai±aj
2

+(ai→−ai)
)
. (3.6)

For odd N ,

ZADHM
1 =

bN/2c∑
i=1

(
2cosh 2ε+−ai

2 2sinh(ai−ε+)
∏Nf
l=12sinhml±(ai−ε+)

2

2·2sinh ε1
2 2sinh ε2

2 2sinh ai
2

∏
j 6=i2sinh

ai±aj
2 2sinh

2ε+−ai±aj
2

+(ai→−ai)
)
.

(3.7)

The general 1-instanton expression (2.39) and the recursion formula (2.33) are applicable

for all Nv ≤ N − 4. We explicitly verified that ZADHM
n = Zn for n = 1, 2 and 4 ≤ N ≤ 9,

where Z1 is written in (2.39) and Z2 is the solution of the recursion formula (2.33). We

find that ZADHM
n = Zn involves a non-trivial extra factor Zextra 6= 1 when Nv = N − 4.

This extra factor can be attributed to the D1-branes moving away from the D5-NS5-O5

brane system, where the 5d QFT lives. It implies that a specific UV realization of the

gauge theory, i.e., type IIB string theory with D1-D5-NS5-O5, is implicit in our recursion

formulae (2.33) with (2.47).

3.2 Theories with spinor hypermultiplets

So far, we have investigated the ‘standard’ gauge theories that have certain D-brane set-ups

in type IIA/IIB string theory to realize themselves and also their instantons. For the theory

with a sufficient number of the blowup equations, the n-instanton partition function Zn can

be determined as the solution of the blowup equations. We have found that this formula

agrees with the instanton counting result using the ADHM construction, modulo possible

extra factor Zextra that is sensitive to the string theory embedding of the gauge theory.
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We take advantage of the universality of the blowup equation. Recall that the blow-up

recursion formula (2.33) holds for a certain range of d, i.e., the set of all integers between 0 ≤
d ≤ h∨− 1

2

∑
l I(Rl), when the gauge group G is neither SU(N)κ nor Sp(N)θ. In this case,

there is no extra complication due to the Chern-Simons level κ or the theta angle θ. One

can solve the recursion formulae for the n-instanton correction Zn to the partition function,

as long as h∨− 1
2

∑
l I(Rl) ≥ 2, even for the exceptional gauge theories. We conjecture that

Zn solved from the recursion formula would be the correct BPS data for UV-consistent 5d

SCFTs, modulo an extra factor Zextra independent of the Coulomb VEV ~a. This conjecture

will be tested via comparison with [55, 66, 71] which compute Z for some exceptional cases.

In this section, we will focus on the SO(N) gauge theories with spinor hypermultiplets.

We have a sufficient number of recursion formulae (2.33) to determine the n-instanton

partition function Zn of the SO(N) gauge theory, if and only if

N − 4 ≥ Nv + 2
N−7

2 ·Ns for odd N,

N − 4 ≥ Nv + 2
N−8

2 · (Ns +Nc) for even N,
(3.8)

where Nv, Ns, and Nc denote the number of hypermultiplets in the vector, spinor and

conjugate spinor representations, respectively. Our 1-instanton expression (2.39) is also

applicable to the cases satisfying (3.8). We compare our formula against any known results

for SO(N) gauge theory with a number of spinor hypermultiplets [66, 71]. We not only find

perfect agreements for the case with the known results, but also obtain partition functions

for the previously unknown cases as well.

SO(7). The n-instanton contribution Zn of SO(7) + Ns S theory can be obtained from

the SUSY quantum mechanics proposed in [66], which can be summarized as the following

SU(4) Young diagram expression:

ZYD
n =

∑
|~Y |=n

4∏
i=1

∏
s∈Yi

2 sinh (φ(s)) 2 sinh (φ(s)− ε+)
∏Ns
l=1 2 sinh(ml±φ(s)

2 )∏4
j=1 2 sinh

Eij
2 2 sinh

Eij−2ε+
2 2 sinh

ε+−φ(s)−aj
2

×
4∏
i≤j

∏
si,j∈Yi,j
si<sj

2 sinh
φ(si)+φ(sj)

2 2 sinh
φ(si)+φ(sj)−2ε+

2

2 sinh
ε1−φ(si)−φ(sj)

2 2 sinh
ε2−φ(si)−φ(sj)

2

.

(3.9)

We verified that ZYD
1 and the 1-instanton formula Z1 in (2.39) agree for Ns ≤ 3. We further

confirmed at two instanton order for Ns ≤ 3 that ZYD
2 = Z2, where Z2 is the solution of the

recursion formula (2.33) with (2.47). Such explicit comparison implies that the blow-up

recursion formula (2.33) indeed works for the SO(7) + Ns S theory.

The 1-instanton partition function of SO(7)+4S+1V theory is given in (H.15) of [71].

From this expression, we can obtain the 1-instanton correction of SO(7) + Ns S + NvV

theory with (Ns, Nv) ≤ (2, 1) by integrating out hypermultiplets or equivalently taking

some flavor chemical potentials to infinity. We confirmed that the result agrees with our

general 1-instanton expression (2.39) up to order (p1p2)13/2. Notice that our formula holds

for any Nv+Ns ≤ 2 and can be used to compute arbitrary high orders in instanton number.

– 22 –



J
H
E
P
1
1
(
2
0
1
9
)
0
9
2

SO(8). Our instanton formula should hold for Nv +Ns +Nc ≤ 4. Let us compare it with

known results.

The 1-instanton result of SO(8) + 1S + 1C + 1V theory is found in (H.28) of [71].

It is expressed in terms of characters of irreducible representations χSR, whose superscript

S ∈ {G, v, s, c} means either the gauge symmetry (G) or the flavor symmetry acting on

the vector (v), spinor (s), or conjugate spinor (c) hypermultiplets. Their representation R

is specified by the Dynkin label in the subscript. All irreducible characters for the flavor

symmetry are assumed to be written in the orthogonal basis, to be compatible with our

convention of mass parameters in (2.24), (2.33), (2.39). The mass parameters will be often

distinguished by the superscript S ∈ {s, c, v} according to the matter representation. The

flavor symmetry is Sp(Nv)v × Sp(Ns)s × Sp(Nc)c.

We can obtain the 1-instanton partition function of SO(8)+NsS+NcC+NvV theory

with (Ns, Nc, Nv) ≤ (1, 1, 1) from (H.28) of [71] by sending appropriate mass parameters

to infinity. All the results obtained in this way is consistent with our general 1-instanton

expression (2.39) up to t20 order, where t ≡ √p1p2. Furthermore, we are able to determine

the unknown part of (H.28) of [71] as

Z̃1 = t4 +

∞∑
n=0

t5+2nχG(0n00)χ
v
(1)χ

s
(1)χ

c
(1)

+

∞∑
n=0

t6+2n
(
χG(1n00)χ

s
(1)χ

c
(1) + χG(0n10)χ

s
(1)χ

v
(1) + χG(0n01)χ

c
(1)χ

v
(1)

)
+

∞∑
n=0

t7+2n
(
χG(1n10)χ

s
(1) + χG(1n01)χ

c
(1) + χG(0n11)χ

v
(1)

)
−
∞∑
n=0

t8+2nχG(1n11) ,

(3.10)

where Z̃1 ≡ (2 sinh ε1
2 )(2 sinh ε2

2 )Z1 is the 1-instanton partition function with the center-of-

mass factor removed.

Now we compare (2.39) with the 1-instanton partition function of SO(8)+2S+2C+2V

theory, written in (H.19) of [71]. Our 1-instanton formula (2.39) applied to the SO(8) the-

ories having (Ns, Nc, Nv) ≤ (2, 1, 1), (1, 2, 2), (1, 1, 2), (2, 2, 0), (2, 0, 2), (0, 2, 2) agree with

(H.19) up to t20 order, after suitably setting some mass parameters in (H.19) to infinity.

We could further determine the unknown part of (H.19) of [71] as

Z̃1 = t−1−t3(χv(01)+χs(01)+χc(01))+t5(χG(1000)χ
s
(10)χ

c
(10)+χG(0010)χ

s
(10)χ

v
(10)+χG(0001)χ

c
(10)χ

v
(10))

−t6(χG(1010)χ
s
(10)+χG(1001)χ

c
(10)+χG(0011)χ

v
(10))+t7χG(1011)−

∞∑
n=0

(
t5+2nχG(0n00)χ

s
(10)χ

c
(10)χ

v
(10)

+t6+2n(χG(1n00)χ
s
(01)χ

c
(01)χ

v
(10)+χG(0n10)χ

s
(01)χ

c
(10)χ

v
(01)+χG(0n01)χ

s
(10)χ

c
(01)χ

v
(01))

−t7+2n(χG(1n10)χ
s
(01)χ

c
(10)χ

v
(10)+χG(1n01)χ

s
(10)χ

c
(01)χ

v
(10)+χG(0n11)χ

s
(10)χ

c
(10)χ

v
(01)) (3.11)

+t8+2n(χG(2n10)χ
s
(01)χ

c
(10)+χG(2n01)χ

s
(10)χ

c
(01)+χG(1n20)χ

s
(01)χ

v
(10)+χG(1n02)χ

c
(01)χ

v
(10)

+χG(0n21)χ
s
(10)χ

v
(01)+χG(0n12)χ

c
(10)χ

v
(01))−t

9+2n(χG(2n11)χ
s
(10)χ

c
(10)+χG(1n21)χ

s
(10)χ

v
(10)

+χG(1n12)χ
c
(10)χ

v
(10))+t10+2n(χG(2n21)χ

s
(10)+χG(2n12)χ

c
(10)+χG(1n22)χ

v
(10))−t

11+2nχG(2n22)

)
.
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Notice that (3.10) and (3.11) are manifestly invariant under the SO(8) triality, transforming

the SO(8) representations as (nvnancns)→ (nsnanvnc) along with χvR → χsR → χcR → χvR.

It can be done by shuffling the Coulomb VEVs and renaming the flavor chemical potentials.

We rearranged Z1 in terms of the new variables ~a′ or ~a′′,

(a′1, a
′
2, a
′
3, a
′
4) (3.12)

=

(
−a1 + a2 + a3 − a4

2
,
−a1 + a2 + a3 − a4

2
,
−a1 + a2 + a3 − a4

2
,
−a1 + a2 + a3 − a4

2

)
(a′′1, a

′′
2, a
′′
3, a
′′
4)

=

(
+a1 − a2 − a3 − a4

2
,
−a1 + a2 − a3 − a4

2
,
−a1 − a2 + a3 − a4

2
,

+a1 + a2 + a3 − a4

2

)
,

which exchanges the SO(8) irreducible characters as

χ(ncnansnv)(~a) = χ(nvnancns)(~a
′)|~a′→~a, χ(nsnanvnc)(~a) = χ(nvnancns)(~a

′′)|~a′′→~a. (3.13)

Dropping off primes from Z1(~a′, ε1, ε2; ~ms, ~mc, ~mv) or Z1(~a′′, ε1, ε2; ~ms, ~mc, ~mv), we indeed

find

ZNs=Nc=Nv
1 (~a, ε1, ε2; ~ms, ~mc, ~mv) = ZNs=Nc=Nv

1 (~a′, ε1, ε2; ~mv, ~ms, ~mc)|~a′→~a
ZNs=Nc=Nv

1 (~a, ε1, ε2; ~ms, ~mc, ~mv) = ZNs=Nc=Nv
1 (~a′′, ε1, ε2; ~mc, ~mv, ~ms)|~a′′→~a,

(3.14)

which is consistent with the triality.

Similarly, we also found the 1-instanton formula (2.39) applied to SO(8) theories with

(Ns, Nc, Nv) ≤ (4, 0, 0) or (0, 4, 0) is compatible with the SO(8) triality. Starting with

the 1-instanton result ZADHM
1 = ZADHM

1 (~a, ε1, ε2, ~m) obtained from the relevant ADHM

quantum mechanics for SO(8) + NvV theory with Nv ≤ 4, we find

ZNc, Nc=Nv=0
1 (~a, ε1, ε2, ~m) = ZADHM

1 (~a′, ε1, ε2, ~m)|~a′→~a
ZNs, Ns=Nv=0

1 (~a, ε1, ε2, ~m) = ZADHM
1 (~a′′, ε1, ε2, ~m)|~a′′→~a.

(3.15)

SO(9). For the SO(9) theory with Ns spinor and Nv vector, our blowup formula is valid

for Nv + 2Ns ≤ 5. The 1-instanton formula (2.39) can be applied to (Ns, Nv) ≤ (1, 3)

or (2, 1), which has Sp(Ns)s × Sp(Nv)v flavor symmetry. It can be compared with the

1-instanton partition function of SO(9) + 2S+ 3V theory, which is written in (H.20) of [71]

up to t7 order, after appropriately taking some mass parameters to infinity. We checked

all their consistency up to the given order. For example, the character expansion of Ẑ1 for

SO(9) + 2S + 1V can be written as

Z̃1 = t4χv(1) + t5χs(20) − t
6χG(0001)χ

s
(10)

+
∞∑
n=0

(
t6+2nχG(0n00)χ

s
(02)χ

v
(1) − t

7+2n
(
χG(1n00)χ

s
(02) + χG(0n01)χ

s
(11)χ

v
(1)

)
+ t8+2n

(
χG(1n01)χ

s
(11) + χG(0n10)χ

s
(20)χ

v
(1) + χG(0n02)χ

s
(01)χ

v
(1)

)
− t9+2n

(
χG(1n10)χ

s
(20) + χG(1n02)χ

s
(01) + χG(0n11)χ

s
(10)χ

v
(1)

)
+ t10+2n

(
χG(1n11)χ

s
(10) + χG(0n20)χ

v
(1)

)
− t11+2nχG(1n20)

)
,

(3.16)
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which is tested against the general formula (2.39) up to t20 order. It is the same as (H.20)

of [71] after reducing the Sp(3)v characters by

χv(001) → χv(1), χv(010) → 1, χv(100) → 0, χv(000) → 0. (3.17)

SO(10). We apply our 1-instanton expression (2.39) to SO(10) + NsS + NcC + NvV

theory with (Ns, Nc, Nv) ≤ (2, 0, 2), (1, 1, 2), (0, 2, 2), (1, 0, 4), (0, 1, 4). The relevant fla-

vor symmetry is U(Ns + Nc) × Sp(Nv) because the SO(10) (conjugate) spinor is a com-

plex representation. Since the SO(10) charge conjugation exchanges the spinor and con-

jugate spinor representations, i.e., χG(00001) = (χG(00010))
∗, the instanton partition func-

tion for SO(10) + (Ns ∓ 1)S + (Nc ± 1)C + NvV must be identified with that of

SO(10) + NsS + NcC + NvV simply by flipping the sign of mass parameters for (con-

jugate) spinor hypermultiplets:

ZNs,Nc,Nv
1 (ms

1,··· ,Ns
;mc

1,··· ,Nc
) = ZNs−1,Nc+1,Nv

1 (ms
1,··· ,Ns−1;mc

1,··· ,Nc+1)
∣∣
mcNc+1=−msNs

= ZNs+1,Nc−1,Nv
1 (ms

1,··· ,Ns+1;mc
1,··· ,Nc−1)

∣∣
msNs+1=−mcNc

. (3.18)

This relation is explicitly confirmed in all above cases at 1-instanton order. We may want

to compare (2.39) with the known 1-instanton partition function of SO(10)+1S+1C+4V

theory, written in (H.21) of [71], after taking relevant mass parameters to infinity. However,

(H.21) specifies Z̃1 only up to O(t5), which leaves nothing for comparison once we reduce

the mass parameters. Thus the consistency between two expressions can be only weakly

tested. For instance, Z̃1 obtained from (2.39) for SO(10) + NsS +NcC + 4V theory with

Ns +Nc = 2 is displayed in (A.5), which turns out to be trivial upto t4 order.

SO(12). The 1-instanton partition function of SO(12) + 1S + 6V theory is written in

(H.22) of [71], up to t8 order. It can be compared with our 1-instanton formula (2.39) ap-

plied to SO(12)+NsS+NcC+NvV theory with (Ns, Nc, Nv) ≤ (1, 0, 4) or (0, 1, 4), whose

flavor symmetry acting on matter multiplets is SO(2Ns)s×SO(2Nc)c×Sp(Nv)v. For com-

parison, we need to appropriately decouple some mass parameters in (H.22) to infinity. It

reduces the Sp(6)v characters in (H.22) to, e.g., the Sp(4)v irreducible characters as follows:

χv(000000) → 0, χv(100000) → 0, χv(010000) → 1,

χv(001000) → χv(1000), χv(000100) → χv(0100), χv(000001) → χv(0001).
(3.19)

We explicitly confirmed that (H.22) and (2.39) agree up to the given order, for

(Ns, Nc, Nv) = (1, 0, 4). Moreover, we checked that the 1-instanton results Z1 from (2.39)

for (Ns, Nc, Nv) = (1, 0, Nv) and (0, 1, Nv) could be interchanged as follows:

ZNs=1,Nc=0,Nv
1 (a1, a2, a3, a4, a5, a6) = ZNs=0,Nc=1,Nv

1 (a1, a2, a3, a4, a5,−a6). (3.20)

Summary of new results. We have compared so far the solution Z1 of the recursion

formulae (2.33) with the known 1-instanton partition function for various SO(N) theories

with spinor hypermultiplets. The comparison showed consistency for all the examples

whose Z1 had been computed [66, 71]. We also collect the character expansion of the

1-instanton partition function (2.39) in appendix A for novel SO(N) theories with spinor

matters. See table 2 for the list of character expansions.
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Gauge Group Hypermultiplets Equation No.

SO(8) 1S + 1C + 1V (3.10)

SO(8) 2S + 2C + 2V (3.11)

SO(8) 3S + 1C (A.1)

SO(9) 2S + 1V (3.16)

SO(10) 2S + 2V (A.5)

SO(10) 3S (A.7)

SO(11) 1S + 3V (A.10)

SO(12) 2S (A.11)

SO(12) 1S + 1C (A.13)

SO(13) 1S + 1V (A.14)

SO(14) 1S + 2V (A.15)

Table 2. Character expansion of SO(N) theory with spinor hypermultiplets.

Gauge Group Hypermultiplets Equation No.

F4 2F (3.23)

E6 3F (A.17)

E7 2F (A.20)

E8 ∅ (3.25)

Table 3. Character expansion of exceptional gauge theory with fundamental hypermultiplets.

3.3 Theories with an exceptional gauge group

Let us continue to apply the recursion formulae (2.33) and the general 1-instanton expres-

sion (2.39) to study the instanton partition function of exceptional gauge theories. One

can find a sufficient number of recursion formulae (2.33) to fix the n-instanton partition

function Zn, if and only if the gauge theory has the following number of fundamental

hypermultiplets:

Nf ≤ 2 if G = G2,

Nf ≤ 2 if G = F4,

Nf +Nf ≤ 3 if G = E6,

Nf ≤ 2 if G = E7,

∅ if G = E8.

(3.21)

Notice that other representations do not appear in the recent classification of 4d N = 2

SCFTs [53] nor 5d SCFTs [54].

We give explicit character expansion of the one instanton partition function in ap-

pendix A. See table 3 for the list of character expansions.
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G2. A supersymmetric quantum mechanical model was proposed in [66], whose Witten

index corresponds to the n-instanton partition function of G2 +NfF theory with Nf ≤ 3.

Its index can be written as the following sum over SU(3) colored Young diagrams:

ZYD
n =

∑
|~Y |=n

3∏
i=1

∏
s∈Yi

2 sinh (φ(s)) 2 sinh (ε+ − φ(s))
∏Nf
l=1 2 sinh(ml±φ(s)

2 )

2 sinh ε+−φ(s)
2

∏3
j=1 2 sinh

Eij
2 2 sinh

Eij−2ε+
2 2 sinh

ε+−φ(s)−aj
2

×
3∏
i≤j

∏
si,j∈Yi,j
si<sj

2 sinh
φ(si)+φ(sj)

2 2 sinh
φ(si)+φ(sj)−2ε+

2

2 sinh
ε1−φ(si)−φ(sj)

2 2 sinh
ε2−φ(si)−φ(sj)

2

.

(3.22)

Our 1-instanton formula (2.39) agrees with the above expression ZYD
1 for all Nf ≤ 2. Also

at two instantons, we explicitly checked that ZYD
2 = Z2, where Z2 is the solution of the

recursion formulae (2.33) with (2.47).

F4. The 1-instanton partition function of F4 + 2F gauge theory is given in (H.31) of [71],

which has Sp(2)f flavor symmetry. In terms of F4 and Sp(2)f characters,

Z̃1 = t6χf(01) + t7χf(30) − t
8
(
χG(0001)χ

f
(20) + χG(1000)

)
+ t9χG(0010)χ

f
(10) − t

10χG(0100)

+

∞∑
n=0

(
t8+2nχG(n000)χ

f
(03) − t

9+2nχG(n001)χ
f
(12) + t10+2n

(
χG(n010)χ

f
(21) + χG(n002)χ

f
(02)

)
− t11+2n

(
χG(n100)χ

f
(30) + χG(n011)χ

f
(11)

)
+ t12+2n

(
χG(n101)χ

f
(20) + χG(n020)χ

f
(01)

)
− t13+2nχG(n110)χ

f
(10) + t14+2nχG(n200)

)
. (3.23)

We confirmed that our 1-instanton formula (2.39) agrees with the above expression up to

t15 order.

E6. Let us apply our general 1-instanton expression (2.39) to E6 +NfF+Nf̄F gauge the-

ory with (Nf , Nf̄ ) ≤ (3, 0), (2, 1), (1, 2), (0, 3) whose flavor symmetry is U(Nf +Nf̄ ). Since

the fundamental and anti-fundamental representations are interchanged by the E6 charge

conjugation, their instanton partition functions should be identical upon inverting the sign

of relevant mass parameters. We explicitly confirmed that (2.39) satisfies the relations

Z
Nf ,Nf̄
1 (mf

1,··· ,Nf ;mf̄
1,··· ,Nf̄

) = Z
Nf−1,Nf̄+1

1 (mf
1,··· ,Nf−1;mf̄

1,··· ,Nf̄+1)
∣∣
mf̄Nf̄+1=−mfNf

= Z
Nf+1,Nf̄−1

1 (mf
1,··· ,Nf+1;mf̄

1,··· ,Nf̄−1)
∣∣
mfNf+1=−mf̄Nf̄

,
(3.24)

in all above cases. Furthermore, Z1 at (Nf , Nf̄ ) = (3, 0) can be compared with (H.35) of [71]

which displays the character expansion up to t11 order. We checked their consistency except

a sign mistake in the second term of (H.35). The full character expansion of Z1 at Nf = 3

and Nf̄ = 0 is written in (A.17), after turning off the E6 Coulomb VEV ~a = 0 for simplicity.
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a1

a2
a3
a4
a5
a6

3a1

3a2

(3 , 1)(−3 , 1)

m0

−a1 − 2a6

a1 + a5 + a6

−a1 − a6

➃

➂

➁➀

➄

➅

➆

0

Figure 1. A 5-brane web for SU(6)3 theory with one massless hypermultiplet in the rank-3 anti-

symmetric representation.

E7. Our 1-instanton expression (2.39) is applicable to E7 +NfF gauge theory with Nf ≤
2, which has SO(2Nf ) flavor symmetry. We give the full character expansion of Z1 at Nf =

2 in (A.20) after setting ~a = 0 to shorten the expression. We also compared the result (2.39)

applied to the Nf = 1 case with (H.40) of [71] and found that they agree up to t280 order.

E8. The (centered) 1-instanton partition function of E8 gauge theory can be written as

Z̃1 =

∞∑
n=0

t29+2nχE8

(000000n0). (3.25)

We confirmed that it agrees with our 1-instanton expression (2.39) up to t520 order. It

is actually proven in [28, 52] that the (centered) 1-instanton formula (2.39) for any gauge

group without matter can be written in terms of the character expression [85–87]

Z̃1 = th
∨−1

∞∑
n=0

t2nχGn·adj . (3.26)

3.4 SU(6) theory with a rank-3 antisymmetric hypermultiplet

Another non-trivial test of our blow-up recursion formulae (2.33) is the partition function

for 5d SU(6) theory with a hypermultiplet in the rank-3 antisymmetric representation

(TAS). This theory has can be Higgsed to a theory with SU(3) × SU(3) gauge symmetry

that can be explicitly checked at the level of the partition function.

To have a UV fixed point, 5d SU(6) theories can have up to 2 hypermultiplets in

the rank-3 antisymmetric representation [54]. Their type IIB 5-brane configurations were

constructed in [55] with/without O5-planes. In particular, 5-brane web diagrams for

SU(6) + 1
2TAS and SU(6) + 1TAS do not contain orientifold planes, so that topological

vertex method [56, 57] can be straightforwardly applied to compute their partition func-

tions. In [55], for instance, the partition function of SU(6) 5
2

+ 1
2TAS theory was computed

up to two instantons using the topological vertex formalism.

Our blow-up equation (2.17) demands all mass parameters to be generically turned

on. In particular, we need a mass parameter for the rank-3 antisymmetric hypermultiplet.
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(a) (b)

Figure 2. (a) A Higgsing of SU(6)3+1TAS into two SU(3)3 theories by aligning internal D5-branes

in red. (a) Two different SU(3)3 theories are painted in blue and red, respectively.

As one cannot introduce mass for a half-hypermultiplet, let us consider the SU(6)3 theory

with a full hypermultiplet in the rank-3 antisymmetric representation (SU(6)3 + 1TAS).

An example for 5-brane web for SU(6)3 + 1TAS is depicted in figure 1. It is instructive

to see if figure 1 is consistent with the expected prepotential. The effective prepotential

on the Coulomb branch of a 5d gauge theory with a gauge group G and matter f in a

representation Rf is [50]

F(φ) =
m0

2
hijφiφj +

κ

6
dijkφiφjφk +

1

12

∑
~α∈∆

∣∣∣~α · ~φ ∣∣∣3 −∑
f

∑
~ω∈Rf

∣∣∣~ω · ~φ+mf

∣∣∣3
 . (3.27)

Here, m0 is the inverse of the gauge coupling squared, κ is the Chern-Simons level and

mf is a mass parameter for the matter f . ~α is a root of the Lie algebra g associated to

G and ~ω is a weight of the representation Rf of g. We also defined hij = Tr(TiTj), dijk =
1
2Tr (Ti{Tj , Tk}) where Ti are the Cartan generators of the Lie algebra g. With the Coulomb

branch moduli assigned in figure 1 and the identification of Weyl chamber for the Coulomb

VEV (a1 ≥ a2 ≥ · · · ≥ a6,
∑6

i=1 ai = 0),

a1 = φ1, a2 = φ2−φ1, a3 = φ3−φ2, a4 = φ4−φ3, a5 = φ5−φ4, a6 = −φ5, (3.28)

one finds that the prepotential for SU(6)3 with one massless rank-3 antisymmetric matter

takes the form of

FSU(6)3+1TAS = m0

(
φ2

1 + φ2
2 + φ2

3 + φ2
4 + φ2

5 − φ1φ2 − φ2φ3 − φ3φ4 − φ4φ5

)
+
φ3

1

3
+

4φ3
2

3
+

4φ3
3

3
+

4φ3
4

3
+

4φ3
5

3
+ 4φ2

1φ2 − 5φ1φ
2
2

− 2φ1

(
φ2

3 + φ2
4 + φ2

5

)
+ φ2

2φ3 − 2φ2φ
2
3 − φ3φ

2
4 − φ2

4φ5

+ 2φ1φ2φ3 + 2φ1φ3φ4 + 2φ1φ4φ5.

(3.29)

One can easily see that the monopole string tensions Ti = ∂F/∂φi computed from the above

prepotential (3.29) agree with the areas of the compact faces of the 5-brane web, i.e.,

T1 = 1©+ 2× 2©, T2 = 3©, T3 = 4©, T4 = 5©, T5 = 6©+ 2× 7©, (3.30)

where the encircled numbers represent the area of apparent faces in figure 1. This shows

that figure 1 is indeed consistent with the prepotential of SU(6)3 + 1TAS gauge theory.
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Y3

Y2

Y1

Y4

Y5

Y6

Y7Y0

Figure 3. A labeling of Young diagrams assigned to the horizontal edges of figure 1.

Notice that this 5-brane web for SU(6)3 +1TAS suggests an intriguing Higgsing of the

theory, which is the Higgsing of SU(6) theory with one rank-3 antisymmetric hyper into two

disjoint SU(3) theories. It can be achieved by setting the Coulomb branch parameters as

a5 = −a1 − a6, or equivalently φ4 = φ1. (3.31)

This tuning of the parameters, of course, reduces dimension of the Coulomb branch by

one and also opens up a Higgs branch in such a way that the 5-brane web in figure 1

becomes 5-brane web in figure 2(a) where the D5-branes on the upper edges of 6© and

7© are aligned and joint to become a single D5-brane denoted red in figure 2(a). The

resulting configuration is then a 5-brane configuration for two pure SU(3)3 theories that

are on top of each other, as shown in figure 2(b). This is a 5-brane realization of Higgsing

SU(6)3 + 1TAS theory into two pure SU(3)3 theories. It follows that under this Higgsing,

the prepotential for SU(6)3 + 1TAS (3.29) theory reduces to a sum of prepotentials for

two disjoint pure SU(3)3 theories:

FSU(6)3+1TAS

∣∣∣
a1+a5+a6=0

→ FSU(3)3
(m0, a1, a5, a6) + FSU(3)3

(m0, a2, a3, a4). (3.32)

This in turn implies that under this Higgsing, the partition function for SU(6)3 + 1TAS

should be expressed as a product of the partition functions of two pure SU(3)3 theories:

ZSU(6)3+1TAS
∣∣
Higgsing

→ ZSU(3)3(q,A1, A5, A6)ZSU(3)3(q, A2, A3, A4)Zextra(q) , (3.33)

where the parameters q and Ai are the Kähler parameters for instanton and Coulomb

branch parameters, and Zextra(q) represents the overall extra terms that do not explicitly

depend on the Coulomb branch moduli, which would correspond to a new decoupled mode

appearing in figure 2. In what follows, we explicitly compute the partition function for

SU(6)3 + 1TAS based on the 5-brane web and compare it with our general 1-instanton

formula (2.39). At two instantons, we will consider this Higgsing as a consistency check

of our solution Z2 obtained from the blowup recursion formulae (2.33).

To compute the instanton partition function based on the 5-brane web for SU(6)3 +

1TAS given in figure 1, we assign the Young diagrams Yi to each horizontal edge of the

web diagram as shown in figure 3 and use the topological vertex method. For convenience,
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we restrict ourselves to the unrefined case where 2ε+ = ε1 + ε2 = 0. (See also a similar

calculation done in [55].) As the web diagram in figure 1 is left-right symmetric, it is

convenient to split the web diagram to the left and right parts and glue them later to

obtain the full partition function. Let us introduce the following fugacity variables to

express the partition function.

Ai ≡ e−ai for i = 1, · · · , 6, g ≡
√
p1/p2 = e−ε− , (3.34)

in which the SU(6) traceless condition
∏6
i=1Ai = 1 is assumed. Applying the topological

vertex formalism [56], we find that

Z =
∑

(Y1,··· ,Y6)

q
∑6
i=1 |Yi|(−A6

1)|Y1|(−A6
2)|Y2|(−A2

2A
4
3)|Y3|(−A2

2A
2
3A

2
4)|Y4|+|Y5|

× fY1(g)5fY2(g)5fY3(g)3fY4(g)fY5(g)−1fY6(g)2Zleft(~Y )Zright(~Y ),

(3.35)

where ~Y = (Y1, Y2, Y3, Y4, Y5, Y6). The left/right factor Zleft(~Y )/Zright(~Y ) can be written as

Zleft(~Y ) = Zright(~Y ) =
∑
Y ′

(−A1
−1A6

−2)|Y
′|g
||Y ′t||2+||Y ′||2

2 Z̃2
Y ′f

2
Y ′(g)

6∏
i=1

g
||Yi||

2

2 Z̃Yi

×R−1
Y1Y t6

(A1A6
−1)R−1

Y ′Y t6
(A1

−1A6
−2)R−1

Y1Y ′t
(A2

1A6)

×
∏

2≤i<j≤5

R−1
YiY tj

(AiAj
−1)

5∏
i=2

RY ′tYi(A1AiA6)

(3.36)

in which the dummy variable Y ′ should be interpreted as Y0 for Zleft(~Y ) and Y7 for

Zright(~Y ). Here, for a Young diagram λ = (λ1, λ2, · · · ) and its transpose λt,

|λ| =
∑
i

λi, ||λ||2 =
∑
i

λ2
i , Z̃λ =

∏
(i,j)∈λ

1

1− gλi+λ
t
j−i−j+1

. (3.37)

The framing factor fλ(g) is defined by

fλ(g) = (−1)|λ|g
1
2

(g||λ
t||2−||λ||2 ). (3.38)

And also, Rλµ(Q) = Rµλ(Q) is defined by

Rλµ(Q) = PE

[
− g

(1− g)2
Q

]
×Nλtµ(Q), (3.39)

with PE representing the Plethystic exponential (2.25) and

Nλµ(Q) =
∏

(i,j)∈λ

(
1−Qgλi+µ

t
j−i−j+1

) ∏
(i,j)∈µ

(
1−Qg−λ

t
j−µi+i+j−1

)
. (3.40)

Recall that the Nekrasov partition function is expressed as the following weighted sum:

Z = Zpert ·
(

1 +

∞∑
k=1

qkZk

)
, (3.41)
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where Zpert is the perturbative partition function, while Zk stands for the k-instanton

partition function. The perturbative part of the partition function Zpert comes from the

summand of (3.35) at empty Young diagrams, i.e., (Y1, Y2, Y3, Y4, Y5, Y6) = (ø, ø, ø, ø, ø, ø).

It is given by

Zpert = Zleft(ø, ø, ø, ø, ø, ø)Zright(ø, ø, ø, ø, ø, ø)

= PE

[
2g

(1− g)2

(
A1

A6
+

1

A1A2
6

+A2
1A6 +

∑
2≤i<j≤5

Ai
Aj
−

5∑
i=2

A1AiA6

)]

×
(∑

Y ′

(−A1
−1A6

−2)|Y
′| g

‖Y ′t‖2+‖Y ′‖2
2 Z̃Y ′(g)2f2

Y ′(g)

×N−1
Y ′tø(A1

−1A6
−2)N−1

Y ′ø(A2
1A6)

5∏
i=2

NY ′ø(A1AiA6)

)2

,

(3.42)

where the last two lines can be combined into the following closed-form expression:

PE

[
2g

(1− g)2

( 5∑
i=2

A1

Ai
+

5∑
i=2

Ai
A6
− 1

A1A2
6

−A2
1A6 −

∑
2≤i<j≤5

A1AiAj +O(A6
1)

)]
. (3.43)

We note here that when performing the Young diagram sum over Y ′ in (3.42) to compute

the Zpert, we expand (3.42) in terms of A1 and, by O(A6
1), we mean that the obtained

result is explicitly compared up to O(A6
1). As it is very unlikely that there will be a

new term which suddenly appears in higher orders than 6 in A1, we believe that there

are no further terms for O(A6
1). It is clear then that (3.42) is manifestly consistent with

the equivariant index [51] for 5d SU(6) gauge theory with a hypermultiplet in the rank-3

antisymmetric representation, i.e.,

Zpert = PE

[
2g

(1− g)2

( ∑
1≤i<j≤6

Ai
Aj
−

∑
2≤i<j≤6

A1AiAj

)]
. (3.44)

The 1-instanton partition function Z1 can be obtained from the summands of (3.35) at

Young diagrams satisfying
∑6

i=1 |Yi| = 1. There are 6 different profiles of Young diagrams.

The configuration |Yi| = 1 and Yj 6=i = ø contribute to Z1 as

+
g

(1− g)2

A6
i∏

j 6=i(Ai −Aj)2

(
−Ai

∑
j 6=i

Aj +
∑
j 6=i

1

Aj
− 1

Ai
+A2

i

)2

. (3.45)

Summing over all six contributions, one finds

Z1 =

6∑
i=1

g

(1− g)2

A6
i∏

j 6=i(Ai −Aj)2

(
−Ai

∑
j 6=i

Aj +
∑
j 6=i

1

Aj
− 1

Ai
+A2

i

)2

. (3.46)

which is in agreement with our general 1-instanton formula (2.39).

We checked that upon imposing the Higgsing condition (3.33), i.e., a1 + a5 + a6 = 0

and a2 +a3 +a4 = 0, the 1-loop contribution (3.44) can be factorized into a product of two
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SU(3) vector multiplet indices (2.23). We also confirmed that the instanton corrections Z1

and Z2 obtained from the blowup recursion formulae (2.33) with (2.50) become

Z
SU(6)3+1TAS
1

∣∣
Higgsing

→ Z
SU(3)3

1 (A1, A5, A6) + Z
SU(3)3

1 (A2, A3, A4),

Z
SU(6)3+1TAS
2

∣∣
Higgsing

→ Z
SU(3)3

2 (A1, A5, A6) + Z
SU(3)3

2 (A2, A3, A4)

+ Z
SU(3)3

1 (A1, A5, A6) · ZSU(3)3

1 (A2, A3, A4),

(3.47)

which satisfy the expected Higgsing relation (3.33). Here, Z
SU(3)3
n is the Young diagram

formula (3.1) which includes the Coulomb VEV independent contribution Zextra(q).

4 Conclusion

In this paper, we have found the blowup equations for the Nekrasov partition function

that hold for a large set of 4d and 5d gauge theories. We listed the theories that are

determined via the blowup equations in table 1, and tested against various examples in

section 3. In particular, the blowup formula enables us to compute instanton partition

functions for ‘exceptional’ theories whose ADHM description is not known. One of the

remarkable aspects of the blowup formulae is that the instanton part of the partition

function is completely determined via the perturbative part of the partition function. Let

us make a couple of comments on future directions.

First, we have not given a fully general condition for the blowup formula to hold in the

case of 5d SU(N) gauge theory. For the case of 4d N = 2 theory, the general conditions for

arbitrary gauge theory is given by the selection rule obtained from an unbroken subgroup

of U(1)R symmetry. It would be desirable to find an analogous explanation for dmax in 5d

SU(N) theories.

Secondly, there must be a broader set of blow-up relations for the 5d Nekrasov partition

function Z, similar to those recently found for topological string partition functions and

6d minimal SCFTs [30–34]. We expect that there exists recursion formulae, derived from

the generalized blow-up equations, realize different string theory embeddings of the gauge

theory. It would be very interesting if one can reveal the connection between the choice of

UV embedding and the blow-up equations. In this way, it may be possible to determine

the partition function even for the theories that we are not able to fix in the current paper.

Finally, we remark that though our blow-up formula is applicable to a fairly large

set of theories that contain hypermultiplets of various representations, it is not clear how

to implement our blow-up formula to theories with half-hypermultiplets. There exist

many interesting gauge theories with half-hypermultiplets, such as trifundamentals in

generalized SU(2) quiver gauge theories [88] that appear in AGT correspondence [89]

or bifundamentals in SO − Sp quiver theories. To the best of our knowledge, instanton

counting with half-hypermultiplet has not been studied except for [13, 14] some time ago,

and there is recent progress in [90]. Our blowup formula is naturally written in terms of

the representation of a full hypermultiplet, therefore it is not obvious how to incorporate

half-hypermultiplet. It would be interesting to develop a way to do instanton counting for

half-hypermultiplets as well.
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A One-instanton partition functions

This appendix collects the character expansion of the 1-instanton partition function Z1 for

a variety of 5d N = 1 gauge theories. For simplicity, we display the Z̃1 ≡ (2 sinh
ε1,2
2 ) · Z1

which takes off the center-of-mass factor. They are written in terms of irreducible characters

χSR, whose superscript S ∈ {G, v, s, c, f, f̄} indicates the gauge symmetry (G) or the flavor

symmetry acting on the vector (v), spinor (s), conjugate spinor (c), fundamental (f), or

anti-fundamental (f̄) hypermultiplets. The representation R of an irreducible character

χSR is specified by its Dynkin label.16 An irreducible character for the flavor symmetry

is assumed to be in the orthogonal basis, such that it can be consistent with the mass

parameters m` introduced in section 2. We will often distinguish the mass parameters by

the superscript S ∈ {s, c, v, f, f̄} according to the matter representation.

SO(8). The flavor symmetry acting on NsS +NcC +NvV matter multiplets is given by

Sp(Ns)s × Sp(Nc)c × Sp(Nv)v. For (Ns, Nc, Nv) = (3, 1, 0), the character expansion of the

1-instanton result Z̃1 is

Z̃1 =

∞∑
n=0

(
t5+2nχG(0n00)χ

s
(001)χ

v
(1) − t

6+2n(χG(0n01)χ
s
(010)χ

v
(1) + χG(1n00)χ

s
(001))

+ t7+2n(χG(1n01)χ
s
(010) + χG(0n02)χ

s
(100)χ

v
(1)) (A.1)

− t8+2n(χG(1n02)χ
s
(100) + χG(0n03)χ

v
(1)) + t9+2nχG(1n03)

)
,

which was compared with the closed-form expression (2.39) up to t20 order. We checked

that the 1-instanton partition functions Z1 from (2.39) for (Ns, Nc, Nv) = (3, 1, 0) and

(1, 3, 0) could be interchanged as follows:

Z
(Ns,Nc,Nv)=(1,3,0)
1 (a1, a2, a3, a4) = Z

(Ns,Nc,Nv)=(3,1,0)
1 (a1, a2, a3,−a4). (A.2)

16In this paper, we follow the convention of LieART [91] to denote the Dynkin label of a representation R.
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The SO(8) triality (3.12) was also confirmed as in section 3.2. Namely, we found that

Z
(Ns,Nc,Nv)=(3,1,0)
1 (~a, ε1, ε2; ~ms, ~mc, 0) = Z

(Ns,Nc,Nv)=(0,3,1)
1 (~a′, ε1, ε2; 0, ~ms, ~mc)|~a′→~a

= Z
(Ns,Nc,Nv)=(1,0,3)
1 (~a′′, ε1, ε2; ~mc, 0, ~ms)|~a′′→~a, (A.3)

Z
(Ns,Nc,Nv)=(1,3,0)
1 (~a, ε1, ε2; ~ms, ~mc, 0) = Z

(Ns,Nc,Nv)=(0,1,3)
1 (~a′, ε1, ε2; 0, ~ms, ~mc)|~a′→~a

= Z
(Ns,Nc,Nv)=(3,0,1)
1 (~a′′, ε1, ε2; ~mc, 0, ~ms)|~a′′→~a. (A.4)

The character expansion for other SO(8) theories with less number of hypermultiplets can

be obtained from (A.1) by decoupling some mass parameters to infinity. It was checked

that the general 1-instanton formula (2.39) agrees with that.

SO(10). The flavor symmetry acting on NsS +NcC +NvV hypermultiplets is U(Ns +

Nc)s × Sp(Nv)v, reflecting that the SO(10) (conjugate) spinor representation is complex.

For Ns +Nc = 2 and Nv = 2, the character expansion of Z̃1 is given by

Z̃1 = t5(χs
(2)0

+χv
(01))+ t6(χs

(2)−2
+χs

(2)2
)− t7(χG

(00001)χ
s
(1)−1

χv
(10) +χG

(00010)χ
s
(1)1

χv
(10) +χG

(01000)

+χG
(10000)(χ

s
(2)−2

+χs
(2)2

))+ t8(χG
(00100)χ

v
(10) +χG

(10001)χ
s
(1)−1

+χG
(10010)χ

s
(1)1

)− t9χG
(10100)

+

∞∑
n=0

(
t7+2nχG

(0n000)(χ
s
(0)−4

+χs
(0)4

+χs
(4)0

)χv
(01)− t

8+2n(χG
(0n001)(χ

s
(1)−3

+χs
(3)1

)χv
(01)

+χG
(0n010)(χ

s
(1)3

+χs
(3)−1

)χv
(01) +χG

(1n000)(χ
s
(0)−4

+χs
(0)4

+χs
(4)0

)χv
(10))

+ t9+2n(χG
(0n100)(χ

s
(2)−2

+χs
(2)2

)χv
(01) +χG

(0n002)χ
s
(0)−2

χv
(01) +χG

(0n020)χ
s
(0)2

χv
(01)

+χG
(0n011)χ

s
(2)0

χv
(01) +χG

(1n001)(χ
s
(1)−3

+χs
(3)1

)χv
(10) +χG

(1n010)(χ
s
(1)3

+χs
(3)−1

)χv
(10)

+χG
(2n000)(χ

s
(0)−4

+χs
(0)4

+χs
(4)0

))

− t10+2n(χG
(0n101)χ

s
(1)−1

χv
(01) +χG

(0n110)χ
s
(1)1

χv
(01) +χG

(1n100)(χ
s
(2)−2

+χs
(2)2

)χv
(10)

+χG
(1n002)χ

s
(0)−2

χv
(10) +χG

(1n020)χ
s
(0)2

χv
(10) +χG

(1n011)χ
s
(2)0

χv
(10)

+χG
(2n001)(χ

s
(1)−3

+χs
(3)1

)+χG
(2n010)(χ

s
(1)3

+χs
(3)−1

)

+ t11+2n(χG
(1n200)χ

v
(01) +χG

(1n101)χ
s
(1)−1

χv
(10) +χG

(1n110)χ
s
(1)1

χv
(10) +χG

(2n100)(χ
s
(2)−2

+χs
(2)2

)

+χG
(2n002)χ

s
(0)−2

+χG
(2n020)χ

s
(0)2

+χG
(2n011)χ

s
(2)0

)

− t12+2n(χG
(1n200)χ

v
(10) +χG

(2n101)χ
s
(1)−1

+χG
(2n110)χ

s
(1)1

)+ t13+2nχG
(2n200)

)
. (A.5)

where the U(2) character χs(j)b is defined as (with ys,i ≡ e−m
s
i and yc,i ≡ e−m

c
i understood)

χs(j)b =



(ys,1 ys,2)b/2 ·
j∑

a=0

(
ys,1/ys,2

)−j/2+a
for (Ns, Nc) = (2, 0),

(ys,1/yc,1)b/2 ·
j∑

a=0

(
ys,1 yc,1

)−j/2+a
for (Ns, Nc) = (1, 1),

(yc,1 yc,2)−b/2 ·
j∑

a=0

(
yc,1/yc,2

)−j/2+a
for (Ns, Nc) = (0, 2).

(A.6)
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Similarly, for Ns +Nc = 3 and Nv = 0, the character expansion of Z̃1 is given by

Z̃1 = t5(χG(10000) +χs(02)−2
+χs(20)2

)− t6(χs(01)−1
+χs(10)1

)+ t7χG(00100)

+
∞∑
n=0

(
t7+2n(χG(0n000)(χ

s
(00)−6

+χs(00)6
+χs(40)−2

+χs(04)2
))

− t8+2n(χG(0n001)(χ
s
(10)−5

+χs(03)3
+χs(31)−1

)+χG(0n010)(χ
s
(01)5

+χs(30)−3
+χs(13)1

))

+ t9+2n(χG(0n100)(χ
s
(20)−4

+χs(02)4
+χs(22)0

)+χG(0n011)(χ
s
(21)−2

+χs(12)2
)

+χG(0n002)(χ
s
(01)−4

+χs(30)0
)+χG(0n020)(χ

s
(10)4

+χs(03)0
)) (A.7)

− t10+2n(χG(0n101)(χ
s
(11)−3

+χs(21)1
)+χG(0n110)(χ

s
(11)3

+χs(12)−1
)

+χG(0n003)χ
s
(00)−3

+χG(0n030)χ
s
(00)3

+χG(0n012)χ
s
(20)−1

+χG(0n021)χ
s
(02)1

)

+ t11+2n(χG(0n200)(χ
s
(02)−2

+χs(20)2
)+χG(0n102)χ

s
(10)−2

+χG(0n120)χ
s
(01)2

+χG(0n111)χ
s
(11)0

)

− t12+2n(χG(0n201)χ
s
(01)−1

+χG(0n210)χ
s
(10)1

)+ t13+2nχ(0n300)

)
,

where the U(3) character χs(mn)c
is defined as

χs(mn)c
= (w1w2w3)

c−m+n
3

( ∑
1≤i1≤···≤im≤3
1≤j1≤···≤jn≤3

wi1 · · ·wim
wj1 · · ·wjn

−
∑

1≤i1≤···≤im−1≤3
1≤j1≤···≤jn−1≤3

wi1 · · ·wim−1

wj1 · · ·wjn−1

)
,

(A.8)

with

(w1, w2, w3) =


(ys,1, ys,2, ys,3) for (Ns, Nc) = (3, 0),

(ys,1, ys,2, y
−1
c,1 ) for (Ns, Nc) = (2, 1),

(ys,1, y
−1
c,1 , y

−1
c,2 ) for (Ns, Nc) = (1, 2),

(y−1
c,1 , y

−1
c,2 , y

−1
c,3 ) for (Ns, Nc) = (0, 3).

(A.9)

Again, (A.5) and (A.7) was tested against the closed-form expression (2.39) up to t20 order.

SO(11). The flavor symmetry acting on NsS + NvV hypermultiplets is SO(2Ns)s ×
Sp(Nv)v. For Ns = 1 and Nv = 3, the character expansion of Z̃1 can be written as

Z̃1 = t5 + t6(χv
(001) +(y2s +y−2s )χv

(100))+ t7((y2s +y−2s +1)χv
(010)−(y2s +y−2s )χG

(10000))

− t8((ys +y1
s)χG

(00001)χ
v
(010) +(y2s +y−2s +1)χG

(10000)χ
v
(100) +χG

(01000)χ
v
(100))

+ t9(χG
(00100)χ

v
(010) +χG

(10001)(ys +y−1s )χv
(100) +χG

(20000)(y
2
s +y−2s +1)+χG

(11000))

− t10(χG
(10100)χ

v
(100) +χG

(20001)(ys +y−1s ))+ t11χG
(20100) (A.10)

+

∞∑
n=0

(
t8+2n(χG

(0n000)(y
4
s +y−4s +1)χv

(001))

− t9+2n(χG
(0n001)(y

3
s +y−3s )χv

(001) +χG
(0n001)(ys +y−1s )χv

(001) +χG
(1n000)(y

4
s +y−4s +1)χv

(010))

+ t10+2n(χG
(0n010)(y

2
s +y−2s )χv

(001) +χG
(0n100)(y

2
s +y−2s +1)χv

(001) +χG
(0n002)χ

v
(001)

+χG
(1n001)(y

3
s +ys +y−1s +y−3s )χv

(010) +χG
(2n000)(y

4
s +y−4s +1)χv

(100))

− t11+2n(χG
(0n101)(ys +y−1s )χv

(001) +χG
(1n100)(y

2
s +y−2s +1)χv

(010) +χG
(1n010)(y

2
s +y−2s )χv

(010)
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+χG
(1n002)χ

v
(010) +χG

(2n001)(y
3
s +ys +y−1s +y−3s )χv

(100) +χG
(3n000)(y

4
s +y−4s +1))

+ t12+2n(χG
(0n200)χ

v
(001) +χG

(1n101)(ys +y−1s )χv
(010) +χG

(2n100)(y
2
s +y−2s +1)χv

(100)

+χG
(2n010)(y

2
s +y−2s )χv

(100) +χG
(2n002)χ

v
(100) +χG

(3n001)(y
3
s +ys +y−1s +y−3s ))

− t13+2n(χG
(1n200)χ

v
(010) +χG

(2n101)(ys +y−1s )χv
(100) +χG

(3n100)(y
2
s +y−2s +1)

+χG
(3n010)(y

2
s +y−2s )+χG

(3n002))

+ t14+2n(χG
2n200)χ

v
(100) +χG

(3n101)(ys +y−1s ))− t15+2nχG
(3n200)

)
.

which was compared with the closed-form expression (2.39) up to t20 order.

SO(12). The flavor symmetry acting on NsS+NcC+NvV hypermultiplets is SO(2Ns)s×
SO(2Nc)c × Sp(Nv)v. Here we turn off the Coulomb VEV ~a = 0 for simplicity. The

character expansion of Z̃1 at (Ns, Nc, Nv) = (2, 0, 0) can be written as

Z̃1 =
t18

(1− t2)18

(
−96096(χs

(13) +χs
(31)) ·(7t

4 +42t2 +72+42t−2 +7t−4) (A.11)

+10010(χs
(24) +χs

(42)) ·(9t
5 +88t3 +243t+243t−1 +88t−3 +9t−5)

−352(χs
(15) +χs

(51)) ·(25t6 +474t4 +2169t2 +3504+2169t−2 +474t−4 +25t−6)

−2464(χs
(35) +χs

(53)) ·(2t
6 +27t4 +108t2 +168+108t−2 +27t−4 +2t−6)

+11(χs
(06) +χs

(60)) ·(42t7 +1194t5 +8451t3 +21253t+21253t−1 + · · ·+42t−7)

+11(χs
(26) +χs

(62)) ·(45t7 +1101t5 +6983t3 +16623t+16623t−1 + · · ·+45t−7)

−32(χs
(17) +χs

(71)) ·(t
8 +36t6 +336t4 +1176t2 +17641+1176t−2 + · · ·+ t−8)

+99χs
(22) ·(5t

9−90t7 +1623t5 +26743t3 +83103t+(t→ t−1))

+462(χs
(02) +χs

(20)) ·(t
9−18t7 +153t5 +4059t3 +13485t+(t→ t−1))

−32χs
(33) ·(t

10−18t8 +450t6 +13340t4 +66977t2 +110772+66977t−2 + · · ·+ t−10)

+χs
(44) ·(t

11−18t9 +615t7 +26332t5 +187749t3 +466001t1 +466001t−1 + · · ·+ t−11)

+(χs
(04) +χs

(40)) ·(t
13−18t11 +153t9−816t7 +58115t5 +730170t3 +2129595t1 +(t→ t−1))

−352χs
(11) ·(t

10−4t8−99t6 +2496t4 +18246t2 +32976+18246t−2 + · · ·+ t−10)

+(χs
(08) +χs

(80)) ·(t
9 +48t7 +603t5 +2898t3 +6174t+(t→ t−1))

+(t17−18t15 +153t13−739t11 +3753t9−20195t7 +49881t5 +1203597t3 +4481279t1 +(t→ t−1))
)
.

It was explicitly checked that the 1-instanton partition function Z1 at (Ns, Nc, Nv) =

(0, 2, 0) could be identified with the above as

Z
(Ns,Nc,Nv)=(0,2,0)
1 (a1, a2, a3, a4, a5, a6) = Z

(Ns,Nc,Nv)=(2,0,0)
1 (a1, a2, a3, a4, a5,−a6). (A.12)

Similarly, the character expansion of Z̃1 at (Ns, Nc, Nv) = (1, 1, 0) can be displayed as

follows:

Z̃1 =
t18

(1− t2)18

∑
±

(
−2462(y±1s y±4c +y±4s y±1c ) ·(2t6 +27t4 +108t2 +168+108t−2 +27t−4 +2t−6)

+11(y±2s y±4c +y±4s y±2c ) ·(45t7 +1101t5 +6983t3 +16623t+(t→ t−1))

+44(y±3s y±3c ) ·(23t7 +587t5 +3925t3 +9609t+(t→ t−1)) (A.13)
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+44(y±1s y±3c +y±3s y±1c ) ·(23t7 +2927t5 +26025t3 +70033t+(t→ t−1))

−32(y±3s y±4c +y±4s y±3c ) ·(t8 +36t6 +336t4 +1176t2 +1764+1176t−2 + · · ·+ t−8)

−32(y±2s y±3c +y±3s y±2c ) ·(t8 +465t6 +7629t4 +33351t2 +53244+33351t−2 + · · ·+ t−8)

+(y±4s y±4c ) ·(t9 +48t7 +603t5 +2898t3 +6174t+(t→ t−1))

−32(y±1s y±2c +y±2s y±1c ) ·(t10−17t8 +1069t6 +44069t4 +234770t2 +393168+234770t−2 + · · ·+ t−10)

−32(y±3s +y±3c ) ·(t10−17t8 +750t6 +17526t4 +83553t2 +136714+83358t−2 + · · ·+ t−10)

−32(y±1s +y±1c ) ·(13t10−79t8 +408t6 +97724t4 +587351t2 +1011546+587351t−2 + · · ·+13t−10))

+(y±4s +y±4c ) ·(t11−18t9 +615t7 +26332t5 +187749t3 +466001t+(t→ t−1))

+(y±2s +y±2c ) ·(t11 +477t9−7305t7 +391411t5 +4750692t3 +13923764t1 +(t→ t−1))

+4(y±1s y±1c ) ·(3t11 +199t9 +132676t7 +1864041t5 +5630341t3 +5630341t+(t→ t−1))

+(y±2s y±2c )(t13−17t11 +1136t9 +804t7 +200385t5 +1971471t3 +5450836t+(t→ t−1))

+(t15−17t13 +214t11 +1414t9−33152t7 +704404t5 +11381979t3 +35592757t+(t→ t−1))
)
,

in which
∑
± notation is understood as follows:

∑
± x
±1y±1 = xy+xy−1 +x−1y+x−1y−1,∑

± x
±1 = x+ x−1, and

∑
± 1 = 1.

SO(13). The flavor symmetry on NsS +NvV matter multiplets is SO(2Ns)s× Sp(Nv)v.

The character expansion of Z̃1 at (Ns, Nv) = (1, 1) is written follows, after setting the

Coulomb VEV ~a = 0 to keep the expression concise,

Z̃1 =
t20

(1− t2)20

∑
±

(
y±8s χV

(1) ·(t
10 +58t8 +905t6 +5580t4 +15876t2 +22344++15876t−2 · · ·+ t−10)

−64y±7s χV
(1) ·(t

9 +45t7 +540t5 +2520t3 +5292t+(t→ t−1))

+26y±6s χV
(1) ·(77t8 +2541t6 +22226t4 +74811t2 +110770+74811t−2 + · · ·+77t−8)

−5824y±5s χV
(1) ·(7t

7 +154t5 +924t3 +2145t+(t→ t−1))

+y±4s χV
(1) ·(t

14−19t12 +170t10 +766t8 +576628t6 +7601283t4 +29870761t2

+46175700+29870761t−2 +7601283t−4 + · · ·+ t−14)

−64y±3s χV
(1) ·(t

11−20t9 +1256t7 +83074t5 +628311t3 +1580032t+(t→ t−1))

+2002y±2s χV
(1) ·(t

10−19t8 +756t6 +15006t4 +66051t2 +105146+66051t−2 + · · ·+ t−10)

−64y±1s χV
(1) ·(13t11−51t9−436t7 +182670t5 +1603925t3 +4218449t+(t→ t−1))

+χV
(1) ·(t

16−19t14 +274t12 +3185t10−73808t8 +1918679t6 +46355974t4 +212905247t2

+342439014+212905247t−2 +46355974t−4 + · · ·+ t−16)

−13y±8s ·(t9 +35t7 +365t5 +1575t3 +3192t+(t→ t−1))

+256y±7s ·(3t8 +80t6 +630t4 +2016t2 +2940+2016t−2 + · · ·+3t−8)

−26y±6s ·(847t7 +15989t5 +89887t3 +203357t+(t→ t−1))

−64y±5s ·(t10−20t8−6180t6−75228t4−286725t2−439416−286725t−2 + · · ·+ t−10)

+y±4s ·(t13−20t11 +2907t9−74785t7−4557934t5−33690015t3−83955034t+(t→ t−1))

−64y±3s ·(t12−19t10 +807t8−24636t6−510121t4−2255129t2−3592422

−2255129t−2−510121t−4−24636t−6 + · · ·+ t−12)

+2y±2s ·(7t13−140t11 +3189t9 +86972t7−7685485t5−71293018t3−190116261t+(t→ t−1))

−64y±1s ·(t12−84t10 +2667t8−36526t6−1227485t4−5926190t2−9643046 (A.14)
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−5926190t−2−1227485t−4−36526t−6 + · · ·+ t−12)

+(t15−20t13−602t11 +5691t9 +495005t7−22183672t5−225823570t3−617150913t+(t→ t−1))
)
.

SO(14). The classical flavor symmetry on NsS+NcC+NvV hypermultiplets is U(Ns)s×
U(Nc)c × Sp(Nv)v. The character expansion of Z̃1 at (Ns, Nc, Nv) = (1, 0, 2) is written as

follows, after turning off the SO(14) Coulomb VEV ~a = 0,

Z̃1 =
t22

(1− t2)22

∑
±

(
y±8s χV

(01) ·(t
11 +69t9 +1309t7 +10065t5 +36828t3 +69300t+(t→ t−1))

−64y±7s χV
(01) ·(t

10 +55t8 +825t6 +4950t4 +13860t2 +19404+13860t−2 + · · ·+ t−10)

+26y±6s χV
(01) ·(77t9 +3234t7 +36667t5 +164401t3 +338261t+(t→ t−1))

−5824y±5s χV
(01) ·(7t

8 +210t6 +1694t4 +5434t2 +7920+5434t−2 + · · ·+7t−8)

+y±4s χV
(01) ·(t

15−22t13 +231t11−1540t9 +614558t7

+11510191t5 +62671224t3 +139186397t+(t→ t−1))

−832y±3s χV
(01) ·(33t8 +7744t6 +83776t4 +300104t2 +451192+300104t−2 + · · ·+33t−8)

+2002y±2s χV
(01) ·(t

11−22t9 +621t7 +21262t5 +134245t3 +314181t+(t→ t−1))

−832y±1s χV
(01) ·(t

12− t10−231t8 +15631t6 +206987t4 +790240t2 +1207976+

+790240t−2 +206987t−4 +15631t−6 + · · ·+ t−12)

+χV
(01) ·(t

17−22t15 +335t13 +3179t11−84595t9 +1320011t7

+63966077t5 +427850621t3 +1020096033t+(t→ t−1))

−14y±8s χV
(10) ·(t

10 +42t8 +539t6 +2948t4 +7854t2 +10824+7854t−2 + · · ·+ t−10)

+832y±7s χV
(10) ·(t

9 +33t7 +330t5 +1386t3 +2772t+(t→ t−1))

−2184y±6s χV
(10) ·(11t8 +270t6 +2002t4 +6182t2 +8910+6182t−2 + · · ·+11t−8)

+5824y±5s χV
(10) ·(77t7 +1281t5 +6677t3 +14575t+(t→ t−1))

+52y±4s χV
(10) ·(33t10−726t8−109153t6−1133396t4−3996580t2−5980436

−3996580t−2−1133396t−4−109153t−6 + · · ·+33t−10)

−64y±3s χV
(10) ·(t

13−22t11 +868t9−20559t7−726341t5−4583956t3−10718569t+(t→ t−1))

+8008y±2s χV
(10) ·(49t8−2102t6−29678t4−115094t2−176638−115094t−2 + · · ·+49t−8)

+4928y±1s χV
(10) ·(t

11−35t9 +217t7 +21505t5 +152866t3 +371316t+(t→ t−1))

−8χV
(10) · t

10(112t12−189t10−104258t8 +2855160t6 +46213090t4 +185620270t2

+287407450+185620270t−2 +46213090t−4 + · · ·+112t−12)

+13y±8s ·(8t9 +229t7 +2101t5 +8393t3 +16401t+(t→ t−1))

−5824y±7s ·(t8 +22t6 +154t4 +462t2 +660+462t−2 + · · ·+ t−8)

+26y±6s ·(6075t7 +95425t5 +483483t3 +1042937t+(t→ t−1))

−64y±5s ·(t12−22t10 +231t8 +41580t6 +427575t4 +1498244t2 +2237312

+1498244t−2 +427575t−4 +41580t−6 + · · ·+ t−12)

+91y±4s ·(11t11−473t9 +7623t7 +312675t5 +2010490t3 +4723994t+(t→ t−1))

+5824y±3s ·(77t8−2046t6−32546t4−129768t2−200508−129768t−2 + · · ·+77t−8)

+2y±2s ·(7t15−154t13 +2475t11−93720t9−257649t7
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+50128782t5 +390072133t3 +972422990t+(t→ t−1))

−64y±1s ·(t14−22t12 +231t10−24927t8 +317625t6 +7227990t4 +31070743t2 +48912688+

+31070743t−2 +7227990t−4 +317625t−6 + · · ·+ t−14)

+154(20t11−1740t9−16109t7 +958563t5 +8046291t3 +20489955t+(t→ t−1)). (A.15)

We also confirmed that the 1-instanton partition function Z1 for (Ns, Nc, Nv) = (0, 1, 2)

could be identified with the above as follows:

Z
(Ns,Nc,Nv)=(0,1,2)
1 (~a, ε1, ε2,m

c, ~mv) = Z
(Ns,Nc,Nv)=(1,0,2)
1 (~a, ε1, ε2,m

s, ~mv)|ms→−mc . (A.16)

E6. The flavor symmetry on NfF +Nf̄ F̄ hypermultiplets is U(Nf +Nf̄ ). The character

expansion of Z̃1 at Nf +Nf̄ = 3 is written as follows:

Z̃1 =
t22

(1− t2)22

(
(χf

(00)−9
+χf

(00)9
)(t11 +56t9 +945t7 +6776t5 +23815t3 +43989t+(t→ t−1))

−27(χf
(10)−8

+χf
(01)8

)(t10 +42t8 +539t6 +2948t4 +7854t2 +10824+7854t−2 + · · ·+ t−10)

+351(χf
(20)−7

+χf
(02)7

)(t9 +28t7 +253t5 +1001t3 +1947t+(t→ t−1))

+351(χf
(01)−7

+χf
(10)7

)(t9 +33t7 +330t5 +1386t3 +2772t+(t→ t−1)) (A.17)

+(χf
(30)−6

+χf
(03)6

)(t12−22t10−2694t8−42790t6−256355t4

−712536t2−994488−712536t−2 + · · ·+ t−12)

−26(χf
(11)−6

+χf
(11)6

)(224t8 +4774t6 +32700t4 +96877t2 +137830+96877t−2 + · · ·+224t−8)

−13(χf
(00)−6

+χf
(00)6

)(231t8 +6182t6 +48796t4 +156338t2 +228074+156338t−2 + · · ·+231t−8)

+351(χf
(40)−5

+χf
(04)5

)(t9 +28t7 +253t5 +1001t3 +1947t+(t→ t−1))

−27(χf
(21)−5

+χf
(12)5

)(t11−22t9−1694t7−19965t5−89298t3−182952t+(t→ t−1))

+702(χf
(02)−5

+χf
(20)5

)(49t7 +707t5 +3399t3 +7150t+(t→ t−1))

+702(χf
(10)−5

+χf
(01)5

)(77t7 +1281t5 +6677t3 +14575t+(t→ t−1))

−27(χf
(50)−4

+χf
(05)4

)(t10 +42t8 +539t6 +2948t4 +7854t2 +10824+7854t−2 + · · · t−10)

−351(χf
(31)−4

+χf
(13)4

)(21t8 +434t6 +2926t4 +8602t2 +12210+8602t−2 + · · ·+21t−8)

+351(χf
(12)−4

+χf
(21)4

)(t10−22t8−869t6−6908t4−21714t2−31416−21714t−2 + · · ·+ t−10)

+351(χf
(20)−4

+χf
(02)4

)(t10−22t8−1177t6−10500t4−34936t2−51436−34936t−2 + · · ·+ t−10)

−1404(χf
(01)−4

+χf
(10)4

)(294t6 +3132t4 +10989t2 +16390+10989t−2 +3132t−4 +294t−6)

+(χf
(60)−3

+χf
(06)3

)(t11 +56t9 +945t7 +6776t5 +23815t3 +43989t+(t→ t−1))

+13(χf
(41)−3

+χf
(14)3

)(50t9 +1573t7 +15219t5 +62623t3 +124025t+(t→ t−1))

+(χf
(22)−3

+χf
(22)3

)(t13−22t11 +231t9 +68530t7 +919589t5

+4310670t3 +8985999t+(t→ t−1))

−13(χf
(03)−3

+χf
(30)3

)(6t11 +93t9−3564t7−60115t5−303171t3−650699t+(t→ t−1))

+13(χf
(30)−3

+χf
(03)3

)(6075t7 +95425t5 +483483t3 +1042937t+(t→ t−1))

−832(χf
(11)−3

+χf
(11)3

(7t9−154t7−4095t5−23683t3−53471t+(t→ t−1))

+(χf
(00)−3

+χf
(00)3

)(t15−22t13 +231t11−1540t9 +7315t7
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+1533042t5 +10536141t3 +24960012t+(t→ t−1))

−27(χf
(51)−2

+χf
(15)2

)(t10 +42t8 +539t6 +2948t4 +7854t2 +10824+7854t−2 + · · ·+ t−10)

−351(χf
(32)−2

+χf
(23)2

)(21t8 +434t6 +2926t4 +8602t2 +12210+8602t−2 + · · ·+21t−8)

+351(χf
(13)−2

+χf
(31)2

)(t10−22t8−869t6−6908t4−21714t2−31416−21714t−2 + · · ·+ t−10)

−702(χf
(40)−2

+χf
(04)2

)(11t8 +270t6 +2002t4 +6182t2 +8910+6182t2−+ · · ·+11t−8)

−27(χf
(21)−2

+χf
(12)2

)(t12−22t10 +231t8 +34300t6 +334235t4

+1139314t2 +1686762+1139314t−2 + · · ·+ t−12)

+27(χf
(02)−2

+χf
(20)2

)(64t10 +517t8−27566t6−317548t4−1145354t2

−1723106−1145354t−2 + · · ·+64t−10)

+4914(χf
(10)−2

+χf
(01)2

)(7t8−154t6−2310t4−8866t2−13530−8866t−2 + · · ·+7t−8)

+351(χf
(42)−1

+χf
(24)1

)(t9 +28t7 +253t5 +1001t3 +1947t+(t→ t−1))

+351(χf
(50)−1

+χf
(05)1

)(t9 +33t7 +330t5 +1386t3 +2772t+(t→ t−1))

−27(χf
(23)−1

+χf
(32)1

)(t11−22t9−1694t7−19965t5−89298t3−182952t+(t→ t−1))

+22464(χf
(31)−1

+χf
(13)1

)(5t7 +77t5 +385t3 +825t+(t→ t−1))

+702(χf
(04)−1

+χf
(40)1

)(49t7 +707t5 +3399t3 +7150t+(t→ t−1))

−351(χf
(12)−1

+χf
(21)1

)(21t9−462t7−11605t5−65983t3−148071t+(t→ t−1))

+351(χf
(20)−1

+χf
(02)1

)(t11−22t9 +231t7 +11516t5 +72799t3 +168707t+(t→ t−1))

−702(χf
(01)−1

+χf
(10)1

)(25t9−6325t5−44583t3−107387t+(t→ t−1))

+χf
(33)0

(t12−22t10−2694t8−42790t6−256355t4−712536t2−994488−712536t−2 + · · ·+ t−12)

−26(χf
(41)0

+χf
(14)0

)(224t8 +4774t6 +32700t4 +96877t2 +137830+96877t−2 + · · ·+ t−8)

+26χf
(22)0

(25t10−550t8−27030t6−231990t4−756657t2−1107156−756657t−2 + · · ·+25t−10)

+(χf
(03)0

+χf
(30)0

)(t14−22t12 +231t10−1540t8−593285t6−5973198t4

−20531379t2−30453456−20531379t−2 + · · ·+ t−14)

−26χf
(11)0

(3t12−66t10−2002t8 +54670t6 +741975t4 +2786872t2

+4232536+2786872t−2 + · · ·+3t−12)

+2(1215t10 +26070t8−212410t6−4381850t4−18219943t2

−28496524−18219943t−2 + · · ·+1215t−10)
)
,

where the U(3) character χf(mn)c
is defined as

χf(mn)c
= (w1w2w3)

c−m+n
3

( ∑
1≤i1≤···≤im≤3
1≤j1≤···≤jn≤3

wi1 · · ·wim
wj1 · · ·wjn

−
∑

1≤i1≤···≤im−1≤3
1≤j1≤···≤jn−1≤3

wi1 · · ·wim−1

wj1 · · ·wjn−1

)
,

(A.18)
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with

(w1, w2, w3) =


(yf,1, yf,2, yf,3) for (Nf , Nf̄ ) = (3, 0),

(yf,1, yf,2, y
−1
f̄ ,1

) for (Nf , Nf̄ ) = (2, 1),

(yf,1, y
−1
f̄ ,1
, y−1
f̄ ,2

) for (Nf , Nf̄ ) = (1, 2),

(y−1
f̄ ,1
, y−1
f̄ ,2
, y−1
f̄ ,3

) for (Nf , Nf̄ ) = (0, 3).

(A.19)

Again, (A.17) was tested against our general 1-instanton expression (2.39) up to t180 order.

E7. The flavor symmetry acting on Nf hypermultiplets is SO(2Nf )f . The character

expansion of Z̃1 at Nf = 2 is given as follows:

Z̃1 =
t34

(1−t2)34

(
(χf

(0,12)+χ
f
(12,0))(t

17+99t15+3410t13+56617t11+521917t9 (A.20)

+2889898t7+10086066t5+22867856t3+34289476t+(t→ t−1)

−8(χf
(1,11)+χ

f
(11,1))(7t

16+572t14+16401t12+227766t10+1759296t8

+8155308t6+23747878t4+44652608t2+55026348+44652608t−2+···+7t−16)

+19(χf
(2,10)+χ

f
(10,2))(81t15+5254t13+121550t11+1376580t9

+8725369t7+33273284t5+79629972t3+122510670t+(t→ t−1))

+133(χf
(0,10)+χ

f
(10,0))(11t15+760t13+18445t11+216580t9

+1409980t7+5479474t5+13273260t3+20541950t+(t→ t−1))

−152(χf
(39)+χ

f
(93))(182t14+8827t12+158592t10+1426827t8+7281032t6

+22506946t4+43735356t2+54466776+43735356t−2+···+182t−14)

−2128(χf
(19)+χ

f
(91))(24t14+1309t12+25454t10+241859t8

+1281324t6+4059022t4+7997752t2+10005112+7997752t−2+···+24t−14)

+(χf
(48)+χ

f
(84))(t

19−34t17+561t15+359766t13+11997546t11+161435604t9

+1130192844t7+4579505424t5+11356618494t3+17763983094t+(t→ t−1))

+10773(χf
(28)+χ

f
(82))(91t13+3668t11+54893t9

+411026t7+1739100t5+4427038t3+7011004t+(t→ t−1))

+5187(χf
(08)+χ

f
(80))(119t13+5269t11+83499t9

+648329t7+2806870t5+7243122t3+11543952t+(t→ t−1))

+912(χf
(57)+χ

f
(75))(t

16−34t14−3597t12−78540t10−776832t8−4186896t6

−13370126t4−26439556t2−33110220−26439556t−2+···+t−16)

−56(χf
(37)+χ

f
(73))(t

18−34t16+561t14+227392t12+6213449t10+69122350t8+400174169t6

+1335305664t4+2705039932t2+3413732872+2705039932t−2+···+t−18)

−27664(χf
(17)+χ

f
(71))(539t12+17314t10+208879t8+1267860t6

+4351490t4+8949752t2+11348792+8949752t−2+···+539t−12)

−19χf
(66)(7t

17+217t15−24908t13−1021757t11−14769022t9

−107322042t7−444417927t5−1115908152t3−1755535056t+(r→ t−1))

−95(χf
(46)+χ

f
(64))(429t15−14586t13−1157156t11−20646010t9
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−168250530t7−746606798t5−1952106107t3−3129466862t+(t→ t−1))

+57(χf
(26)+χ

f
(62))(27t17−918t15+15147t13+3520341t11+75470346t9

+672625723t7+3141068903t5+8453641548t3+13732731903t+(t→ t−1))

+(χf
(06)+χ

f
(60))(t

21−34t19+561t17−5984t15+46376t13+108842392t11+2613712872t9

+24490191704t7+117519798814t5+321089011759t3+525183176299t+(t→ t−1))

+1296χf
(55)(5t

16+110t14−14030t12−458914t10−5440765t8−32547180t6

−110625460t4−226279180t2−286427492−226279180t−2+···+5t−16)

+1064(χf
(35)+χ

f
(53))(810t14−27540t12−1538126t10−21575635t8−140780490t6

−502663905t4−1055162460t2−1346539128−1055162460t−2+···+810t−14)

−27664(χf
(15)+χ

f
(51))(t

16−34t14+561t12+62832t10+1000416t8

+6920904t6+25507174t4+54425228t2+69808596+54425228t−2+···+t−16)

+χf
(44)(t

21−34t19+561t17−158136t15−1922955t13+320810876t11+7970822266t9

+74975208858t7+359889450611t5+983025661861t3+1607508212091t+(t→ t−1))

−133(χf
(24)+χ

f
(42))(t

19−34t17+561t15+79101t13−2846514t11−102197931t9

−1080814746t7−5500823076t5−15503708076t3−25710027486t+(t→ t−1))

+665(χf
(04)+χ

f
(40))(13t17+108t15−11407t13+230758t11+11122199t9

+125832753t7+660902603t5+1893530023t3+3162878730t+(t→ t−1))

+152χf
(33)(6t

18−204t16+18381t14+20306t12−21755987t10−387061196t8−2796155121t6

−10534894066t4−22728127951t2−29251476496−22728127951t−2+···+6t−18)

−1064(χf
(13)+χ

f
(31))(81t16−2754t14−49181t12+2732444t10+59237424t8+458851114t6

+1789977134t4+3929114222t2+5083736372+3929114222t−2+···+t−16)

+81χf
(22)(91t17+41t15−356609t13+2951795t11+247685515t9

+3029637009t7+16451185429t5+47931732849t3+80650803640t+(t→ t−1))

−1312311(χf
(02)+χ

f
(20))(14t13−17t11−7752t9

−103411t7−581570t5−1724208t3−2923116t+(t→ t−1))

+304χf
(11)(11960t14+343681t12−7234554t10−208524209t8−1747615980t6

−7073563915t4−15807799502t2−20565064322−15807799502t−2+···+11960t−14)

+(t23−34t21+561t19−5984t17−192226t15−11212452t13−46556642t11+4966300623t9

+73315010528t7+427928422856t5+1291626014327t3+2206690491962t+(t→ t−1))
)
.

This was tested against the closed-form expression (2.39) up to t280 order.
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