Large step-phase measurement by a reducedphase triple-illumination interferometer
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Abstract: We present a reduced-phase triple-illumination interferometer
(RPTII) as a novel single-shot technique to increase the precision of dualillumination optical phase unwrapping techniques. The technique employs
two measurement ranges to record both low-precision unwrapped and highprecision wrapped phases. To unwrap the high-precision phase, a
hierarchical optical phase unwrapping algorithm is used with the lowprecision unwrapped phase. The feasibility of this technique is
demonstrated by measuring a stepped object with a height 2100 times
greater than the wavelength of the source. The phase is reconstructed
without applying any numerical unwrapping algorithms, and its noise level
is decreased by a factor of ten.
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1. Introduction
Quantitative phase imaging (QPI) is of fundamental significance for industrial applications as
a high-accuracy, noncontact, label-free, 3D imaging technique [1–15]. There are numerous
phase retrieval techniques for various industrial applications; however, 2π-ambiguity is a
common problem in all of the QPI methods. The ambiguity problem arises whenever the
object height is greater than the wavelength of the light source.
Methods for remedying the phase ambiguity problem are typically classified into three
categories. The first method concerns numerical algorithms that solve phase jumps less than
2π, and does not require any more physical components to unwrap the phase. However, such
methods are usually time consuming and cannot unwrap phase jumps greater than 2π [16–18].
The second method concerns dual-wavelength phase unwrapping techniques for measuring
stepped objects, along with reducing the phase-unwrapping running time. Since these
methods use various wavelengths, the alignment of the beams on the optical axes of the
system and chromatic aberration generate inevitable sources of errors. Furthermore, the
synthetic wavelength of the imaging system limits the maximum measurement range [19–24].
Dual-illumination QPI is the third phase imaging technique that has recently been
demonstrated to unwrap large stepped phases. In this single wavelength method, two
independent interferograms with different illumination angles are recorded to reconstruct an
unwrapped phase [25]. Despite this advantage, single-shot imaging is difficult and requires a
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complex setup [26]. The reduced-phase dual-illumination interferometer is categorized in this
group [27] and it features the advantages of the dual-illumination technique in addition to
having a simple setup. Using this last method, the unwrapped phase can be reconstructed by
calculating the phase difference of the different illumination beams.
Growing uncertainty with the increasing measurement range is a common problem in all
optical phase unwrapping techniques mentioned above. Accordingly, the multiple-wavelength
method has recently been developed to increase the phase precision to that of the singlewavelength methods. In this method, the precision is preserved by the use of intermediate
synthetic wavelength steps generated from the three wavelengths, in concert with the use of
the hierarchical optical phase unwrapping technique [28]. It has been demonstrated that
multiplexing and de-multiplexing can be implemented easily in the frequency-domain in
single shot digital holography techniques [29–32].
In this study, we present a reduced-phase triple-illumination interferometer (RPTII) to
increase the precision of dual-illumination unwrapping techniques. The proposed unwrapping
technique is based on the simultaneous recording of the phase of the illuminating beams.
Different illuminating angles give rise to a different spatial frequency, measurement range,
and precision for each reconstructed phase. The information carried by the different spatial
frequencies can be separated in the Fourier domain, which makes single-shot imaging
possible. Furthermore, the higher measurement range reconstructs a low-precision
unambiguous phase, while the lower measurement range reconstructs a high-precision
ambiguous phase. At this stage, the unambiguous phase is compared with the ambiguous
phase by the hierarchical optical phase unwrapping algorithm to unwrap the high-precision
phase. The feasibility of this system is demonstrated for an object with both small and large
steps.
2. Reduced-phase triple-illumination interferometer
The schematic diagram of our proposed RPTII setup is shown in Fig. 1(a). A grating is placed
in front of a collimated laser to produce multiple diffracted beams along the x-axis of the
transverse coordinate system. A lens L1 of focal length f1 is placed at a distance f1 from the
grating. Another lens L2 of focal length f2 is used to form a magnifying 4f system; the Fourier
plane of L1 is located at the back focal plane of L2 such that the distance between the two
lenses is (f1 + f2). Another grating is placed at the focal plane of L2 to make a two dimension
multiple diffracted beams in the transverse coordinate system. The second grating makes an
angle of 45° with respect to the first grating. A lens L3 of focal length f3 is placed at a distance
f3 from the second grating. Two masks at the focal planes of L1 and L3 select the zeroth- and
first-order diffracted beams from the first and second grating, whereas other diffracted
beams are blocked by the mask. One polarization plate is located at the focal plane of L1, and
two polarization plates are located at the focal plane of L3 to avoid unwanted interference
between the beams. The polarization states of the first-order beams of both gratings are
perpendicular, and the zeroth-order beam does not have an orthogonal polarization state with
both beams (see Fig. 1). A lens L4 with focal length f4 is placed at the distance f3 + f4 from L3
to form a different magnification. Therefore, the first grating and sample are separated by 2(f1
+ f2 ) + 2(f3 + f4 ).
The lens systems L1-L2 and L3-L4 determine the angle between the first-order beam of the
first grating and the sample plane. The lens system L3-L4 determines the angle of incidence of
the first-order beam of the second grating at the sample plane. The zeroth-order beam
illuminates the sample along the optical axis of the lenses. The first-order beams of the first
and second grating illuminate the sample with angles of θ and θ′, respectively.
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Fig. 1. (a) Reduced-phase triple-illumination interferometer (RPTII). (b) Position of the beams
in plane A. (c) Intensity plot of 2D Fourier transform of the interferogram obtained by a
charge-coupled device (CCD). G1 and G2 show first and second grating, M is mirror and the
red arrows indicate the polarization state of each beam.

A reflective sample is placed at the front focal plane of L4. As shown in Fig. 1, another
lens L5 focuses one of the beams of the beam splitter on a mirror in order to have a
reference beam. To avoid unwanted interference components at the Fourier domain, the
selected beam must have the same polarization state with the first-order beam of the first
grating. Another lens L6 is placed after the beam splitter to combine the three sample beams
with the reference beam to form an interference pattern on the CCD plane. The modulation
frequencies of the off-axis interferogram on the CCD can be controlled by changing the
magnifications of the lens system and tilting the mirror. Because of the triple beams used in
our reduced-phase triple-illumination interferometer (RPTII), the experimental setup is little
more complicated than those of dual-wavelength digital holographic microscopy [19–24] or
the reduced-phase dual-illumination interferometer (RPDII) [27]. However, complexity in
experimental setup and difficulties in optical alignments associated with the third beam in our
RPDII is necessary and inevitable in order to reduce measurement noise.
The intensity of the interference pattern formed by the three beams and the reference
beam at the CCD plane can be expressed as:
I O = Erp + E0s + p + E1s + E2' p
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where Erp, E0s + p, E1s, and E2′p are the amplitudes of the electric fields for the reference,
zeroth-order, and first-order of the second grating, and the first-order of the first grating,
respectively. The indices S and P show different polarization states for each beam. The qx, qy,
and qxꞌ are the spatial frequencies of the off-axis interferometer. θ and θꞌ are the angles
between both first-order incident beams and the zeroth-order beam on the sample plane,
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respectively. φ0b, φ2pb, φ0-1sb, and φ0-2pb are the background phases of the different illumination
beams that must be measured separately without the sample.
The Fourier transform of the 2D interference data separates different spatial frequencies
in the frequency domain. Figure 1(b) shows the positions of the beams on the plane “A”
illustrated by a green color in Fig. 1(a); each pair of the indicated beams make interference
pattern at CCD according to their polarization state. The position of the phase directions in
Fourier domain are related to Fig. 1(b) as follow: A pair of spots labeled with “W” are the
interference of the Ref. and + 1G1 beams, A pair of spots labeled with “X” show the
interference of 0th and + 1G2 beams. A pair of spots labeled with “Y” represents the
interference of Ref. and 0th beams. Two spots labeled with “Z” show the interference of
beams 0th and beam + 1G1.To extract different phase components, the real image components
of the different illumination directions are selected in the frequency domain. The extracted
phases can be written as [25]:

ϕ 0 ( x , y ) = ϕO ( x , y )

(2a)

ϕ0 −1 ( x, y ) = ϕO ( x, y ) (1 − cos θ )

(2b)

ϕ0 − 2 ( x, y ) = ϕO ( x, y ) (1 − cos θ ' )

(2c)

where φo, φ0, φ0-1, and φ0-2 are the object phase, the phase of the zeroth-order beams, the phase
difference of the zeroth-order beam and the beam with incident angle θ, and the phase
difference of the zeroth-order beam and the beam with incident angle θꞌ, respectively. These
phase differences are the object phases that are reduced by factors hereafter referred to as
phase reduction factors. The phase reduction factor determines the measurement range of the
interferometer; the reconstructed phase is not wrapped in this range. The inverse of the
reduction factor magnifies the uncertainty for the larger measurement range.
Three incident beams with different illumination directions and polarization states make
two different measurement ranges, which are determined by the angles between the incident
beams. The incident angle between the two beams can be adjusted by changing the grating
pitches or the magnification of the 4f systems. The phase reduction factors for the
interferometer from Eq. (2b) and (2c) can be written as:
R1 = (1 − cos θ )

(3a)

R2 = (1 − cos θ ' )

(3b)

where R1 is less than R2; therefore, the first measurement range is larger than the second one.
If the sample height is less than the first measurement range and more than the second one,
the extracted phases from Eq. (2b) and (2c) are unwrapped and wrapped, respectively.
However, the precision of the reconstructed phase by the wrapped phase is higher than that of
the unwrapped phase. In virtue of having higher precision, the wrapped phase is unwrapped
by the unwrapped phase using hierarchical optical phase unwrapping algorithm.
3. Hierarchical optical phase unwrapping
The hierarchical optical phase unwrapping method was employed to increase the precision of
the unwrapped phase in the multiple-wavelength methods [28]. In the absence of noise, the
jumps of a single-wavelength phase can be solved by comparing it with the dual-wavelength
unwrapped phase. However, in the presence of noise, the source wavelengths must satisfy the
following equation for applying the hierarchical optical phase unwrapping algorithm [33]:
Λ K +1 (1 − 4ε K +1 ) ≥ Λ K 4ε K

(4)

where ɅK + 1 is the synthetic wavelength and εK + 1 is its associated noise; ɅK is the larger
synthetic wavelength and εK is its associated noise. The condition for selecting the
intermediate angle in the multiple-illumination method is similar to the above condition for
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multiple-wavelength method. The condition depends on the noise level of each step and can
be expressed as:
1
1
(1 − 4ε K +1 ) ≥
4ε K
RK +1
RK

(5)

where RK is the phase reduction factor of the Kth step, and εK is the noise of the Kth
measurement range. In the presence of noise, the phase reduction factor at each step is
restricted by the phase reduction factor and noise level of the previous step. At this stage, the
unambiguous phase is employed to unwrap the ambiguous phase by recognizing of the
interference order. The correct integer is determined as [26]:

N = floor (2Δz (1 − cos(θ ' )) + 0.5)

(6)

where ∆z is the phase difference between the unambiguous phase and the ambiguous phase.
The integer must be added to the original ambiguous phase by:
z K = z K +1 +

N
2(1 − cos(θ ' ))

(7)

The ambiguities of the larger angle phase are unwrapped, and the finale phase precision is
improved to the precision of the larger angle phase.
4. Experimental results

We performed experiments using a diode laser operating at wavelength of λ = 532 nm. The
periods of the first and second grating were 9.1 μm and 14.3 μm, respectively. The
magnifications of the first and second 4f systems were 0.5 and 3, respectively. As a result, the
angles θ and θꞌ were 0.7° and 2.2°, respectively, in front of the sample (paraxial
approximation). The tolerance in the groove spacing of the grating used in our experiment
was 0.05%; therefore, the tolerance in the incident angle was less than 0.1%.

Fig. 2. (a) An experimentally obtained 2D interference pattern of the reference surface (b) An
experimentally obtained 2D interference pattern of a three-step object. (c) Intensity plot of 2D
Fourier transform of the interferogram shown in (b). (d) and (e) are reconstructed 3D height
profiles of the sample with a pseudo color scale bar in mm for the low-precision unambiguous
phases and the high-precision ambiguous phases, respectively.
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Figure 2 shows experimental results of the RPTII. Figures 2(a) and 2(b) show interference
patterns of the reference surface and a three-step object with a height of 0.15, 0.66 and 1.17
mm. Figure 2(c) shows a 2D intensity pattern of the Fourier-transformed interferogram in Fig.
2(b). The real-image components of the four states are separated by employing a filter for
each phase. Figure 2(d) shows the reconstructed image by the phase of the zeroth-order and
0.7° incident beams; its measurement range is about 3.45 mm. The noise level of the
reconstructed image is amplified by the inverse of the reduction factor. Figure 2(e) shows a
reconstructed image by the zeroth-order and 2.2° incident beams; its measurement range is
about 0.35 mm. The root mean squares of the noise level for the ambiguous and unambiguous
phases are 0.004 mm and 0.043 mm, respectively. The noise level in Fig. 2(e) is therefore ten
times less than that in Fig. 2(d).
The black edges in Fig. 2(b) generate high frequency components in the frequency
domain, and these are removed by a Gaussian low-pass filter in the frequency domain. Even
though the phase information is lost on the edges of stepped sample, the amount of phase
jump on a step edge can be obtained as long as R.hmax is less than λ/2 [27], where hmax is the
maximum step height, R is the reduction factor in Eq. (3). To unwrap the ambiguous phase,
Eq. (5) above must be satisfied in the following manner:
1
1
(1 − 4ε ' ) ≥
4ε
1 − cos θ
1 − cos θ '
1
1
(1 − 4(0.013)) ≥
4(0.012)
(8)
ο
1 − cos(2.23 )
1 − cos(0.71ο )
1.253 ≥ 0.647
Figures 3(a) and 3(b) are 2D reconstructed images of the unambiguous and ambiguous
phases in Fig. 2. Figures 3(c) and 3(d) are 2D and 3D unwrapped phases, respectively, of the
wrapped phase in Fig. 2(e). Figure 3(e) shows three cross-sectional height profiles along the
line from points A to B. The blue, green, and red lines correspond to Figs. 3(a)-3(c),
respectively. As shown in Fig. 3(e), the red line has a higher precision, and its noise level is
the same as the noise level of the green line.

Fig. 3. (a)-3(c) show restored 2D pseudo color height profiles of low-precision unambiguous,
high-precision ambiguous, and high-precision unambiguous phases, respectively. (d)
Reconstructed 3D height profile of the sample with a pseudo color scale bar in mm of the highprecision unambiguous phase. (e) Three horizontal cross sections of the reconstructed height
profile along line AB shown in 3(a)-3(c) with blue, green, and red lines, respectively.
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5. Conclusion

We have presented an RPTII as a single-shot, high-precision, single-wavelength method for
measuring long-range stepped objects without numerical unwrapping algorithms. The
technique improves the precision of the reduced-phase dual-illumination interferometer by
recording selected phases and phase difference of the three beams simultaneously. The
experimental results demonstrate the feasibility of our proposed technique. The maximum
measurement range of a conventional interferometric method without numerical unwrapping
is the wavelength of the laser used in interferometry. Unlike previous methods, the
measurement range of our RPTII can be varied without limit by changing the diffraction
orders of the multiple beams projected on a detector array, as long as the noise in the
interference pattern is sufficiently small. The measurement range of the RPTII is mostly
limited in practice by speckle noises in the interference pattern. The maximum measurement
range we can obtain is 3.5 mm, which is 2100 times larger than the wavelength of the laser.
Since the noise level of our RPTII can be reduced further by using speckle noise reduction
methods, we believe that the maximum measurement range can be significantly improved in
future studies. We expect that this method can be used in other phase imaging, digital
holography, and interferometry techniques.
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