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Threshold-Based Opportunistic Scheduling for
Ergodic Rate Guarantees in Wireless Networks
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Abstract—1In this paper, we propose an opportunistic downlink
scheduling scheme that exploits multiuser diversity in a wireless
network with threshold-based limited feedback. We assume that
each user has its own ergodic rate requirement. The design
objective of our scheme is to determine the values of thresholds
with which heterogeneous ergodic rate requirements of all users
are satisfied. In our analysis, we present a formula to check the
feasibility of given ergodic rate requirements, and then obtain the
feasible thresholds that realize them. We also obtain the optimal
thresholds that maximize the ergodic sum-rate of the network
while guaranteeing the ergodic rate requirements. Through
numerical studies and simulations, we show the usefulness of
our scheme and analysis.

Index Terms—Ergodic rate guarantee, limited feedback, mul-
tiuser diversity, opportunistic scheduling, threshold.

I. INTRODUCTION

N wireless networks, to efficiently utilize the radio spec-
Itrum, opportunistic scheduling schemes exploit multiuser
diversity by e.g., selecting only one user with the best chan-
nel condition at each time. Under this strategy, the total
information-theoretic capacity of a wireless network can be
maximized [1], [2].

Opportunistic scheduling schemes necessitate the base sta-
tion (BS) to know the channel qualities of the mobile sta-
tions (MSs), which are estimated at the MSs and fed back
to the BS. Hence, as the number of MSs increases, the
feedback load becomes significant and yields the signal-
ing overhead. Moreover, the power expended for feedback
transmission by the non-scheduled MSs gets wasted [3].
To solve these problems, threshold-based feedback reduction
algorithms have been studied extensively (see [4], [5] and the
references therein). The main purpose of them is to reduce the
number of MSs transmitting feedback while conserving the
network performance. Consequently, the signaling overhead
from feedback and the power consumption of MSs can be
reduced. Motivated on this fact, we propose an opportunistic
downlink scheduling scheme that exploits multiuser diversity
with threshold-based limited feedback.

In this paper, we address the issue of guaranteeing ergodic
rate requirements of all MSs by opportunistic scheduling with
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threshold-based limited feedback. The design objective of our
scheduling scheme is to determine the values of thresholds
with which ergodic rate requirements are satisfied for all
MSs. By adjusting the values of thresholds, our scheme can
support various ergodic rate gains, which shows an advantage
of flexibility over the scheduling schemes, e.g., proportional
fair scheduling (PFS), round-robin scheduling, that provide
fixed ergodic rate gains.

The problem of guaranteeing ergodic rates was also ad-
dressed in [6], [7], where utility-based opportunistic schedul-
ing schemes are presented. There are two main differences
between our proposed scheme and those in [6], [7]. First, the
utility functions used for scheduling decisions in [6], [7] are
based on the full feedback information from all the MSs, while
our scheme is based on the limited feedback information from
a subset of the MSs. Second, our scheduling scheme uses
thresholds as network parameter, but the scheduling schemes
in [6], [7] use different network parameters such as token
counter.

The remainder of this paper is organized as follows. In
Section II, we propose our scheduling scheme and formulate
the problems considered in this paper. We solve the problems
for a heterogenous two-user case and a general N-user case
in Sections II and IV, respectively. We provide numerical
studies and simulations in Section V, and give conclusions
in Section VI

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider downlink transmission in a time-slotted wire-
less network consisting of a BS and N MSs, denoted by
MS,, (n = 1,...,N). In each time slot, a scheduler selects
one MS, and the BS transmits data to the selected MS over
a fading channel using a constant transmit power. In this
paper, we assume a Rayleigh block fading channel, where
the instantaneous received signal-to-noise ratio (SNR) v, ()
of MS,, remains constant over time slot ¢ but varies between
time slots with the average received SNR 7,,.

A. Proposed Scheduling Scheme

In our scheduling scheme, the BS sets the a priori thresh-
old v, for MS,,. At time slot ¢, MS,, is allowed to feed
back its instantaneous received SNR to the BS only when
Yn(t) > Vi, - We call the MS, who feeds back, the feedback
MS. Among the feedback MS(s) at time slot ¢, the scheduler
selects only one MS with the best instantaneous received
SNR. If there is no feedback MS at time slot ¢, data are
not transmitted at time slot ¢, in which case we declare
a scheduling outage. In Sections III and IV, we show that
the event of a scheduling outage can not happen under our
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scheduling scheme when the optimal thresholds are used. Our
scheduling scheme is identical to the MaxSNR scheme if

Vthy = -+ = Yehy = 0.

B. Problem Formulation

In this paper, we focus on the ergodic rate performances of
both the MSs and the network under our proposed scheduling
scheme. Since we consider the ergodic rate, we drop the
time index ¢ in 7,(t) and use -y, from now on. Under our
proposed scheduling scheme, the ergodic rate of MS,,, denoted

by Cr.(Vehy, - - - Vehy ) [b/s/Hz], can be expressed as follows:
Tty ) = [ loga(1+2)
Ythp (1)

-Pr (ml?x v Iy = veny) } = l’|7n = I) Trn (z)dx

where I(-) denotes the indicator function, and f,, (z) :=
e~/ Tn /7, denotes the probability density function of the
received SNR +,, under the Rayleigh fading model. Here, the
first term is the Shannon capacity per unit bandwidth with
the received SNR +,, = z. The second term represents the
conditional probability that MS,, is selected by the scheduler
given that its received SNR +,, is z. The ergodic rate of
MS,, is obtained by averaging the Shannon capacity per
unit bandwidth over the distribution of the received SNR -,
multiplied by the probability of being scheduled.

Suppose that MS,, has the ergodic rate requirement

T, [b/s/Hz]. In our model, it is assumed that the ergodic
rate requirements 7, can be different from MS to MS. To
clarify the problems considered in this paper, we introduce
the following two definitions.
Definition 1: (Feasibility) A set of ergodic rate requirements
{T,}_, is called feasible if there exists a corresponding set
of thresholds that satisfy C.,(Yen,,-..,Yehy) = Ty for all
1 < n < N. Such thresholds {1, }2_, are called the feasible
thresholds.

To emphasize the feasibility, we denote the feasible ergodic
rate requirements and the corresponding feasible thresholds
as {T,}N_, and {F,, }N_,, respectively. Definition 1 says
that if ergodic rate requirements {Tn}ﬁ’zl are feasible, then
the ergodic rate requirements of all MSs are guaranteed by
choosing feasible thresholds {7;, }_;. The region in RY
formed by {7, })\_, is called the feasible region and denoted
by R]f\;b. The first problem considered in this paper is to
obtain the feasible region R}\'Sb, hence we can easily check
the feasibility of given ergodic rate requirements.

Definition 2: (Optimality) For given feasible ergodic rate
requirements {Tn}gzl in R}\'Sb, the thresholds, denoted by
{4n, }N_,, are called the optimal thresholds if

n=1,...

7’)/;{hN) > T’fh N
Aty ) = Csum ('Yt*hla e

Cn(Vinys -
Csum (’Aythla v

9 7

max

*
. . a’YthN)7
Vehg o Vehy

@)

where Caum(-) := 320 C,.(-) denotes the ergodic sum-rate
of the network.

To emphasize the optimality, for each feasible ergodic rate
requirements {Tn}ﬁ':l, we denote the ergodic rates obtained

by using the corresponding optimal thresholds as {Tn}i\’zl
and call them the optimal ergodic rates. Obviously, we have
Tn > Tn for all 1 < n < N. Definition 2 says that, for given
feasible ergodic rate requirements, the optimal thresholds can
maximize the ergodic sum-rate of the network while guaran-
teeing the ergodic rate requirements of all MSs. The second
problem considered in this paper is to obtain the optimal
thresholds for given feasible ergodic rate requirements.

III. HETEROGENEOUS TWO-USER CASE

We start our analysis with a simple two-user model (N =
2). In this section, we assume that each MS is subject to in-
dependent but not necessarily identically distributed Rayleigh
fading. Under this assumption, the ergodic rate expression
in (1) when n = 1 can be rewritten as follows:

C1(Vehy » Vehs) = / logy (1 + 2){Pr(y2 < Yen,) 3)
Ythy

+Pr(y2 > Yiny, 72 < I)}fm (z)dz.

To compute the integral on the right-hand side of (3), we
define H (¥, vi1) := f;; logy(1+ ) fo, (x)dz. Then, using a
similar derivation as in [8, Appendix B], we have H (7, v:1) =
logy(1 + yen)e /7 4+ Y TEy (1 +v1)/7) /In2, where
Ey(z) := [°e™¥/ydy is the exponential integral of order 1.
By using the function H (-, -), the ergodic rate of MS; can be
written as follows:

61 (’Vthl sy Vtho )

V2 Y172
j— —_ —_ —_ m,a'X ’Ythi
Y1+ 72 <71 T2 @ ) @)

+e /T [H (Wl,maxmi) - H(Vp’)’thl)} .

= H(ila’ythl) -

Similarly, we can derive the ergodic rate of MS, as follows:

62 (’Ythl , “Ythz)
71 ( Y172 )
= — - = —, MaXxVih;
Y1+ 72 Y1 t+72 @ ©)
+ e vm /T [H (%,miaxvthi) - H(%,%hz)} .

= H(Vzﬂtm) -

Note that, when vy7,, > 7y1,, the ergodic rate of MS; in (4) is
reduced t0 C1(Ven,, Veno) = H(V1:veha) = o/ (1 + 72) -
H (7, %5/ (71 +¥2), Yth, ), and depends only on the value
of its threshold -, for the fixed 7; and 7¥,. Similarly,
the ergodic rate of MSy in (5) depends only on the value
of its threshold ~v4,, when -, < ~pn,. Hence, we use
Cn(ven, ) to denote Cp (Yin,, Ven,) When arg max; v, = n.
As mentioned before, the ergodic rate gain of the MaxSNR
scheme can be feasible under our proposed scheduling scheme
by choosing the thresholds {7t , Vth, } = {0,0}, and is given
by Cnmaxsnr = Cn(0,0) = H(¥,,0) — 51 ¥o/ (Vn (1 +
Y2)) - H (V1 72/ (71 +72),0) (n=1,2).

By using C' (Vthy s Yehy) (n = 1,2) in (4) and (5), we can
obtain the feasible region R%Sb as follows.
Theorem 1: The feasible region R?Sb is given by

R}y ={(z,y) eR*[0< 2 < Cr44,0 <y < f(2)}
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where C1pq = limy,,, oo C1(0,7h,) = H(71,0) repre-
sents the upper bound of C(,-), and
f(ﬂ?) = max 62(7th1a7th2)

1 ('Ythl sVtho )=z

o]
_ { ?2 (’yzkhl ) 0)7
02 (07 7:};2@)7

0 <2 < U1 MaxsNR,
C1 MaxsNR < T < C pa-

Here, ), , and 7}, . are uniquely determined from
Ch (’yzkhl,z> O) =z and Cy (07 /y:hz,m) = Z.
Proof: See Appendix A. ]

In Fig. 1, as an example, we show the feasible region Rfcsb
for 7, = 15 dB and 7, = 20 dB by using Theorem 1. The
result in Fig. 1 is discussed in more detail in Section VI. A.

Our proposed scheduling scheme can guarantee any ergodic
rate requirements that are located in the feasible region by
properly choosing the corresponding feasible thresholds. The-
orem 2 gives a formula to obtain the feasible thresholds.
Theorem 2: For given feasible ergodic rate requirements
(T, Ty} in R?%,;, the corresponding feasible thresholds
{Ath,>Fth, } are uniquely determined from C,,(34n,) = Tn
and C.,(Feny s Vthy) = T, where argmax; yg,, = n and
arg min; y», = m. Further, they satisfy max{%:n,,Vtn,} =
Yiny if T1 < C1Maxsnr and T > Ca(7y,), where v, is
uniquely determined from C'y(v;;,) = 713. Otherwise, they
satisfy max{Jn,, Ythy } = Vth,-

Proof: From the proof of Theorem 1, our theorem imme-

diately follows. ]

For given feasible ergodic rate requirements, the use of
optimal thresholds can maximize the ergodic sum-rate of the
network while guaranteeing the ergodic rate requirements of
all MSs. Theorem 3 gives a formula to obtain the optimal
thresholds.
Theorem 3: For given feasible ergodic rate requirements
{Tl, Tg} in R?Sb, the optimal thresholds {4¢n, , i, | are given
by

{Aehas Aens }

{0,0}, if 7?1 < gl,MaxSNR and 7?2 < QQ,MaxSNRv
{0}, i T1 < Cimaxsnr and Tp > Co MaxsNR;
{0,795,,},  if Tt > C1 Maxsnr and To < Cg MaxSNR,

where 73, and 73, are uniquely determined from
CQ(’yzkhl,O) = T2 and 01(0,7;‘h2) = Tl.
Proof: See Appendix B. ]
The result in Theorem 3 implies that the event of a schedul-
ing outage can not happen under our scheduling scheme when
the optimal thresholds are used.

IV. GENERAL N-USER CASE

In this section, we assume a general N-user model (N >
2) where each MS is subject to independent and identically
distributed Rayleigh fading, i.e., 7, =¥, = ... =F5 (= 7).
Without loss of generality, we assume that 77 < Th < ... <
Tn or, equivalently, v, > Vin, > ... 2 Vihy- Under these
assumptions, the ergodic rate of MS,, in (1) can be rewritten

as follows:
6n(%h1 sty ’YthN)
o N

— [ lom4o) [T Prlu <o, (oo

Vthy I=1,l#n

n 1—1 Yeh;_; (6)
+> [ Pr(w < %hk)/ logy(1 + )
i=2 k=1 Vth,
N
I Pr(v < 2)fy, () da.
I=i,l#n

Let
i—1

Gi(’ythlv"W’Y?ﬁM) = HPI'(’Y < rythk)/

k=1 ‘ Vth;
Pr(y < )Y, (2)de

Yth

i—

1
log, (1 + )

where v denotes the generic random variable for +,. Then,
we have

i—1 _ N—i N —i
Gl( this---H Tt 7,) = [1_6—%%/7} .
Yth .'Yh /};[1 jgo ( j )
GG+ V)~ B GG+ D]

By using the function G;(-), the ergodic rate of MS,, in (6)
can be written in a closed-form as follows:

Cn(Ythas - ¥hn) = Y Gi(Yenas - wns)- - (7)
i=1

Note from (7) that the ergodic rate of MS,, is deter-
mined only from the values of thresholds {v:p, }?_, for the
fixed 7. Hence, instead of using C,,(Yen,, - - -, Veny )» WE USE
Cr(Venys - -+ Yen, ) to denote the ergodic rate of MS,,. By
using (7), we can obtain the feasible region R]f\;b as in the
following theorem. '

Theorem 4: The feasible region R?@b is given by

R%b = {(Il,...,LEN) S RN‘O <z Sél(O),

Ty < Tpy1 < Cn+1(7:h1,m1’ s ”Y:hn,mnvo)’
n=1,...,N -1}
where {V:hn@n}rly:ill
obtaining v/, .., from C1(vf, ,,) = #1 and then iteratively
solving the equation Un(%*hhxlv s Vin ) = T for no=
2,...,N—1.

Using a similar approach as in the proof of Theorem 1,
we can prove Theorem 4 (for the detailed derivation, see [9]).
In Fig. 3, as an example, we show the feasible region R‘}sb
for v = 15 dB by using Theorem 4. The result in Fig. 3 is
discussed in more detail in Section VI. B.

According to Definition 1, the ergodic rate requirements of
MSs are in the feasible region R?;b if and only if there exist
the corresponding feasible thresholds {%:4, }_;. From the
proof of Theorem 4, we have Theorem 5 which summarizes
the existence and uniqueness of the corresponding feasible
thresholds {7;5,, })_; for given feasible ergodic rate require-
ments {7, }N_,.

are uniquely determined by initially
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Theorem 5: For given feasible ergodic rate requirements
{T,,}}V_,, the corresponding feasible thresholds {75, })_, are
uniquely determined from

s Vthn) = T, 1<n<N. ®)

Cothy s - - -

Based on Theorem 5, we can simultaneously investigate the
existence of the feasible thresholds and calculate the feasible
thresholds successively from ¢, to Yz, by initially obtain-
ing 441, from C1(F,,) = T1 and then iteratively solving the
equation in (8) forn =2,... N.

We now focus on the optimality problem given in (2).

To solve the optimality problem, we restrict the domain of
the function Cgy(-) to the set D := {(Ythy,-- -, Viny) €
RN [ Cr(Yehys -y Yen,) = Tnym = 1,...,N}. It is easily
checked that the domain D is closed and bounded. Since the
function Cly,y,(+) is differentiable, the maximal point exists
in the domain D by the Maximum-Minimum Theorem [10].
Therefore, we can apply the Lagrange multiplier method [10]
to find the maximal point, i.e., optimal thresholds, with the
help of the following theorem.
Theorem 6: For given feasible ergodic rates {7,,}N_, in
R}\'Sb, suppose Tn > Cn(0,...,0). Then, the corresponding
optimal thresholds {45, }2_; exist in the boundary of domain
D satisfying

61\7(&1‘,’117"'7&1‘,’11\/) :TN and ’?thN =0. (9)

If Ty < Cn(0,...,0), then the optimal thresholds are given
by {’%hl, e ,’%hN} = {0, . ,0}

Using a similar approach as in the proof of Theorem 3,
we can prove Theorem 6 (for the detailed derivation, see [9]).
The result in Theorem 6 implies that the event of a scheduling
outage can not happen under our scheduling scheme when the
optimal thresholds are used. From Theorem 6, when T N >
Cn(0,...,0), by the Lagrange multiplier method there exists
a number X\ € R such that

vcsum(;ythl’ cee ’ﬁ/tthl’ O) = AVCN(:YHLN s 7’/5/thN—1’0)'

(10)
By solving the system of equations given in (9) and (10), we
can obtain the optimal thresholds {45, }— /.

Our scheduling scheme is applicable even in cases where
the number of MSs changes over time. Suppose that the
network consists of (initially) N MSs with feasible ergodic
rate requirements. We first consider the case where an MS
leaves the network after the completion of data transmission.
Then, the feasible (resp. optimal) thresholds are adjusted for
remaining N — 1 MSs by using Theorem 5 (resp. 6). We next
consider the case where an MS requests to enter the network.
The incoming MS is accepted only if the ergodic rate require-
ments of all MSs are still feasible after the acceptance of the
incoming MS. This is easily checked by using Theorem 4. If
the incoming MS is accepted, then the feasible (resp. optimal)
thresholds are adjusted for all NV +1 MSs by using Theorem 5
(resp. 6).

V. SIMULATION RESULTS
A. Scenario 1: Heterogeneous Two-user Case

In this scenario, we consider a two-user case as in Sec-
tion III, assuming 7; = 15 dB and 7, = 20 dB. The

MaxSNR
st /
4t /PFS

*

Ergodic rate of MS,, [b/s/Hz]

-1 0 1 2 3 4 5 6
Ergodic rate of MS [b/s/Hz]

Fig. 1. Feasible region stb for y; = 15 dB and 7y, = 20 dB. *’s are the
ergodic rate gains of the MaxSNR scheme and the PFS scheme.

T

I Feasible Ergodic Rate (Analysis)

[___] Optimal Ergodic Rate (Analysis)
O Simulation

.

MSID

Ergodic rate [b/s/Hz]

N

Fig. 2. Feasible and optimal ergodic rates for 7; = 15 dB and 7, = 20 dB.

corresponding feasible region R?Sb is plotted in Fig. 1 by
using Theorem 1. As shown in the figure, the shape of the
feasible region depends on the average received SNR values
and skews to the MS with higher average received SNR value.
Suppose that the ergodic rate requirements of MS; and MS»
are given by 3.0 and 1.0 b/s/Hz, respectively. Then, both
MSs can achieve their target ergodic rates since they are in
the feasible region. The corresponding feasible and optimal
thresholds can be obtained from Theorems 2 and 3, respec-
tively, and are given by {F:n,, Y.} = {11.37,23.24} dB
and {Yh,, Yth,} = {—00,20.68} dB. In Fig. 2, we show
the resulting feasible and optimal ergodic rates obtained from
analysis and simulation, where simulation results are based
on the Zheng and Xiao’s Rayleigh fading model [11]. As
shown in the figure, both MSs can realize their target ergodic
rates by using the feasible thresholds. Moreover, by using the
optimal thresholds, MSs can achieve ergodic rates more than
their target ergodic rates.
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N
<4
2
LAM 3
: -7
5 [ S S
g <?=~—~——~—-—-*_r-"’”“¢ \
g }
e \ I / ‘PFS, MaxSNR
& N\ | /
0 N i /
3 |
|
!
|

. 0
Ergodic rate of MS, [b/s/Hz] 0 Ergodic rate of MS_ [b/s/Hz]

Fig. 3. Feasible region ]R3Sb for 71 = 79 = 73 = 15 dB. * is the ergodic
rate gain of the MaxSNR scheme, and is also that of the PFS scheme.

2f I Feasible Ergodic Rate (Analysis) |

[ Optimal Ergodic Rate (Analysis)
18 . o Simulation 7

Ergodic rate [b/s/Hz]

Fig. 4. Feasible and optimal ergodic rates for 7,, = 15dB (n =1, ..., 10).

B. Scenario 2: General N-user Case

In this scenario, we consider a general N-user case as in
Section IV, assuming ¥ = 15 dB. For N = 3, the feasible
region R‘}sb is plotted in Fig. 3 by using Theorem 4. Suppose
next that the network consists of 5 MSs with the ergodic
rate requirements given by 0.5, 1.2, 2.5, 2.6 and 2.8 b/s/Hz,
respectively. We can not plot the feasible region R?sb, but
by using Theorem 5 we can logically check the feasibility of
given ergodic rate requirements. In this case, we can obtain the
feasible thresholds only for the MS; and MS;, and accordingly
the given ergodic rate requirements can not be feasible under
our scheme.

Now suppose that the network consists of 10 MSs with
the ergodic rate requirements given in Table I. In this case,
the ergodic rates are feasible under our scheduling scheme,
and we can obtain the feasible and optimal thresholds from
Theorems 5 and 6, respectively, which are summarized in
Table 1. In Fig. 4, we show the resulting feasible and optimal
ergodic rates obtained from analysis and simulation.

TABLE I

FEASIBLE AND OPTIMAL THRESHOLDS
MSID | Tn | Funy | Athn | MSID [ T [ Finy | Ftha
1 0.11 | 21.14 | 19.08 6 0.32 | 19.54 | 19.03
2 0.15 | 20.79 | 19.08 7 041 | 19.03 | 18.86
3 0.19 | 20.41 | 19.08 8 0.66 | 17.78 | 17.24
4 0.25 | 20.00 | 19.08 9 1.03 | 16.02 | 14.62
5 0.28 | 19.78 | 19.03 10 1.57 | 13.01 —00

Ty [b/s/Hz]: the ergodic rate requirements

Yth,, [dB]: the feasible thresholds

“th,, [dB]: the optimal thresholds

VI. CONCLUSION

In this paper, we propose an opportunistic downlink
scheduling scheme that can guarantee ergodic rate require-
ments of all MSs with threshold-based limited feedback.
Analytic results are provided to check the feasibility of given
ergodic rate requirements, and to obtain the corresponding
optimal thresholds. Our numerical and simulation results show
the usefulness of our proposed scheme and analysis.

APPENDIX A
PROOF OF THEOREM 1

In order to prove Theorem 1, we need the following lemmas.
Lemma 1: We have 5--— 6 Cn(Yehy s Veh,) < 0 for m = n and
6wi Con(Vehy s Vens) > O for m # n.

The proof of Lemma 1 is straightforward and omitted (for the
detailed derivation, see [9]).
Lemma 2: Let for argmax; vy, =n

6n(’}’thn) = H(’Vm’)’th )

Y172 (7172 Ve )
V(1 +72) 1+ 72 i

Then, C,,(in, ) is a strictly decreasing continuous function.
Proof: By the definition of H and Lemma 1 with m = n,
Lemma 2 immediately follows. [ ]
We now prove Theorem 1. First consider ~y,, >
Yth, = 0. Then, Cl(’ythu%ﬁhz) = Cl_(’ythl)’ and
by Lemma 2, we have 0 = lim,,, —ooCi(yn,) <
Ci(vtn,) < limy,, ~0C1(yth,) = CiMaxsnr. For each
x € [0,C1 MaxsNr], there exists the unique 'Yt*hl,x such that
O (Vih, =) = = by Lemma 2. By Lemma 1, it follows that

_ max
C1(Yeny »Ythy ) =2

= lim CQ ('Ythl,w 'YthQ)

Ytho —

62 (’Ythl , ’Ytha)

= 62 (V:hl,zv 0)7

and

_ min C’2 (’ythl s Ytho )
C1(Vthy yYthy )=

= lim
Vtho ‘thl @

62 (’yt*hl ) ’ythQ) = 62 (’yghl 7w)'

Therefore, for 0 < x < ULMastR, we obtain

Co(Vin ) < Co(Viny > Vtha) < Ca(Vin, 25 0)-

In addition, 62(7;‘,11@,0) >
CZ,MaxSNR-

(11)

hm’Ythl —0 62 (rYth1 5 O) =
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C2, MaxSNR

C1, Maxsnr 160 = C4(0: =)

Fig. 5. Feasible region in the proof of Theorem 1.

Next consider 0 < Y, < Yehy- Then, Co(Vin,, Vihy) =
Co("tn, ), and similarly as above we have 0 < Ca(ven,) <
C, ‘MaxSNR- For each y € [0, Cs ‘MaxSNR], similarly as above

there exists the unique 7}, , such that C’Q(yt*h%y) =y, and
we obtain
61 (’szhg,y) < 61 (’Ythla’-yz(hg,y) < 61(07 ’szhg,y)' (12)

In addition, 61 MaxSNR = lim%hz -0 61 (0>7th2) <
C1(0, %y ,) <limyy, —00 C1(0,70,) = Crpa.

For each point (u, v) [0, C'1 MaxsNr] X [0, C'2 MaxSNR]
such that C1(y4,) = u and Ca(v) = v, we see from (11)
and (12) that two sets {(u,s) € R%|v = Ca(ym) <
s < Ca(vn,0)} and {(t,v) € R?|u = Ci(yn) < t <
C1(0,7:n)} are included in the feasible region as shown in
Fig. 5.

In summary, (z,y) € prsb can be expressed as follows.
If 0 £ 2 < C1,MaxsNR, there exists the unique 'Yt*hl » such
that C’l(fythl ») =, and we have 0 < y < Cg(fythl - 0). If
C1 MaxsNR < @ < O pq, there exists the unique Vihy . SUCh
that C1 (0 +Vihy.w) = @, and we have 0 <y < 02(7th2,z)

APPENDIX B
PROOF OF THEOREM 3

In order to prove Theorem 3, we need the following lemma.
Lemma 3: Forn = 1,2, we have ﬁC’sum(%hl s Vthy) < 0.
Hence, we obtain

max Csum (Yeh1s Vehs)
{’Ythl 20,7thy >0}
= Coum(0,0) = C'1 MaxsSNR + C2 MaxSNR-

The proof of Lemma 3 is straightforward and omitted (for the
detailed derivation, see [9]).

Now we prove Theorem 3. For given feasible er-
godic rate requirements {7j,7»}, we restrict the do-
main_ of  Coum (Yeny, Yin) as D = {(ytny, Yens) €
R? ‘ C (rYthd?’YthQ) > Ty, n= 1’2}

For 0 < Ty < C1Maxsnr and 0 < Ty < Co MaxsNRs it

is obvious that {0,0} € D. Hence, by Lemma 3, we have
{Athy Fens b = {0, 0}.
_Now suppose that 0 < T1 < CiMaxsnyr and
Ty > Cgmaxsnr. Then, for any {vin,,vn,} € D, we
have C1(YihysYihe) < C1Maxsnr. Otherwise, we have
Csum(Venys Vo) = C1(Veny, Yin) + Co2(Yinys Veny) >
CiMaxsNrR + CoMaxsNr (0 Camaxsne < Tp <
C2(Ythy s Yths)), Which is a contradiction by Lemma 3. Note
that the maximum value of Cgyom (Ven,,Ven,) occurs when
{C1(Ythy Viha)s C2(Veny s Yeny)} is @ boundary point of the
feasible region by Lemma 3 or Theorem 1. Hence, in this
case where C1(Viny, Vihy) < C'1,MaxSNR, We have Fip, = 0
by Theorem 1. Now we consider C'gym, (i, , 0). By Lemma 3,
the maximum value of C s, (Y21, , 0) occurs when 7z, is the
minimum value of the set {x | (z,0) € D}. That is, the optimal
thresholds {4, , Yen, + satisfy 54, = 0 and Ca(54n,,0) = Th
by Theorem 1.

For the case where T > Ul,MaxSNR and 0 < Tg <
éngaXSNR, we can prove similarly as above and omit detailed
derivations.
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