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1. Introduction

An electronic control of magnetic properties of magnetic 
materials offers various advantages including a develop-
ment of devices with a high level of integration [1, 2]. In spin 
transfer torque devices, the spin torque, attributed to exchange 
interactions between the spin of conduction electrons and 
local magnetization of the free layer, provides an ability for 
an electronic control of the magnetization of the free layer  
[3, 4]. The spin torque effect in nanoscale magnetic devices 
such as magnetic tunnel junctions induces magnetization 
switching [5–10] and magnetization precession [11–13].

Spin torque nano-oscillators (STNOs) have attracted sig-
nificant research interests over the past few decades owing 
to their potentials for applications as devices in the GHz fre-
quency band [14–20]. The STNO is composed of an f/s/p 
structure, where f is the free layer, which is a thin ferromagn-
etic layer, s is the spacer, and p is the pinned layer, which 
is a thick ferromagnetic layer. When a DC electrical current 
flows through the STNO, a spin current is generated owing 

to the spin filtering of the pinned layer, and induces a mag-
netization precession of the free layer. The combination of 
the magnetization precession in the free layer and giant mag-
netoresistance or tunnel magnetoresistance effect induces 
voltage oscillations.

Recently, spin Hall nano-oscillator (SHNO) composed 
of a heavy-metal/ferromagnetic-material (H/F) structure has 
attracted a significant attention as a novel type of spin oscil-
lator [21–27]. Compared with STNOs, SHNOs can be more 
easily nanofabricated, can be operated at a lower DC current, 
and exhibit suppressed damping, which prevents magnetiza-
tion precession [28, 29]. When a longitudinal charge current 
flows through the SHNO, a transverse pure spin current is gen-
erated owing to the spin Hall effect (SHE) in the heavy metal, 
attributed to the spin–orbit interactions. The generated pure 
spin current flows to the ferromagnetic material and induces a 
magnetization precession owing to the exerted torque on the 
magnetization. In this case, the combination of magnetization 
precession and anisotropic magnetoresistance (AMR) effect 
leads to the voltage oscillations [21, 26].
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In the experimental study, bulk and edge modes are exhib-
ited in the nanowire SHNO [26]. However, in the micromagn-
etic study by Siracusano et al, spatially uniform mode in the 
entire region of the nanowire SHNO is excited in certain 
applied magnetic field and current ranges due to the uniform 
Oersted field in the whole nanowire SHNO [30]. In a con-
ventional current-perpendicular-plane spin torque oscillator, 
a non-uniform Orested field that induces a spatially inho-
mogeneous magnetization excitation, such as a vortex state, 
is developed in the radial direction. On the contrary, in the 
nanowire SHNO, the uniform Oersted field is displayed within 
the entire ferromagnet, which enables single mode magnetiza-
tion excitation.

For practical applications of STNOs and SHNOs, it is nec-
essary to increase the output power and reduce the linewidth. 
The synchronization between STNOs has been extensively 
studied, as if N STNOs are in-phase synchronized, the output 
power increases N2 times, and the linewidth reduces to 1/N2 
[31], where N is the total number of STNOs. Kaka et al and 
Mancoff et  al independently reported a synchronization in 
a double-point-contact device [32, 33]. They demonstrated 
the increased output power and reduced linewidth during the 
synchronization. By employing the nonlinear auto-oscillator 
model, Slavin and Tiberkevich showed that the locking range 
of synchronization depends on the coupling strength between 
the auto-oscillators [34]. Using numerical calculations, Person 
et  al and Zhou et  al showed that the locking range can be 
extended using a phase shifter, as a capacitor, in the electrical 
coupling system [35, 36]. The synchronization induced by 
magneto-dipolar coupling between STNOs was investigated 
by Chen et  al [37]. Recently, using micromagnetic simula-
tions, Puliafito demonstrated that the output power of the syn-
chronized state in a double-point-contact STNO depends on 
the phase difference between two STNOs [38]. However, the 
correlation between the coupling strength and phase differ-
ence in the magnetic coupling system for N  >  2 has not been 
studied.

In this study, we investigate the synchronization of stacked 
nanowire SHNOs with magneto-dipolar coupling. In order to 
obtain the magneto-dipolar field, we calculate the demagneti-
zation tensor in the rectangular prism. As the output power 
of synchronized SHNOs depends on the phase difference 
between the SHNOs, which in turn depends on the coupling 
strength, we investigate the output power as a function of the 
distance between the SHNOs [34]. For N  =  3, we investigate 
the correlation between the phase difference and coupling 
strength of all of the magnetic layers. For this purpose, we 
calculate the ratio between the coupling strengths of the next-
nearest-neighbor and nearest-neighbor layers. Furthermore, 
we perform calculations to investigate whether the output 
power increases N2 times when N SHNOs are in a synchro-
nized state. Although a magnetic uniform mode is developed 
in the low current region in Siracusano’s investigation [30], 
we use the macrospin simulation method to calculate the syn-
chronization between SHNOs under the assumption that the 
single mode can be achieved in the high current region, which 
induces the out-of-plane (OOP) precession. In a spin-torque 
oscillator system, a magnetic field along the out-of-plane 

direction, such as a demagnetization field, induces an OOP 
precession in the high current region, even if the external field 
is applied along the in-plane direction [31]. The investigated 
nanowire SHNOs have strong demagnetization fields. Thus, 
uniform OOP precession in the nanowire SHNOs can be 
expected because of the uniform Oersted field. In addition, 
Chen et al showed that the parameter range, including syn-
chronization range and coupling strength, of the synchronized 
state induced by the magnetic coupling is almost same for 
both the macrospin and micromagnetic simulation, in the spin 
valve system [39].

2. Model and description

2.1. Electrical model of output power

We follow the procedure employed by Puliafito et al [38] and 
consider two SHNOs, which utilize the SHE and AMR effect. 
The output power of the synchronized state between the two 
SHNOs can be expressed as:

PL =PL1 + PL2 +
4
3
√

PL1PL2

+
2
3
√

PL1PL2
[
〈cos 2[(ω1 + ω2)t + (φ1 + φ2)]〉

+ 〈cos 2[(ω1 − ω2)t + (φ1 − φ2)]〉
]
,

 
(1)

where PL1 (PL2) is the output power of the SHNO1 (SHNO2), 
ω1 (ω2) is the frequency of the SHNO1 (SHNO2), and φ1 (φ2) is 
the phase of the SHNO1 (SHNO2). If ω1 �= ω2  (non-synchro-
nization), the output power is PL = PL1 + PL2 +

4
3

√
PL1PL2 . 

If ω1 = ω2  and φ1 �= φ2 (out-of-phase synchronization), the 
output power is:

PL = PL1 + PL2 +
4
3
√

PL1PL2 +
2
3
√

PL1PL2
(
cos 2(φ1 − φ2)

)
.

 (2)
Equation (2) indicates that the output power of the syn-

chronized SHNOs depends on the phase difference between 
the two SHNOs. If the phase difference (∆φ) satisfies 
45◦ < ∆φ < 135◦, the output power is reduced even though 
a synchronization exists, owing to a destructive interference 
in this region. If ω1 = ω2  and φ1 = φ2 (in-phase synchroniza-
tion), the output power is:

PL = PL1 + PL2 + 2.0
√

PL1PL2. (3)

When PL1 = PL2, we obtain PL = 4PL1.

2.2. Simulation model and description

As a model system, we consider SHNOs connected in parallel, 
as shown in figures 1(a) and (b). Each SHNO consists of an 
F/H/insulator-(In) structure. When a DC current flows through 
the SHNO, the SHE generates a spin current, �Js, in the heavy 
metal layer. The spin current injected into the ferromagnetic 
layer exerts a spin torque on the magnetization of the ferro-
magnet and induces a magnetization precession. The magne-
tization excitation and AMR effect lead to oscillations of the 
resistance of the SHNO. The insulator is introduced to block 
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the inflow of spin current from the neighboring SHNO in the 
stacked SHNOs. In this model, Platinum (Pt) and Permalloy 
(Py) are used as the heavy metal and ferromagnetic material, 
respectively.

In order to investigate the magnetization dynamics in the 
Py layer, we use the Landau–Lifshitz–Gilbert–Slonczewski 
equation: [3, 4]

dm̂j

dt
= −γm̂j × �Heff, j + αm̂j ×

dm̂j

dt
+ γ

�
2eµ0MStPy

Jsm̂j × (σ̂ × m̂j),

 (4)
where m̂j  is the unit vector of the magnetization of the jth Py 
layer ( j = 1, 2, · · · , N), σ̂ is the unit vector of the injected spin 
moment, γ is the gyromagnetic ratio, α is the Gilbert damping 
constant, Ms is the saturation magnetization of Py, tPy is the 
thickness of the Py layer, Js�/2e is the spin current density 
injected into the Py layer, and �Heff, j is the effective magnetic 
field exerted on the jth Py layer, which can be expressed as:

�Heff, j = Hextx̂ + Hk(m̂j · x̂)x̂ + �Hj,Am +

N∑
k=1

�Hj,k, (5)

where Hext is the applied magnetic field, Hk is the magneto-
crystalline anisotropy field of the Py layer, x̂ is the unit vector 
along the x-axis, and �Hj,Am is the Oersted field created by the 
current, exerted on the jth Py layer. Although the magnitude of 
the Oersted field depends on the x- and z- coordinates in the Py 
layer, we consider a volume-averaged Oersted field of the jth 
Py layer in the macrospin model. �Hj,k  is the magneto-dipolar 
field, which is created by the kth Py layer, exerted on the jth 
Py layer. As only the excitation of a spatially uniform mode 
is considered, we calculate a magneto-dipolar field averaged 
over the volume Vj  of the jth Py layer [40, 41]:

�Hj,k =
1
Vj

∫

Vj

�Hk(�rj)dVj, (6)

where �Hk(�rj) is the spatially non-uniform magneto-dipolar 
field created by the magnetization distribution, �Mk, of the kth 
Py layer; it can be expressed as:

�Hk(�r) = −Nk(�r) · �Mk, (7)

where Nk(�r) is the point-function demagnetization tensor [40, 
42, 43]. Using equations (6) and (7), we obtain the volume-
averaged demagnetization tensor as:

Nj,k(�r) =
1
Vj

∫

Vj

Nk(�rj)d�rj, (8)

where Nj,j ( j = k) is the self-demagnetization tensor, which is 
the normal demagnetization tensor in the jth Py layer, while 
Nj,k( j �= k) is the cross-demagnetization tensor representing 
the dipolar interactions between the jth and kth Py layers.

The calculations of the demagnetization tensors for a rec-
tangular prism are comprehensively described in our previous 
study [44]. In this study, we briefly introduce the calculation 
procedures. The x, x  and x, y components of the point-func-
tion demagnetization tensor are expressed in SI units as [40, 
42, 44, 45]:

Nx,x
k (�rk) =

1
4π

2∑
l,m,n=1

arctan

[
(b − ym)(c − zn)

(a − xl)D(xl, ym, zn)

]
, (9)

Nx,y
k (�rk) =− 1

4π

2∑
l,m=1

(−1)l+m
(
ln [(c − z1) + D(xl, ym, z1)]

− ln [−(c − z2) + D(xl, ym, z2)]

)
,

 

(10)

respectively, where Nx,x
k  and Nx,y

k  are the x, x  and x, y components 
of the point-function demagnetization tensor, (x1, y1, z1) and 
(x2, y2, z2) denote (+x,+y,+z) and (−x,−y,−z), respectively, 

Figure 1. (a) Circuit diagram of N stacked SHNOs connected in parallel, where Idc is the DC current, and IS and IL are the currents flowing 
through the SHNOs and load resistance, respectively. (b) Detailed schematic of the part outlined by the red dotted line in figure (a). The 
SHNO is composed of an F(Py)/H(Pt)/In trilayer; tPy = 2c, tPt, and tIn are the thicknesses of the Py, Pt, and insulator layers, respectively. 2a 
and 2b are the width and length of the SHNOs, respectively. In this model, the magneto-dipolar interaction is the dominant contribution to 
the coupling between the SHNOs.
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and D(xl, ym, zn) =
√

(a − xl)2 + (b − ym)2 + (c − zn)2 . The 
other components of the demagnetization tensor elements can 
be derived from equations (9) and (10) by permutations of the 
coordinates.

Using equations (8) and (9), and integrating by substitution 
with new variables, X  =  (a  −  xl), Y  =  (b  −  ym), Z  =  (c  −  zn), 
and D =

√
X2 + Y2 + Z2, we can express the x, x  component 

of the volume-averaged self-demagnetization tensor as:

Nx,x
k,k =

1
4πabc

[
g(2a, 2b, 2c)− g(0, 2b, 2c)− g(2a, 0, 2c)− g(2a, 2b, 0)

+ g(0, 0, 2c) + g(0, 2b, 0) + g(2a, 0, 0)− g(0, 0, 0)
]
,

 
(11)

where g(X, Y , Z) can be expressed as:

g(X, Y , Z) = XYZ arctan

[
YZ
XD

+
1
4

Y(X2 − Z2) ln

(
D + Y
D − Y

)

+
1
4

Z(X2 − Y2) ln

(
D + Z
D − Z

)
+

1
6
(Y2 + Z2 − 2X2)D

]
.

 (12)
The other diagonal components and all off-diagonal comp-
onents of the self- and cross-demagnetization tensors can 
be easily obtained with the same approach; all off-diagonal 
comp onents are zero.

Further, we calculate the current passing through the 
SHNOs and load resistance in the circuit. By employing 
the Kirchhoff’s law for the parallel circuit in figure  1(a), 
we obtain the current passing through SHNO1, SHNO2, ⋯, 
SHNON , and RL:

Isi =
RL

∏N
j=1,j�=i RjIdc

RL

(∏N
j=1,j�=1 Rj +

∏N
j=1,j�=2 Rj + · · ·+

∏N
j=1,j�=N Rj

)
+

∏N
j=1 Rj

IL =

∏N
j=1 RjIdc

RL

(∏N
j=1,j�=1 Rj +

∏N
j=1,j�=2 Rj + · · ·+

∏N
j=1,j�=N Rj

)
+

∏N
j=1 Rj

Ii,Pt =
Ri,PyIsi

Ri,Py
+ Ri,Pt,

 

(13)

where Isi, IL, and Ii,Pt are the currents passing through the 
ith SHNO (i = 1, 2, · · · , N), load resistance, and ith Pt layer, 
respectively. Ri (i = 1, 2, · · · , N) is the resistance of the 
SHNOs, which can be expressed as:

Ri =
Ri,PyRi,Pt

Ri,Py + Ri,Pt
, (14)

where Ri,Py (Ri,Pt) is the resistance of the Py (Pt) layer of the 
ith SHNO. The resistivity of the Py layer can be expressed as 
[46]:

ρi,Py = ρ0 + κρ0 cos
2 θ(t), (15)

where ρi,Py  is the resistivity of the ith Py layer, ρ0 is the resis-
tivity when the direction of the current is perpendicular to the 
magnetization of the Py layer, κ is the AMR ratio, and θ(t) is 
the angle between the direction of the current and magnetiza-
tion at the time moment t.

The spin current injected into the Py layer can be obtain 
using the spin Hall angle, θSH = JS/JPt, which generally char-
acterizes the SHE, where JPt is the current density flowing 
through the Pt layer.

3. Results and discussion

The parameters used in our simulation to describe the Pt/Py 
bilayer SHNO are [21, 26, 47]: α = 0.007, γ = 1.85 × 1011 
Hz T−1, 2a  =  200 nm, 2b  =  6 μm, 2c(= tPy) = 2 nm, 
tPt = 6 nm, Hext = 0.1 T, Hk  =  0.005 T, ρPt = 0.2 µΩm, 
ρ0 = 0.45 µΩm, κ = 0.01, Ms  =  0.804 T, and RL = 50 
Ω. In our simulation, we vary the thickness of the In layer, 
tIn, to obtain different distances between the Py layers. 
Different natural frequencies of the SHNOs are obtained by 
an assumption of SHNOs with different spin Hall angles, i.e. 
θSH, i = 0.08 + (0.0003 × i − 0.0003). OOP precession is 
considered in this study as the synchronization range of the 
OOP precession is significantly wider than that of the in-plane 
(IP) precession [31, 47]. In addition, it is assumed that all 
SHNOs are equal except for the different spin Hall angle.

Further, we discuss the synchronization of stacked SHNOs 
with magneto-dipolar coupling. Figure 2 shows the synchro-
nization between two SHNOs. The frequency variation as 
a function of tIn for Idc = 24 mA is shown in figure  2(a), 
where the black and red dotted lines represent the frequen-
cies of the SHNO1 and SHNO2, respectively. The generated 

Figure 2. (a) Dependence of the synchronization between the two SHNOs as a function of tIn. For tIn � 1800 nm, the frequencies of the 
two SHNOs are identical. The inset shows the orbit of the magnetization of the SHNO1 for tIn = 100 nm. (b) Output powers of the SHNOs 
for a synchronized (left panel) and non-synchronized (right panel) states at tIn = 100 nm (left panel) and 2300 nm (right panel). (c) Output 
power and phase difference |∆φ| of the SHNOs as a function of tIn at Idc = 24.0 mA.
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frequencies of the SHNO1 and SHNO2 become similar with 
the decrease of tIn, and in the region of tIn � 1800  nm the 
two frequencies coincide, which indicates the synchro-
nization between the two SHNOs. The inset in figure  2(a) 
shows the trajectory of the magnetization of the SHNO1 for 
tIn = 100  nm, which corresponds to an OOP precession. In 
the region of the synchronized state, with the decrease of tIn, 
the frequency increases as the magneto-dipolar field becomes 
larger. Figure 2(b) shows the output powers of a microwave 
on the load resistance at tIn = 100  nm and tIn = 2300  nm for 
Idc = 24 mA, presented in the frequency domain using a fast 
Fourier transform. In the left panel of figure 2(b), only one 
peak exists at f  =  29.66 GHz, which implies a synchroniza-
tion of the SHNOs. On the other hand, in the right panel, two 
peaks are observed at f  =  29.53 GHz and f  =  29.56 GHz, 
which indicates a non-synchronized state. Compared with 
the non-synchronized state, the synchronized state exhibits 
a larger output power. The output power of the SHNOs in 
the synchronized state depends on the phase difference 
(∆φ) between the SHNOs [38]. According to Slavin and 
Tiberkevich, the phase difference between two auto-oscilla-
tors tends to be located in the out-of-phase region with the 
decrease of the coupling strength [34]. Figure  2(c) shows 
the dependence of the output power (upper panel) and 
|∆φ| (lower panel), where C. I. (D. I.) denotes a construc-
tive (destructive) interference. As |∆φ| gradually decreases 
from 180◦ with the increase of tIn, the synchronized state 
increasingly deviates from the in-phase synchronization, 
and in addition, the output power decreases. Although |∆φ| 
corresponds to a constructive interference in the range of 
tIn � 1600  nm, the output power decreases in this range with 
the increase of tIn as the maximum output power is achieved 
at |∆φ| = 0◦ or |∆φ| = 180◦ (equation (2)).

Figures 3(a) and (b) show the output power and |∆φ|, 
respectively, for N  =  3 and Idc = 24 mA as a function of tIn. 
For N  =  3, three |∆φ| (|∆φ2,1|, |∆φ3,2|, and |∆φ3,1|) exist. As 
shown in figure 3(b), the ∆φ between nearest layers (|∆φ2,1| 
and |∆φ3,2|) exhibit a similar tendency, whereas the |∆φ| of 

the next-nearest layer (|∆φ3,1|) exhibits an opposite tendency 
compared with that of the nearest layer. With the increase of 
tIn to 200 nm, the output power rapidly increases; it is almost 
constant in the tIn range of 200–500 nm, and then it decreases 
rapidly for tIn � 600 nm, as shown in figure 3(a). In contrast 
to figure 2(c), the maximum output power is at tIn = 300 nm 
as an in-phase synchronization occurs for tIn = 300 nm.

The magneto-dipolar coupling is a dominant factor for 
the synchronization between the SHNOs in the presented 
model. In order to change the cross-demagnetization tensor, 
we change the width and length of the SHNO, while keeping 
constant its height and ratio between the length and width. In 
addition, we maintain the current density flowing through the 
SHNOs to provide the same spin current density as used in 
figure 3 to the Py layer. Figure 4(a) shows the output power 
as a function of tIn for different a at N  =  3, where power(max) 
denotes the maximum value of the output power depending on 
tIn. The orange dotted line represents the boundary of power/
power(max)  =  0.95 in figure 4(a). We observed that the max-
imum output power appears at a smaller tIn with the decrease 
of a; for a = 10, 40, 70, and 100 nm, the maximum output 
power appears at tIn = 50, 100, 200, and 300 nm, respectively. 
In addition, the range of power/power(max)� 0.95 becomes 
broader with the increase of a. According to the auto-oscil-
lator model, a larger coupling strength induces an in-phase 
synchronization between two oscillators [34]. In order to 
investigate the correlation between the magneto-dipolar 
coupling strength and tIn dependence of the output power in 
the synchronization of three SHNOs, we calculate the ratio 
between Nx,x

1,3 and Nx,x
1,2 as a function of tIn for different a. The 

x- component of the magneto-dipolar field is of importance 
for the synchronization between the SHNOs owing to its 
large amplitude, compared with those of the other two comp-
onents [44]. As shown in figure  4(b), Nx,x

1,3/Nx,x
1,2  decreases 

with the increase of tIn for all values of a. We revealed that 
the power/power(max) is closely related to Nx,x

1,3/Nx,x
1,2; when 

power/power(max) is equal for different value of a, Nx,x
1,3/Nx,x

1,2  
is similar for the different values of a. For example, as 
shown in figure  4(a), power/power(max)  =  1 is observed at 
tIn = 50, 100, 200, and 300 nm for a = 10, 40, 70, and 100 nm, 
respectively. As shown in figure 4(b), Nx,x

1,3/Nx,x
1,2 = 0.24, 0.28, 

0.27, and 0.27 at tIn = 50 (a  =  10 nm), 100 (a  =  40 nm), 200 
(a  =  70 nm), and 300 (a  =  100 nm), respectively. In addition, 
the region of power/power(max)  >  0.95 in figure 4(a) corre-
sponds to the Nx,x

1,3/Nx,x
1,2  range of 0.24 ∼ 0.32 (yellow dotted 

line) in figure 4(b).
Further, we calculate the output power for different thick-

nesses of insulator layers in different SHNOs at N  =  3, 
i.e. tIn,1−2 �= tIn,2−3, where tIn,1−2 (tIn,2−3) is the thick-
ness of the insulator layer between SHNO1 (SHNO2) and 
SHNO2 (SHNO3). Figure  5 shows the output power for 
tIn,2−3 = tIn,1−2, tIn,2−3 = 1.01tIn,1−2, tIn,2−3 = 1.05tIn,1−2, and 
tIn,2−3 = 1.1tIn,1−2 at 2a  =  200 nm, 2b  =  6 μm, and 2c  =  2 nm. 
The maximum values of the output powers are almost iden-
tical and appear at tIn,1−2 = 300 nm for all cases.

Further, we compare the output powers for different 
values of N. According to the study of Georges et al [48], the 
output power of the synchronized SHNOs depends on the 

Figure 3. Dependences of the (a) output power and (b) phase 
difference as a function of the distance between the SHNOs for 
N  =  3 and Idc = 24.0 mA, where the black, red, and blue dotted 
lines in (b) represent |∆φ2,1|, |∆φ3,1|, and |∆φ3,2|, respectively.
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load resistance. For SHNOs connected in parallel, the output 
power can be expressed as:

PP(N) =
RLN2

(NRL + R)2 ∆R2
oscI2

dc, (16)

where PP(N) is the output power of N SHNOs connected in 
parallel and ∆Rosc is the resistance variation of the SHNO. 
Equation  (16) shows that the output power increases N2 
times in the N synchronized SHNOs connected in parallel 
only when NRL << R. Figure 6 shows the output powers of 
N = 1, 2, 3, 4, and 5 SHNOs for Idc = 24.0 mA, 2a  =  200 nm, 
2b  =  6 μm, and 2c  =  2 nm at tIn,max, where tIn,max is the thick-
ness of the insulator that corresponds to the maximum output 
power for each N. The simulation results and those obtained 
using equation  (16) are in a good agreement. As shown in 
figure  6, the output power at N  =  5 is approximately 15.91 
times larger than that at N  =  1, as R  =  870 Ω is not suffi-
ciently large to satisfy the condition for the increase of the 
output power N2 times upon the parallel connection of the 
SHNOs where R  =  870 Ω is the resistance of the SHNO used 

in this study. The inset in figure 6 shows the output power for 
the different values of N in the frequency domain.

In addition, we calculate the thermal effect on the output 
power of the synchronized SHNOs. In the presence of 
thermal noise, the phase of SHNOs fluctuates and linewidth 
of the output power becomes broader [49]. We investigate 
the thermal effect on the output power, which depends on the 
phase difference between the SHNOs. The thermal effect in 
the nanomagnet is represented by the thermal field expressed 
as �Hth = �G

√
2αkBT/γMsV∆t , where �G  is a vector generated 

by a Gaussian random number generator, kB is the Boltzmann 
constant, and ∆t  is a small amount of time corresponding to 
the time step in the numerical calculation. Figures 7(a) and 
(b) show the output powers of the synchronized SHNOs as a 
function of the distance between the SHNOs for N  =  2 and 
N  =  3, respectively, at T  =  0 K, T  =  300 K, and T  =  800 K. 
These results reveal that the output power is not sensitive to 
temperature changes, which implies that the synchronized 
SHNOs are stable with respect to thermal fluctuations in the 
model [50].

Figure 4. (a) Dependence of the normalized power as a function of tIn for different a, where the orange dotted line represents the boundary 
of power/power(max)  =  0.95. For a smaller a, the maximum output power is observed at a smaller tIn. (b) Dependence of Nx,x

1,3/Nx,x
1,2  as a 

function of tIn for different a. Nx,x
1,3/Nx,x

1,2  decreases with the increase of tIn for all values of a.

Figure 5. (a) Output power for different thicknesses of the insulator 
layers in different SHNOs. Figure 6. Output power as a function of N for Idc = 24 mA at tIn 

that corresponds to the maximum output power. The inset shows the 
output power in the frequency domain.
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4. Conclusion

By employing macrospin simulations, we investigated the syn-
chronization between stacked SHNOs with magneto-dipolar 
interactions. In the SHNO system, the spin polarized current, 
which induced a magnetization precession in the ferromagn-
etic material through spin transfer torque, is generated by the 
SHE, while the magnetoresistance oscillations originated from 
the magnetization oscillation and AMR effect. We revealed 
that the output power increased in the synchronized state and 
depended on the phase difference between the SHNOs. When 
the output power was expressed as a function of tIn, tIn,max for 
N  =  2 differed from that for N  =  3. We observed that tIn,max 
for N  =  3 could be varied by controlling the ratio between the 
coupling strength of the next-nearest neighbor and that of the 
nearest-neighbor, which was achieved by varying the SHNO’s 
size as the cross-demagnetization tensor depended on the size 
of the SHNO. Furthermore, the output power increased with 
N; however, it did not increase to N2 as in the parallel connec-
tion of the SHNOs, the output power could increase to N2 only 
when NRL � R.
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