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Abstract

The purpose of this study is to experimentally investigate, at early ages, the fracture characteristics of concrete such as critical crack tip
opening displacement, critical stress intensity factor, fracture energy, and bilinear softening curve based on the concepts of the effective-
elastic crack model and the cohesive crack model.

A wedge-splitting test for Mode I was performed on cubical specimens with an initial notch at the edge. By taking various strengths and
ages, load—crack mouth opening displacement (CMOD) curves were obtained and these curves were evaluated by linear elastic fracture
mechanics and finite element analysis.

The results from the test and analysis indicate that critical crack tip opening displacement decreases and critical stress intensity factor and
fracture energy increase with concrete ages from Day 1 to Day 28. By numerical analysis, four parameters of bilinear softening curves from
Day 1 to Day 28 were obtained. In addition, it was observed that the parameters f; and f; increase and the parameters w, and w, decrease with
increasing age. The obtained fracture parameters and bilinear softening curves at early ages may be used as a fracture criterion and an input

data for finite element analysis of concrete at early ages.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Most cracks in concrete members occur due to thermal
stress, autogenous shrinkage, drying shrinkage, and external
causes. In actual construction, structures can collapse by
cracks occurring at early ages before complete hardening of
the concrete. Specifically, it influences durability and ser-
vice life of concrete structures. Therefore, the evaluation
and control of cracks at early ages are essential.

To evaluate this problem, experimental studies on vari-
ous crack occurrence factors and a systematic crack analysis
are required. Especially, it is important to clarify the fracture
characteristics of concrete at early ages.

Presently, representative models suggested for failure of
concrete can be categorized into two types. One is effective-
elastic crack model, which applies linear elastic fracture
mechanics (LEFM) for brittle material, and the other is
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cohesive crack model, which simulates fracture progression
based on softening phenomena occurring only in quasi-
brittle materials such as concrete, rock, ice, ceramic, and
composite materials.

The purpose of this study is to investigate the material
fracture parameters, based on these two models at early
ages, such as critical crack tip opening displacement
(CTOD,), critical stress intensity factor (Ki.), fracture ener-
gy ( GF), and bilinear softening curve, which are considered
as fracture characteristics of concrete. These characteristics
are evaluated for concrete from an early age to 28 days.

2. Test specimens and test results
2.1. Mixture proportioning

The concrete mixture proportions selected for the wedge-
splitting test (WST) and 28-day compressive strength cyl-

inder specimens are listed in Table 1. Type I Portland
cement was used. Maximum aggregate size d, was 19 mm
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Table 1
Concrete mixture proportions
wic (%) s/a (%)  Unit weight (kg/m?)
w C S G* SP (%) * *
70 42 185 268 726 1002 0.15
55 42 185 342 727 1030 0.30
30 41 160 533 712 1090 1.00

* Maximum aggregate size of 19 mm.
** Superplasticizer (high-range water-reducing admixture), ratio of
cement weight.

and a high-range water-reducing admixture and vibrator
were used to improve the workability and consolidation of
the concrete.

2.2. Details of test specimens

The dimensions and shape of WST specimens used in
the experiments are shown in Fig. 1. An initial crack was
made by inserting a steel plate (1 mm in this study) inside
the specimen during the casting and then removing the
plate after 1 day. A groove was made in the upper part of
specimen to place two load devices with roller bearing and
to attach the displacement gages (i.e., CMOD clip gage).

All WST specimens and test cylinders were removed
from the mold after 24 h and were wet-cured in a curing
room with 100% relative humidity (RH) at 23 £2 °C until
the testing date.

In this study, a single specimen size was adopted due to
the limitation of the testing machine. However, many
experimental and theoretical investigations show the frac-
ture toughness dependency to specimen size variation.
Bazant and Li [1] suggested a procedure to evaluate the
effect of size differences for one type of concrete and single-
size fracture specimens. Currently, however, there is no
definite method and further studies are necessary. In a
follow-up study, size effect on fracture characteristics of
concrete at early ages will be reported.

2.3. Test procedure

In this study, the wedge-splitting specimen, initially
proposed by Linsbauer and Tschegg [2] and later modified
by Briihwiler and Wittmann [3] was used. The principle of
the WST is schematically represented in Fig. 2. The spec-
imen is placed on a line support fixed to the lower plate of
the testing machine (Fig. 2a). Two massive steel loading
devices equipped with roller bearings on each side are
placed on the top of the specimen (Fig. 2b). A steel profile
with two identical wedges is fixed at the upper plate of the
testing machine. The actuator of the testing machine is
moved so that the wedge enters between the bearings, which
results in a horizontal splitting force component (Fig. 2c).
Laboratory test setup and test specimen is shown in Fig. 3.
From a testing standpoint, the cracking process can be
controlled and monitored using the crack mouth opening

displacement (CMOD) shown in Fig. 4 [4]. Some notations
are also illustrated in this figure.

The fracture section of the specimen is essentially sub-
jected to a bending moment. The vertical load does not
affect the crack propagation. The load in the vertical
direction and the crack opening displacement (COD) at
two points along the crack surface and the location of roller
axis are monitored during testing. The rate of loading was
controlled by a constant rate (0.002 mm/s) of increment of
COD at the location of roller axis. The specimen was
monotonically loaded up to the peak load.

2.4. Test results

The specimens for low-, normal-, and high-strength
concrete are assigned with LS, NS, and HS as the specimen
names, respectively. Concrete compressive strength f.,
splitting tensile strength f;, and compressive elastic modu-
lus E,. were determined based on an averaged result of three
identical ¢ 100 X 200 mm cylinders. Table 2 tabulates the
experimental data of £ , fi;, and E, of the concrete cylinders
where concrete from the same batch was used to cast the
WST specimens.

Fig. 5 contains the plots of the averaged value of
horizontal load components versus CMOD for the two
WST results for LS, NS, and HS, respectively. Fig. 6 shows
the average value of CODs, which were obtained at three
points located on the constant distance from the initial crack
tip, at the peak load. The test results in Fig. 5 show that the
load increases as the CMOD increases; however, the value
rapidly decreases after a certain point. Point corresponding
to the maximum load in Fig. 5 was considered as the critical
point, which can be the beginning point of unstable crack
progression.

The stages of opening (Mode I) crack growth for a
notched specimen shown in Fig. 4 are related to the load—
displacement curve shown. In this curve, stable crack
growth begins to propagate as the applied load or displace-
ment increases up to the point. Even though the applied
load remains constant or decreases, if the load control

Roller axis
Notch
d=200mm
100mm
b=125mm
1=240mm

Fig. 1. Geometry and size of specimen.
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(a) Specimen setting

(b) Clip gage and
loading device setting

Fig. 2. Principle of WST.

method is used, the crack propagation can be unstable
beyond this point [5]. In this study, however, the displace-
ment control method was used. Accordingly, the testing
machine had a way to control it and unstable crack
progression did not occur.

Fig. 6 shows that the values measured at three points
have a linear relationship. This is related to crack opening
profile (shape) (COP), which is discussed in detail in the
next section. In this figure, the range of COD values with
age is reduced as the strength increases. Fig. 5, load—
CMOD curves, is used to obtain the value Gy and the
bilinear softening curves. In addition, COD at the peak load
(Fig. 6) is used to obtain the values CTOD, and K.

3. Analysis and evaluation
3.1. Analysis method

To obtain the values CTOD,, and K., which are fracture
characteristics based on the effective-elastic crack model,
the effective-elastic critical crack length a.. should be
determined first. The values CTOD, and K. are fracture
parameters used to describe fracture response at the peak
load. According to the two-parameter fracture model by
Jenq and Shah [6], to obtain the value a.., which causes
Fig. 3. Laboratory test setup and test specimen. elastic fracture response of structures, the test is performed
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Fig. 4. Stages of Mode I crack growth: (a) initiation of stable crack growth, (b) process zone partially developed, and (c) start of unstable crack growth

at peak load [4].

by loading the specimen under CMOD control up to the
point beyond the maximum load and then it is unloaded
and reloaded.

In Jenq and Shah’s model, the value a.. may be defined
in such a way that it results in an unloading compliance C,
within 95% of the peak load based on LEFM. However, it is
difficult to select the beginning point of unloading and to

Table 2
Physical properties of concrete
Type Age (days) ¢ (MPa) Jer (MPa) E, (MPa)
LS 1 3.92 0.28 7649
3 10.30 1.54 19,515
7 13.73 1.80 21,673
14 15.59 2.43 23,046
28 18.53 2.90 26,772
NS 1.5 5.49 1.56 12,945
3.5 16.48 2.23 22,948
7.75 22.36 3.27 26,184
14.75 26.58 3.70 26,870
28.5 33.24 3.92 28,832
HS 1 16.57 2.90 24,320
3.25 26.18 3.85 31,283
7.33 37.27 391 32,460
14.75 52.07 4.59 33,833
28 57.96 4.86 35,794

calculate the value C, from the load—CMOD curve. Ac-
cordingly, in this study, the COP based on LEFM, rather
than the unloading compliance, is used to determine the
value a... This may be expressed as

COD(a,x) = CMOD x g(g,f) (1)
a

(5D = {(- 2 o [E- )]}

where g is the COP function obtained from the finite
element (FE) analysis for the WST specimens; a is the
crack length; d is the characteristic dimension of a member
(in this study, d is regarded as the length from bottom face
of a specimen to roller axis); and x is the distance from the
roller axis. Namely, Eq. (1) represents the value COD with x
as the function of CMOD. The g function curves for
different crack lengths are shown in Fig. 7. Fig. 7 shows
that the shape of curves around the crack tip is nonlinear,
and as it becomes more distant from the crack tip it shows a
linear relationship. This is consistent with experimental
results. Namely, the values of COD, which was measured
at three points (i.e. roller axis, x;, and x, spaced from the
crack tip), show nearly a linear relationship.
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Fig. 5. Horizontal load—CMOD curves.

Two equations for the value a.. can be obtained by
substituting two COD(x) values measured at x; and x, into
Eq. (1). Then, by solving Eq. (1), two values for a,. can be
determined and, finally, we can obtain the value a.. by
averaging these values. After the value a.. is determined,
the value CTOD, can be obtained. The value CTOD, is
determined by substituting the values of a.., CMOD, and a,
into Eq. (1), where the values a, and a.., respectively,

instead of x and a, should be used. Finally, the value a..
as well as the critical (peak) load P, is further substituted
into Eq. (2), which is suggested by Murakami [7] to
calculate the value K.

Ky =

Pe
s @

F(a) =29.60°° — 185.50!° + 665.70%° — 1017.00°

+ 638.904*°

where F(«) is derived by Zhao et al. [8] for conventional
WST specimens (i.e. //d=1.2) like those of this study; b is
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Fig. 6. COD at peak load.
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Fig. 7. COP function for WST specimen.

the thickness of a specimen; / is the length of a specimen; d
is the length from bottom face of a specimen to roller axis;
F(2) is the constant given by the initial crack length a,; and
o is a/d. Based on the obtained load—CMOD curve of Fig.
S, the fracture energy Gy can be calculated.

3.2. Analysis results

Fracture characteristics obtained from the analyses are
graphed and shown in Figs. 8—11 and Table 3. Based on
critical effective crack extension Aa.. (where the value Aac,
is given by a.. — a,) indicated in Fig. 8, it is noted that crack
propagates more up to the peak load as strength is lower and
age is younger. In addition, as predicted in the COD shape
of Fig. 7, the value CTOD, in Fig. 9 also increases with
lower strength and younger age. There is a similar pattern
with Aa,.. According to Figs. 10 and 11, the values K. and
Gr increase with increasing age, especially increasing rap-
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Fig. 8. Critical effective crack extension Aa,. at various ages.
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Fig. 9. CTOD, at various ages.

idly at early ages, and converging to a limit at 28 days. This
means that the fracture toughness increases rapidly with
increasing early age after the casting. The values K. are
compared with the results obtained from three-point bend
beam tests at 0.5, 1, 7, 21, and 28 days by Zollinger et al.
[9]. Although there is a difference in the results due to the
difference of materials and experimental methods used, it
seems the trend is similar.

3.3. Bilinear softening curve by numerical analysis

A typical softening curve of concrete is shown in Fig.
12. Petersson [10] proposed a method for equating the
softening curve with the bilinear softening curve as shown
in Fig. 13. This indicates that the softening curve (i.e., the
curve is the one of fracture characteristics of concrete) can
be simplified by determining f,, f;, w, and w, values. It is
noted that the bilinear curve can be completely determined

2.4
2.0 A A
: A I—
1.6 o) Q o}
< {A o]
—E E]/
< 12
[
g«, 0.8 Of/ ‘/QI"’”‘
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] —A—HS
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l: —a—LS
A —&— Data by Zollinger et al.
0.0 T T v T T T T T v T T T T 1
0 5 10 15 20 25 30 35

Age(days)

Fig. 10. K7, at various ages.
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if the f, f1, w; and w, values are known. In this study, FE
analysis was carried out based on the cohesive crack model
and the principle of superposition suggested by Gopalar-
atnam and Ye [11] in 1991. First, from crack analysis using
superposition we can obtain the independent elastic solu-
tion for the external load and a unit load applied at point x
along the crack surfaces of fracture process zone (FPZ).
Second, to satisfy equilibrium equation, compatibility con-
dition, and cohesive stress—COD relationship in the FPZ
for overall structures, a series of equation systems is
composed.

In this study, the stress condition was assumed as plane-
stress and the specimen configuration and the finite ele-
ment mesh used for numerical investigation are shown in
Fig. 14. As an input data for FE analysis, initial tangent
modulus in tension E, = 1.5E, was used. This modulus
was selected from trial and error method by FE analysis to

Table 3
Fracture characteristics of concrete at early ages
Type Age Aae, CTOD, K. G (N/m)
(days) (mm) (mm) (MPa m'?)
LS 1 61.05 0.0640 0.3088 22.08
3 39.78 0.0265 1.1151 103.83
7 36.78 0.0218 1.2783 106.77
14 34.34 0.0188 1.4185 106.80
28 32.56 0.0178 1.6299 106.81
NS 1.5 40.04 0.0324 0.8854 83.93
35 34.66 0.0261 1.1241 142.38
7.75 32.54 0.0210 1.5869 106.80
14.75 31.02 0.0201 1.6243 104.65
28.5 29.96 0.0150 1.7178 127.74
HS 1 37.56 0.0206 1.4282 86.44
3.25 30.99 0.0214 1.7593 101.49
7.33 31.11 0.0186 1.8114 138.84
14.75 29.88 0.0216 2.0267 124.08
28 26.87 0.0156 1.9941 119.04

o A
1
]
2
@™
(0]
N
v
(]
=
S
@]
Crack opening displacement W, w

Fig. 12. Softening curve of concrete.

obtain the closest approximation to load—CMOD curves
shown in Fig. 5. Where E, is the compressive elastic
modulus.

Only half of the specimen needs to be considered due to
symmetry. There were a total of 390 elements (two-dimen-
sional parabolic isoparametric element) and 23 nodes on
the ligament length d — a, where the crack propagates. At
these nodes, the load—COD relationship for FE analysis
was obtained using the nonlinear spring element, which
shows the bilinear softening phenomena. From the load—
CMOD curve, four parameters for bilinear softening curve,
fi» f1» w1 and w., can be obtained. To obtain the optimum
solution for the load—CMOD curve, the following function
is used.

CMOD, 5
E(fifiwi,we) = / (Pe — Py)’ds (3)
0

where P, is the load obtained from the tests, CMOD,, is
equal to an ideal value CMOD when the load is 0.0, and
P.=P.(f;, fi, w1, we) is the load obtained from FE

A

f

fo |
£ f

Cohesive stress

wr Wy We

Crack opening displacement

Fig. 13. Bilinear softening curve.
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Fig. 14. Specimen configuration and FE mesh.

Ao

analysis. The function F(f;, fi;, wy, w.) represents the
difference between the load—CMOD curve obtained from
the tests and the load—CMOD curve obtained from the
analysis. Therefore, the softening curve can be said to be

Table 4
Parameters of bilinear softening curve obtained by numerical analysis
Type Age /i i W We E(fe, fis wi, we)

(days) (MPa) (MPa) (mm) (mm)  (kN* mm)

0.1657 0.1153  0.0334  0.2998  0.0047
1.2955 0.4183 0.0188 0.3338  0.0297
1.4392  0.4159 0.0310 0.3551 0.0270
1.7776  0.4253  0.0284 0.2585 0.0350
28 2.5579 0.6616 0.0122 0.1672  0.0887

NS 1.5 0.9204 0.2995 0.0269 0.3896 0.0162
35 1.3168 0.4336 0.0304 0.3627 0.0168

775  2.1135  0.4625 0.0224  0.2450  0.0269

14.75  2.4676 04978 0.0154 0.2217 0.0630

28.5 2.8304 0.6275 0.0133 0.2101  0.1067

HS 1 1.7758 0.4023 0.0181 0.2749 0.0287
325 26245 0.5677 0.0156 0.1722  0.1180

733 2.6315 0.6743 0.0166 0.1822 0.1444

14.75  3.0572  0.6865 0.0159 0.1746 0.1877

28 3.3044  0.6638 0.0149 0.1646 0.1443

LS

B A

more accurate when F(f;, fi, wi, w.) has a minimal value.
The condition is shown in Eq. (4).

OF 0OF OF _OF _

&/ 9T — = 4
af,  oft  Owp  Owg 0 4)

Eq. (4) shows four nonlinear equations. To solve these
equations, the Newton—Raphson iteration method was

Assume initial values of £, f;, wi, w.

Finite element analysis : Calculation of load-displacement
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Fig. 15. Flow chart of the numerical procedure.



J.-K. Kim et al. / Cement and Concrete Research 34 (2004) 507-519

(a) LS
30 0% _flx+h) +/(x—h) =2 (x)
T 0x2 h?
2.5 "
2
”o. Of Sflathyte) tflx—hy—g)
- oxady 4hg
© g ]
o —a—f
Sl o T fathy—g) +f—hy+e)
[ )
s 4hg
& 1.0
- (a) LS
o I o 0.40 -
¢ ] w
0.0 T T T T T T T T T T T T T 1 0354 ./ --@®- W
0 5 10 15 20 25 30 35 sl !
Age(days) "
E (.25
(b) NS £
3.5- % 020+
3.0 - § 0154 "
/. 2 010
25 - e =
~ ./ 0.05 -
& 20+ ¢ {0 g~ e,
= 1 e- fr 0.00 — T T T T T 1
2 45 ; 0 5 10 15 20 25 30
o | o
& o / Age(days)
1" (b) NS
05- g @meeoe 0T s 0404,
e ) \ Wc
0.0 T T T T T T ] 0-35__ e -w,
0 5 10 15 20 25 30 35 0.30 ]
Age(days) n 1
£ 0.254 .
(c) HS = T
40— 2 o.zo-_
i [9]
3.5 & 0.15+
_ — g ]
3.0 - u o VP
25] ® '/ 0.05
E o {0 ®-e_______ P N
= 2.0+ ff 0.00 — T T T T T 1
7 o @ f 0 5 10 15 20 25 30
L 154 Age(days)
n ]
1.0 (c) HS
0_5_' P A @ oo ° 0.30
1® im +WC
0.0 LB e e e A B A | 0.25 + oW,
0 5 10 15 20 25 30 35
Age(days) E 0.20
£ —
Fig. 16. Variation of parameters f; and f; with age. é 0.15 4 "
[9]
[&]
used. The procedure is shown in Fig. 15 [12—14]. The S 0104
differential terms of F(f;, fi, wi, w.) shown in Fig. 15 8
can be calculated by numerical method as shown in Eq. 0.05
(5) [14]. lo--0----@-------- L E T T °
0.00 T T T T T T T T T T T T
0 5 10 15 20 25 30

of _flx+h)—f(x—h) Age(days)

dx 2h Fig. 17. Variation of parameters w, and w; with age.




516

where the values g and / are sufficiently small positive
constants.

The parameters f;, f;, wi, and w, for bilinear softening
curves obtained from numerical analysis are summarized in
Table 4, Fig. 16, and Fig. 17. According to Figs. 16 and 17,
the parameters f; and f; increase and the parameters w; and
w, decrease as age increases. This is because the peak load
and the brittleness of load—CMOD curve with age
increases up to the peak load. However, the curve shows
more rapid softening phenomena after the peak load with

increasing age.
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In the ideal case, the minimum value of F(f;, fi, wy, w.)
shall be 0.0. In this study, however, due to experimental
and analytical reasons, this value is not 0.0 but is a positive
constant. According to Table 4, the averaged values of F(f,,
f1, wi, we) are 0.0370, 0.0459, and 0.1246 kN? mm,
respectively, in cases of LS, NS, and HS. However, if we
consider that the integral limit (CMOD,) is 2.0 mm, the
errors are 0.136, 0.151, and 0.250 kN on each CMOD
value of load—CMOD curves, respectively, for LS, NS, and
HS cases. The reasons for the increase of these errors as the
strength increases are that the peak load increases on the

—O— Analysis at 3 days
® Experiment at 3 days
2
z
=3 '
?
o g
- Ll
0 T T T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
CMOD(mm)
(b) 3 days
54
—O— Analysis at 14 days
44 ® Experiment at 14 days
= [
£ |7
T o]
§ 244
-
o]
0 z T T T T
0.0 0.2 0.4 0.6 0.8 1.0
CMOD(mm)
(d) 14 days

—O— Analysis at 28 days
® Experiment at 28 days

0.2

0j4 016
CMOD(mm)

(e) 28 days

Fig. 18. Load—CMOD curves with age for LS (numerical analysis).
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load—CMOD curve and the load reduction happens more
rapidly after the peak load as the strength increases. In this
study, for three levels of strength, the same number of
nodes on the ligament in which the crack propagates is
used. Accordingly, the error increases around the load
transition point as the strength increases. For HS, to reduce
the error, the number of nodes on the ligament should
increase.

It is seen in Figs. 18—20 that load—CMOD curves from
the analyses using four parameters obtained are compara-
ble with ones from the tests. In Fig. 18(a), however, a
considerable difference is evident because the load—
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CMOD curve at 1 day for LS is severely nonlinear up
to the peak load.

4. Conclusions
In this study, fracture characteristics of concrete with age,
specifically at early ages, were investigated and the results

can be summarized as follow:

1. Instead of performing an unloading cycle on the route of
experiments, the value a.., which the effective-elastic
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Fig. 19. Load—CMOD curves with age for NS (numerical analysis).
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Fig. 20. Load—CMOD curves with age for HS (numerical analysis).

crack model defines, was derived using the results obtained
from the stable WST and the COP for WST specimens.

. Using the value a., the values CTOD,, and K., which are

fracture characteristics, for concrete at early ages were
obtained. The value Gp for concrete at early ages was
determined based on the load—CMOD curve obtained
from the WST.

. Based on the cohesive crack model, the bilinear softening

curves of concrete at early ages were determined by
comparing the load—CMOD curve obtained from FE
analysis of specimens used in this study with the load—
CMOD curve obtained from the tests.

4. The derived fracture parameters and bilinear softening
curves at early ages may be used as a fracture criterion and
input data for FE analysis of concrete at early ages.

5. Further experiment

Because this experimental study was conducted for a
single specimen size and measurements were performed
when the FPZ has not yet attained a steady-state size, further
experimental work involving the specimen sizes decreasing
and increasing at early ages would be required.
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Notation

a crack length

ae critical crack length

a, initial crack length

dee effective-elastic critical crack length

b thickness of a specimen

Cy unloading compliance within 95% of the peak load

for load—CMOD curve
COD  crack opening displacement
COP  crack opening profile
CMOD crack mouth opening displacement
CMOD, critical crack mouth opening displacement
CTOD crack tip opening displacement
CTOD, critical crack tip opening displacement
CMOD, CMOD value when the load is 0.0

d length from bottom face of a specimen to roller axis
d—a, ligament length

d, maximum aggregate size

E, compressive elastic modulus of concrete

E, initial tangent modulus in tension

1 compressive strength of concrete

Jet splitting tensile strength of concrete cylinder

1 f1, wi, w. four parameters for bilinear softening curve
g crack opening profile function

Gk fracture energy

Kie critical stress intensity factor

/ length of a specimen

P applied force

P. critical (peak) load

P, load obtained from the tests

P load obtained from FE analysis

X, x1, x, distance from the roller axis along the crack
surface

Ade, critical effective crack extension length
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