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Featured Application: Parametric studies of the developed models in this article provide
characteristics of abrasive acceleration and erosion rate considering properties of abrasive and
target materials. These findings can be applied to the prediction of abrasive particle velocity and
erosion performance of the abrasive waterjet rock-like material cutting.

Abstract: In this study, we investigated the characteristics of abrasive erosion considering the material
properties of abrasives and targets. An abrasive particle erosion model considering energy transfer
due to hardness differences was developed based on energy conservation using the correlation
between volume removal and effective kinetic energy. To obtain the effective erosion kinetic energy of
an abrasive, an acceleration model was derived for the abrasive particles, including terms describing
the properties of the abrasive and fluid. The applicability of the suggested model was verified by
comparing the brittle erosion results obtained using a previous theoretical approach to those of
the present numerical analysis. The results obtained using the developed model exhibited good
qualitative agreement with the brittle material erosion results. By evaluating acceleration and the
erosion characteristics of an abrasive, the erosion performance could be predicted and optimized.

Keywords: abrasive erosion; abrasive acceleration; effective erosion kinetic energy

1. Introduction

Waterjet technology has considerably advanced due to the production of optimally shaped nozzles,
mixing tubes, and commercial-level orifices [1]. In particular, abrasive waterjets (AWJs), in which
abrasives are injected into a plain waterjet, are being developed for better performance [2,3]. Presently,
AWJs are attracting considerable attention for geotechnical purposes such as concrete demolition, rock
drilling, cutting, and excavation [4–8] due to their distinct advantages (e.g., environmental friendliness,
low vibrations, selective processing, and high machining versatility [9–12]).

The impact energy of the accelerated abrasive is the main energy causing erosion [13–15]. Erosion
is based on the indentation of the target surface by hard particles (i.e., abrasives) [16]. The total kinetic
energy of an AWJ is determined by the total input mass of the abrasive, but experimental results
have shown that the erosion performance of the abrasive depends on its properties (i.e., density and
diameter), even under the same conditions (i.e., pump pressure, flow rate, and traverse speed [17,18]).
Therefore, it is necessary to understand the effect of abrasive properties on erosion mechanism and
performance. The erosion in an AWJ has been studied from a variety of perspectives. Table 1 lists
erosion models, including their basic equations. Volume displacement models assume that the volume
removal rate (Vr) is equivalent to the displacement rate (VD). Energy conservation models assume that
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the volume removal rate (Vr) is proportional to the applied erosion energy (Ee). Regression models
originate from independent investigations of the functions of variables (f (x)), and reaction kinetic
models are based on their similarities to the kinetic parameters of reactions, including the erosion
probability (ka), abrasive flow rate (

.
ma), and reaction order (m).

Table 1. Overview of major erosion models.

Abrasive Waterjet Models Equations References

Volume displacement models dVr = dVD [9,19]
Energy conservation models dVr/dt = dEe/dt [20–23]

Regression models Vr = α f (x)β [16,24,25]
Reaction kinetic models Vr = ka

.
mm

a [26,27]

Figure 1 shows the impact of abrasives, plastic deformation, and microcracking (microfracture,
intergranular cracking) that occurs in quasibrittle materials such as granite [15,20,21]. Energy
conservation models have the advantage of considering volume removal due to both plastic deformation
and microcrack fracture. In particular, an elastoplastic model [20,21] considering energy conservation
provides clear theoretical explanations regarding brittle erosion. This model uses the plastic deformation
based on the model developed using Bitter’s model [28,29]: it considers the threshold velocity of the
impact (k) and the energy required to remove the target volume (ε). This model also defines the removal
volume (Vr) during microcrack fracture using the equation proposed by Hutching [30]: it calculates Vr

by considering the stress-wave energy factor ( fw), the total stress-wave energy (W), and the fracture
energy per unit area (γ) on which the stress-wave energy acts through the following equation:

Vr =
mp(vt − k)2

2ε
+

fwaW
6γ

. (1)
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Figure 1. Schematic illustration of brittle material erosion due to the impact of a single abrasive
particle [9,16].

Here, mp is the mass of the particle, vt is the terminal velocity of the particle, and a is the
flaw distribution parameter. The elastoplastic model has been used to investigate erosion in other
experiments [31] as well: it has also been applied to analyze the micromechanism of material removal
in polycrystalline brittle materials [32] and to develop fracture mechanics models [33]. Although this
model effectively represents plastic deformation through intergranular or microcrack erosion in terms
of the fracture energy, the approach used in this model is complex and difficult to use. This is because
it requires estimating the specific energy for material removal (ε) through experimental and theoretical
calculations; moreover, the characteristics of the abrasive particles are not considered in the theoretical
representations of erosion.

Therefore, this study developed a simple but robust waterjet abrasive erosion model for rock-like
material considering abrasive characteristics such as density, diameter, and hardness. The developed
model was verified through comparisons to the elastoplastic model developed by Zeng and Kim [20,21]
and numerical modeling results. Then, a parametric study was performed to explore the effect of the
abrasive characteristics on waterjet erosion performance.
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2. Waterjet Erosion Model of an Abrasive Particle

As the acceleration of abrasives in waterjets is affected by properties such as density and diameter,
the exit velocity of the abrasives at the exit of the focus was derived from fluid mechanics. Then, a
simple energy–work erosion model was developed that considered the effective erosion kinetic energy,
depending on the ratio between the hardness of the abrasive and the target.

2.1. Acceleration of an Abrasive Particle

A high-pressure fluid from a pump passes through an orifice and becomes a high-velocity stream.
According to Bernoulli’s principle, the energy of the pump, which comprises the pressure, kinetic
energy, and potential energy of the fluid, is applied consistently throughout the waterjet system as
follows:

(in the pump)
p f ,p

ρ f
+

v2
f ,p

2
+ ghp =

p f ,0

ρ f
+

v2
f ,0

2
+ gh0, (in the pipe), (2)

where p f ,p and p f ,0 are the pressures of the fluid in the pump and pipe, respectively; v f ,p and v f ,0 are
the velocities of the fluid in the pump and pipe, respectively; g is the gravitational acceleration; hp and
h0 are the potential heads in each section; and ρ f is the density of the fluid. It is expected that p f ,p >>

p f ,0 ≈ 0, v f ,0 >> v f ,p ≈ 0, and hp = h0 [34,35]. Thus, the pump pressure (p f ,p) determines the initial
fluid velocity (v f ,0) based on the fluid density (ρ f ) after passing through the orifice:

p f ,p

ρ f
=

v2
f ,0

2
. (3)

A water stream that passes through an orifice experiences turbulence. Due to this energy loss,
the initial velocity of the fluid could be obtained as follows by considering the resistance constant (K),
which is affected by the shape and size of the orifice nozzle:

v f ,0 =

√
(1−K)

2p f ,p

ρ f
, (4)

where the resistance constant (K) is 0.5 for a square-edged orifice, 0.25 for a chamfered orifice, and
0.04–0.28 for a rounded orifice [36,37]. The momentum of the water flow produced by the pump is
converted into the momentum of the accelerated abrasive, which results in the momentum of the
water–abrasive mixture slurry, and the total momentum is conserved as follows [34,38]:

.
mwv f ,0 =

.
mwv f ,t +

.
mavp,t =

( .
ma +

.
mw

)
vt, (5)

where
.

mw is the fluid flow rate;
.

ma is the abrasive flow rate; and v f ,t and vp,t are the velocities of the
fluid and particle at time (t). If the acceleration is sufficient to make the velocity of the abrasive equal
to that of the fluid, the slurry velocity becomes the terminal velocity (vt). The slurry comprising the
abrasive particles and water passes through the focus, and the energy efficiency is reduced according
to the focus geometry and mixing efficiency. Thus, the terminal velocity becomes

vt = Ce

( .
mw

.
mw +

.
ma

)
v f ,0, (6)

where Ce is the mixing efficiency [37], which generally ranges from 0.57 to 0.71 [35].
The particle motion in the fluid explains the acceleration process of abrasive particles in reaching

terminal velocity. The principal forces acting on the abrasive particles during their acceleration are the
external acceleration force (F1) due to the momentum of the fluid and the drag force (F2) resisting the
movement of the abrasive (Figure 2).



Appl. Sci. 2019, 9, 4234 4 of 19
Appl. Sci. 2019, 9, x FOR PEER REVIEW 4 of 19 

 
Figure 2. Conceptual diagram showing particle motion through a fluid in a focus and the exit velocity 
after the particle exits the focus. 

Thus, the external acceleration force (𝐹 ) becomes 

( ) ,
1

p t
p p f

dv
F V

dt
ρ ρ= ⋅ − ⋅ , (7) 

where 𝑉  is the particle volume and 𝜌  is the particle density. The drag force (𝐹 ) is a function of 
the drag coefficient (𝐶 ), as the streamlined motion of spheres depends on the Reynolds number and 
the projection area (𝐴 ) on which the force accelerating the particle is exerted, which is expressed as 
follows: 

( )2

2 , ,
1
2 d f d f t p tF C A v vρ= ⋅ ⋅ ⋅ − . (8) 

Under a constant force, the sum of the forces acting upon a particle is zero (𝐹  + 𝐹  = 0), i.e., 

( ) ( )
3 2

2,
, , 0

6 8
p p t p

p f d f f t p t

d dv d
C v v

dt
π π

ρ ρ ρ
⋅ ⋅

⋅ ⋅ − + ⋅ ⋅ − = , (9) 

where 𝑑  is the diameter of the abrasive particle. Rearranging the equation yields 

( ) ( )
,

2

, ,

3
4

p t f
d

pp p ff t p t

dv
C dt dt

ddv v

ρ α
ρ ρ

− = ⋅ ⋅ = ⋅
⋅ −−

, (10)

where α is defined by the particle, fluid density, and drag coefficient and can be expressed as 

3
4

f
d

p f

C
ρ

α
ρ ρ

= ⋅ ⋅
−

. (11)

Integrating Equations (10) and (11) over velocity and time, respectively, we can write 

( ) ,2

, ,

1
p t

pf t p t

dv dt
dv v

α− = ⋅
−

  . (12)

This integration yields 

, ,

1
f t p t p

C t
v v d

α+ =
−

, (13) 

where C is the integral constant. As the initial velocity of the particle is zero, the integral constant (C) 
is obtained as follows: 

,0

1
f

C
v

= − . (14) 

Upon substituting C from Equation (14) into Equation (13), the particle velocity at the 
acceleration time (t) becomes 

,0
, ,

,0

p f
p t f t

f p

d v
v v

v t dα
⋅

= −
⋅ ⋅ +

. (15) 

Abrasive𝑣 ,
External Acceleration force Drag force𝐹 𝐹 𝑣 ,𝑣 ,

exit
velocity

𝑙
Focus exit

Abrasives

Figure 2. Conceptual diagram showing particle motion through a fluid in a focus and the exit velocity
after the particle exits the focus.

Thus, the external acceleration force (F1) becomes

F1 = Vp ·
(
ρp − ρ f

)
·

dvp,t

dt
, (7)

where Vp is the particle volume and ρp is the particle density. The drag force (F2) is a function of the
drag coefficient (Cd), as the streamlined motion of spheres depends on the Reynolds number and
the projection area (Ad) on which the force accelerating the particle is exerted, which is expressed
as follows:

F2 =
1
2

Cd · ρ f ·Ad ·
(
v f ,t − vp,t

)2
. (8)

Under a constant force, the sum of the forces acting upon a particle is zero (F1 + F2 = 0), i.e.,

π · d3
p

6
·

dvp,t

dt
·

(
ρp − ρ f

)
+ Cdρ f ·

π · d2
p

8
·

(
v f ,t − vp,t

)2
= 0, (9)

where dp is the diameter of the abrasive particle. Rearranging the equation yields

−
dvp,t(

v f ,t − vp,t
)2 =

3
4

ρ f

dp ·
(
ρp − ρ f

) ·Cd · dt =
α
dp
· dt, (10)

where α is defined by the particle, fluid density, and drag coefficient and can be expressed as

α =
3
4
·

ρ f

ρp − ρ f
·Cd. (11)

Integrating Equations (10) and (11) over velocity and time, respectively, we can write∫
−1(

v f ,t − vp,t
)2 dvp,t =

∫
α
dp
· dt. (12)

This integration yields
1

v f ,t − vp,t
+ C =

α
dp

t, (13)

where C is the integral constant. As the initial velocity of the particle is zero, the integral constant (C) is
obtained as follows:

C = −
1

v f ,0
. (14)

Upon substituting C from Equation (14) into Equation (13), the particle velocity at the acceleration
time (t) becomes

vp,t = v f ,t −
dp · v f ,0

α · v f ,0 · t + dp
. (15)
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Equation (15) can be expressed using the function of the fluid (v f ,t) and the particle velocity (vp,t)
at the acceleration time (t) and with the initial fluid velocity (v f ,0), as follows:

v f ,t = v f ,0 −

.
ma
.

mw
· vp,t. (16)

By substituting the fluid velocity at time (t) from Equation (16) into Equation (15), the particle
velocity at one moment (vp,t) is given by

vp,t =

( .
mw

.
mw +

.
ma

)
·

(
v f ,0 −

dp · v f ,0

α · v f ,0 · t + dp

)
. (17)

Upon substituting the initial fluid velocity (v f ,0) from Equation (4) into Equation (17), the particle
velocity at acceleration time (t) finally becomes

vp,t =

√
(1− k)

2p f ,p

ρ f

( .
mw

.
mw +

.
ma

)
·

1−
4 · dp ·

(
ρp − ρ f

)
3 · ρ f ·Cd · v f ,0 · t + dp

. (18)

By integrating the particle velocity (vp,t) over time (t), the distance traveled by particle (lp,t) during
acceleration is

lp,t =

∫ t

0
vp,tdt =

( .
mw

.
mw +

.
ma

)
·

{
v f ,0 · t−

dp

α

(
ln

∣∣∣α · v f ,0 · t + dp
∣∣∣)}+ C′, (19)

where C′ is the integral constant. As the traveled distance at t = 0 is zero, the integral constant (C′) is
obtained as follows:

C′ =
( .

mw
.

mw +
.

ma

)
·

dp

α
· ln

∣∣∣dp
∣∣∣. (20)

The distance traveled by the abrasive particle (lp,t) is given by

lp,t =

( .
mw

.
mw +

.
ma

)
·

{
v f ,0 · t−

dp

α

(
ln

∣∣∣∣(α · v f ,0 · t + dp
)
/dp

∣∣∣∣)}. (21)

Figure 3 shows the velocity of the abrasive particle and fluid and the distance traveled by the
particle under the following conditions: a pump pressure of 320 MPa, a water flow rate of 29.71 g/s,
and an abrasive flow rate of 7.5 g/s, with a particle diameter of 0.18 mm and a density of 0.00379 g/mm3.
These parameters were obtained using the velocity of the fluid and the abrasive particle (Equations (16)
and (18)) and the model describing the distance traveled by the abrasive (Equation (21)), which was
developed in this study. As the momentum of the fluid is transferred to the abrasive, the fluid velocity
decreases, the abrasive velocity increases, and the distance traveled by the particle increases. When the
focus length is 0.0762 m, the abrasive finishes acceleration and leaves the focus at the exit velocity.
The time taken for acceleration is 0.000228 s, and the exit velocity of the abrasive particle is 348 m/s.
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2.2. Abrasive Particle Energy and Erosion Model

The mass and velocity of the abrasive constitute the input energy of the abrasive particle (Ep) for
material removal, which is expressed as follows:

Ep =
πd3

pρpv2
p

12
. (22)

The removal work is a function of a resistance force as a hardness [9]. Considering the energy
transfer effect during impact due to the relative hardness of the particle and the target that absorbs the
input energy of the abrasive particle, the effective erosion kinetic energy (Ee) can be expressed as [39,40]

Ee = Ep

 1

1 +
√

Ht/Hp

, (23)

where Ht and Hp represent the hardness of the target and particle, respectively. As the input energy of
the abrasive particle is converted into target removal work based on energy conservation, the volume
of the target removed (Vr) is associated with the energy of the particles that collide with the target (Ee)
in the following manner:

dVr

dt
∝

dEe

dt
. (24)

Therefore, the relationship between energy and work is given as follows:

π
2
· b2
·Ht · di = Ep ·

 1

1 +
√

Ht/Hp

 = πd3
pρpv2

p

12
(
1 +

√
Ht/Hp

) . (25)

The deformation area can be expressed in terms of the erosion depth (di) and particle diameter
(dp) (Figure 1):

b2 =

(
dp

2

)2

−

(
dp

2
− di

)2

. (26)

Substituting Equation (26) into Equation (25), a cubic equation for the erosion depth (di) can be
obtained based on the abrasive particle energy (Ep) and hardness ratio (Ht/Hp), as follows:

d3
i − d2

i dp +
2 · Ep

π ·Ht

 1

1 +
√

Ht/Hp

 = d3
i − d2

i dp + Ec = 0, Ec =
2 · Ep

π ·Ht

 1

1 +
√

Ht/Hp

. (27)

In this case, the velocity of the abrasive is the exit velocity (Equation (18)), which is determined
based on the properties of the abrasive particle. The cubic formula for erosion depth (di, Equation (27))
can be expressed as

di =
dp

3
+

3

√
1

54

((
2d3

p − 27Ec
)
+

√
27Ec

(
27Ec − 4d3

p

))
+

3

√
1

54

((
2d3

p − 27Ec
)
−

√
27Ec

(
27Ec − 4d3

p

))
. (28)

By calculating the sphere cap volume, the erosion volume Vr can be obtained as follows:

Vr =
πdpd2

i
2
−
πd3

i
3

. (29)
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The characteristics of the erosion volume Vr can be expressed as a function of the effective erosion
kinetic energy and hardness of the target, as shown below:

Vr ∝ ·
d3

p · v3
p · ρ

3/2
p(

Ht
(
1 +

√
Ht/Hp

))3/2
. (30)

As it provides a simple expression for energy conversion into work during erosion, this model
is called the simple energy–work erosion model. This model considers the effective erosion kinetic
energy and relative hardness and proves that increasing the particle hardness increases the removal
rate. This finding is similar to that of previous experimental and theoretical studies [41,42].

3. Model Verification

The suggested erosion model was verified by comparing its results to those obtained using
elastoplastic and numerical models for brittle erosion [20,21]. A numerical analysis was performed
using the continuous surface cap model (CSCM) in LS-DYNA to evaluate the brittle erosion due to the
impact of a single particle.

3.1. Theoretical Comparison of Erosion by Single Abrasive Particle

The model employed by Zeng and Kim [20,21] was chosen to verify our model for the following
reasons. Because it is based on energy conservation, their model and that developed in this study are
similar in that the erosion rate of rock-like material is calculated based on single particles. Their work
was also suitable for comparison and verification of the theoretical and numerical results because
plastic deformation and crack deformation occur simultaneously [43], as explained in the numerical
analysis results obtained in this study.

For different kinetic energies, combinations involving different densities (A: 0.00379 g/mm3 and B:
0.00702 g/mm3) and diameters (0: φ 0.09 mm, 1: φ 0.18 mm, 2: 0.264 mm, and 3: 0.344 mm) of the
spherical abrasive particles were used, resulting in a total of eight analytical cases (Table 2). The density
and diameter of the abrasive particle were obtained from the commercial specifications for garnet
and steel balls. The parameters used for theoretical verification, including the pump pressure and
the water and abrasive flow rates, are given in Table 2, along with the abrasive and target material
properties (e.g., diameter, density, and hardness). Under these conditions, the Reynolds number of
the abrasive waterjet was in the range 18,600–20,000 [9,44]. The drag coefficient for smooth spheres
under this condition was used to solve Equation (11) [36]. The exit velocity in each case was calculated
(Equation (18)). The exit velocities of the abrasive particles ranged from 335 m/s to 352 m/s depending
on their diameters and densities.

For the erosion model calculations, the Knoop hardness was used to describe the resistance to
erosion. The Knoop hardness, also called microhardness, is often used for microscale analysis. The
Knoop hardness is usually estimated based on the Vickers hardness and is suitable for evaluating
microhardness-related characteristics such as microfractures or microsettlements. Therefore, the Knoop
hardness was used to experimentally analyze the cutting performance of the AWJ [9,45].

In Figure 4, the erosion depth and volume, which were determined using the erosion model
developed in this study (Equations (28) and (30)), are compared to those determined using the
elastoplastic model (Equation (1) [20,21]). The erosion depth calculated using the suggested model
was slightly smaller than that obtained from the elastoplastic model (Figure 4a): this can be attributed
to the characteristics of microcracking in quasi-brittle erosion. Even with microcracks, the two sets of
results corresponded well because of the high hardness of the target, resulting in considerable plastic
erosion and small cracks. The erosion volume results obtained using the proposed model (this study)
and those obtained using the elastoplastic model also matched well (Figure 4b). The results from the
proposed model seemed to match better for smaller abrasive particles.
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Table 2. Analysis cases and details.

Water pressure (MPa) 320
Water flow rate (g/s) 29.71 (orifice diameter 0.254 mm)

Abrasive flow rate (g/s) 7.5
Vickers hardness of abrasive (kg/mm2) 1500

Vickers hardness of target) kg/mm2) 980
Abrasive density (g/mm3) Density I: 0.00379; Density II: 0.00702
Abrasive diameter (mm) 0.09 0.18 0.264 0.344 0.09 0.18 0.264 0.344

Abrasive exit velocity (m/s) 352 348 346 344 349 344 342 335

Theoretical study cases (this, previous) O O O O O O O O
Numerical study cases X O O O X O O O

Case codes A-0 A-1 A-2 A-3 B-0 B-1 B-2 B-3
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3.2. Numerical Analysis for Single Abrasive Erosion

The results from the proposed erosion model were numerically verified based on the exit velocity
(Equation (18)), depending on the abrasive density and diameter. The finite element method based
commercial program ANSYS/LS-DYNA was employed, which is a solver for finite element calculations
used in many complex, real-world problems. It provides various rock and concrete material models
that are widely used in geomechanical engineering analysis. As this program is suitable for nonlinear
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analyses of large strains, it is appropriate for analyzing the erosion of rocks by abrasives, which was
the goal of this research.

3.2.1. Numerical Model Details

Numerical analyses were conducted for the same cases as those in the theoretical tests (Table 2).
LS-DYNA provides many material models for concrete, rock, and soil, including Brittle Damage,
Johnson–Holmquist concrete, Concrete Damage Rel3, and Continuous Surface Cap Model (CSCM).
To simulate plastic deformation and microcrack failure of the target simultaneously, CSCM was used
as the damage model. In CSCM, crack failure occurs via brittle damage when the energy exceeds the
threshold, due to tensile pressure [46]. This model is suitable for high-stress, large-strain conditions
such as those present in crater formations, concrete spalling, and impact-induced fracture inside
concrete [47]. Therefore, microcrack generation using a conical pick in rock [48], the unloading
characteristics of rock [49], and the smeared crack approach for concrete damage progression under
repeated impact [50,51] have been simulated using the CSCM. The properties of the target were
measured and computationally modeled via numerical analysis (unconfined compressive strength:
236 MPa; tensile strength: 11 MPa; Young’s modulus: 56.5 GPa; Vickers hardness: 980 kg/mm3)
(Figure 5 and Table 3). As the CSCM has many input parameters, the properties of the rock-like target
were repeatedly adjusted and combined to obtain the same properties as those of the actual granitic
rock specimen. To prevent breakage of the abrasive particles upon collision, an elastic model was used
for modeling the abrasive particles.
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Table 3. Properties of the target (granite) used in the numerical analyses.

Density
(kg/m3)

Compressive
Strength

(MPa)

Shear Strength
(MPa)

Tensile
Strength

(MPa)

Young’s
Modulus

(GPa)

Vickers
Hardness
(kg/mm3)

2650 236 23 11 56.5 980

During collision between a spherical abrasive particle and a box-shaped target rock at normal
incidence, the entire model is symmetrical about the x and y axes; hence, a 1/4 symmetry physical
model could be used. In addition, it was possible to reduce the computation time by increasing the
meshing density of the impact area and widening the gap between the nodes at the boundary (Figure 6).
To reduce the boundary effect, the target geometry was established at eight times the radius of the
largest abrasive particle (i.e., dp/2 = 0.172 mm), and the nonreflecting boundary condition was set
on an outside surface in the model. The damage constitutive law and erosion criteria were used
for evaluating nonlinear rock erosion, crack extension, and fragment formation upon contact [43,48].
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The “Eroding Surface to Surface” and “Automatic General” keywords were applied for erosion through
segment-based contact between the abrasive and target.
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3.2.2. Numerical Analyses and Verification Results

Target sinking due to plastic deformation was evident (Figure 7), and microcracks appeared
immediately. This finding was the same as that in previous studies, where the rock began to sink
at first and experienced compression and breakage upon collision [43,51,52]. In the analysis results
corresponding to abrasive diameters of 0.18 mm and 0.264 mm, half-penny-shaped microcracks were
evident after plastic sink deformation, and lateral-shaped microcracks were observed when the abrasive
diameter was 0.344 mm (Figure 7c,f). The numerically obtained erosion depths due to indentation
by each abrasive particle are shown in Figure 8, and the erosion depth increased with an increasing
density and diameter of the abrasive particles.

The numerically and theoretically calculated erosion depths and volumes due to single-particle
impact are presented in Figure 9. The erosion depth obtained using the proposed simple model
appeared to be 5% smaller; however, the model yielded results very similar to those provided by the
numerical model under ideal conditions for all cases.
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4. Parametric Study of Single-Particle Acceleration and Erosion

4.1. Abrasive Particle Acceleration Parameters

Parametric studies on the acceleration characteristics of the abrasive particles were conducted
from various perspectives. The terminal velocity variation according to the abrasive flow rate is
shown in Figure 10. At a higher abrasive flow rate, the momentum of the fluid delivered by the pump
was transferred to a higher extent, accelerating the abrasive and decreasing the terminal velocity
(Equation (18)). Figure 10b shows the change in velocity due to the acceleration of the abrasive particle
and reduction in fluid velocity. The smaller the abrasive diameter and density, the faster the abrasive
accelerated, and the faster the fluid decelerated. The acceleration rate was dependent on the properties
of the abrasive at the early stages of acceleration, after which the acceleration velocity converged to the
terminal velocity. Figure 10c depicts the distance traveled by the abrasive particle. The larger or heavier
the abrasive was, the shorter the initial distance traveled by the particle was due to slow acceleration.
As shown in Figure 10d, with a small water flow rate, the distance traveled was short, because the
terminal velocity decreased due to the low fluid momentum. The theoretical results obtained using the
developed acceleration model (Equations (18) and (21)) according to the mentioned abrasive properties
led to the same conclusions as those obtained from previous theoretical [53], numerical [54], and
experimental [55] results obtained by other researchers.
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4.2. Single-Particle Erosion Parameters

Using the proposed erosion model, the relationships between the variables affecting erosion
were analyzed. In this parametric study, the abrasive diameter was selected based on the commercial
abrasives according to sieve specifications (30, 45, 60, 80, and 170 mesh): the used average particle sizes
were 0.610, 0.344, 0.264, 0.180, and 0.09 mm according to American Society for Testing and Materials
(ASTM) standards for particle size analysis. The hardness of the abrasive was close to that of garnet
and steel balls, while the hardness of the target was close to that of granite. In the parametric study,
a large hardness range was employed to forecast and review the trends in hardness changes.

As the density of the abrasive increased, the erosion depth increased, but the magnitude of the
density effect decreased gradually as the density increased. The larger the diameter of the abrasive
particle was, the greater the density effect was (Figure 11a). In addition, the greater the hardness of the
abrasive particle was, the greater the erosion depth was; however this effect was not significant for small
particle diameters (Figure 11b). As the hardness of the target increased, the erosion depth decreased.
The larger the particle diameter was, the greater the effect of the target hardness was. The smaller the
target hardness was, the larger the reduction in the particle diameter effect was, eventually leading to
convergence (Figure 11c,d). The comprehensive erosion characteristics are presented in Figure 12.
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Figure 11. Effects of abrasive particle parameters on erosion depth: (a) particle diameter and
particle density; (b) particle diameter and particle hardness; (c) particle diameter and target hardness;
(d) hardness ratio (Hp/Ht = Rh).
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5. Conclusions

Particle acceleration and erosion models were developed and verified in this study based on the
properties of abrasives and target materials. This paper describes the abrasive acceleration process
through hydrodynamic analysis considering the properties of the abrasive and fluid. Based on energy
conservation, a simple energy–work erosion model for a rock-like material was developed, considering
energy transfer due to hardness differences between the abrasive and target. This theoretical approach
was verified through comparisons to a previous theoretical brittle erosion model and numerical
analyses results. The results obtained using the proposed simple and convenient model showed good
agreement with those obtained using the previous erosion model and numerical analyses. Through a
parametric study using the proposed acceleration model and the simple energy–work erosion model,
the effects of the abrasive and target properties on erosion performance were reviewed. The following
are the major findings of this study:

• The abrasive acceleration characteristics were theoretically derived depending on the density
and diameter of the abrasive particle, the density of the fluid, and the fluid flow state. Therefore,
the particle velocity, exit velocity, and distance traveled by the particle could be calculated;
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• A simplified erosion model was developed considering the hardness as a resistance force for
energy transfer from the particle to the target. The erosion depth and volume could be calculated
depending on the diameter, density, and hardness of the abrasive particle and target;

• For the erosion of rock-like materials, simultaneously occurring plastic failure and microcracking
were simulated numerically. A CSCM was used for modeling the brittle material, and this
numerical model was used to validate the theoretical erosion model developed in this study;

• Parametric studies were conducted to evaluate the acceleration and erosion characteristics using a
wide range of abrasive particle properties (diameters, densities, and hardness values) and target
hardness values. General acceleration and erosion characteristics could be identified.

However, one limitation of this study was that the developed simple erosion model does not
account for diversity in abrasive particle shapes and erosion caused by water. Therefore, further
studies regarding the effects of abrasive particle shapes on targets and on erosion caused by water
energy are required to overcome this limitation. Nonetheless, the results of this study can be used to
estimate erosion rates based on the properties of the abrasive and target and to optimize the operation
of AWJ systems.
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Nomenclature

Ad Projection area drag force exerted (mm2)
a Flaw distribution parameter
b Radius of indentation circle (mm)
Cd Drag coefficient
Ce Mixing efficiency coefficient
dp Diameter of abrasive particle (mm)
di Depth of erosion by single particle (mm)
Ec Constant term concerning the erosion energy
Ee Effective kinetic erosion energy (J)
Ep Erosion energy of single particle (J)
F1 External acceleration force (N)
F2 Drag force (N)
fw Proportional factor for stress-wave energy
g Gravitational acceleration (m/s2)
h0 Potential head in the pipe tip section (mm)
hp Potential head in the pump section (mm)
Hp Hardness of particle, Knoop (kg/mm2)
Ht Hardness of target, Knoop (kg/mm2)
K Resistance constant
k Threshold velocity of impact (m/s)
ka Constant for kinetic structure of reaction
lp,t Distance traveled by the particle (mm)
m Reaction order
.

ma Abrasive flow rate (g/s)
mp Single-particle mass (g)
.

mw Fluid (water) flow rate (g/s)
P f ,0 Pressure of fluid (water) in the pipe tip section (Pa)
P f ,p Pressure of fluid (water) in the pump section (Pa)
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VD Displacement rate of target
v f ,t Fluid velocity at time t (m/s)
v f ,0 Fluid velocity in the pipe tip section (initial fluid velocity) (m/s)
v f ,p Fluid velocity in the pump section (m/s)
Vp Volume of particle (mm3)
vp,t Particle velocity at time t (m/s)
Vr Volume removed by single particle (mm3)
vt Terminal velocity (m/s)
W Total stress-wave energy
γ Fracture energy per unit area (J/mm2)
ε Energy required to remove unit material volume (mm3/J)
ρf Fluid density (g/mm3)
ρp Particle density (g/mm3)
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