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Abstract. We present a sensitivity analysis and performance evaluation
of a six-degree-of-freedom measurement system that uses a diffraction
grating as a cooperative target. To design the measurement system, we
require a theoretical analysis of performance, such as sensitivity of each
sensing direction. The intensity distributions of the diffracted beams are
calculated with the scalar diffraction theory and sensitivity of the mea-
surement system is analyzed against the variations of design parameter
values. Using the results of sensitivity analysis, we design the measure-
ment system and evaluate its performance with resolution, measurement
error, and crosstalk. The resolution is less than 0.2 um in translation and
0.5 arcsec in rotation. In experiments, measurement error and crosstalk

between sensing channels are within =0.5 um in translation and *2
arcsec in rotation. © 2001 Society of Photo-Optical Instrumentation Engineers.
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mance indices, sensitivity is an important factor that deter-
mines the resolution of a measurement system. In addition
to increasing the sensitivity of each sensing direction, it is
also important to equalize the sensitivity of each measure-
ment direction in designing a multi-DOF measurement sys-
tem. Therefore it is essential to develop a method that re-
lates the variations of design parameter values and
sensitivity of each sensing direction. Based on the results of
those analyses, the values of design parameters can be
found that optimize the performance of a measurement sys-

1 Introduction

A six-degree-of-freedonDOF) measurement system is re-
quired in various areas such as control of precision ma-
chines, precision assembly, and vibration analysis to obtain
the information of three-translational and three-rotational
motions. There are two ways to measure six-DOF motion
of a rigid body. One is using multiple interferometers for
each axi$ and the other is detecting the movement of
beams reflected from cooperative targetsAlthough the
first method can obtain high resolution and decoupled in-
formation for each axis, it increases the size and complexity T.here were several previous works to enhance the per-
of a system and requires a high-quality reference mirror. tormance of measurement systems through sensitivity
Hence it is usually applied to control and calibration of analysis. Some works proposed analytic methods to im-
precision stages. For the second method, it is difficult to yrove the performance of detecting systems for atomic
fabricate a miniaturized reflective tar§girecisely and to  force microscopy(AFM). This system, based on the inten-
measure the motion of a small object because it needs sufsity distribution of beams, used the values of design param-
ficient space for multiple reflective targdter optical  eters calculated from the optimization of detection
devices. . _ ~ sensitivity®’ Other research presented a new method to in-
A new six-DOF measurement system using a diffraction crease the resolution of optical beam deflection method
grating target was proposed to overcome these problems. (OBDM) with a passive interferometer and Ronchi
Since this system uses several diffracted beams generategrating® However, these are only single-DOF measurement
from a diffraction grating, it requires only one laser source systems and new analytic methods are required for a six-
and one cooperative target, which can simplify the structure DOF measurement system.
of the measurement system. In addition, a diffraction grat-  This paper analyzes the intensity distributions of dif-
ing can be produced through a microfabrication process orfracted beams with the scalar diffraction theory and com-
replication, and therefore this system can measure the dis-pares the theoretical results with the experimental ones.
placement of a miniaturized object without any compli- Sensitivity analysis using these intensity distributions is
cated devices. discussed. We construct a six-DOF measurement system
To design a six-DOF measurement system, theoretical using design parameter values determined from the sensi-
analysis of performance is required. Among several perfor- tivity analysis and evaluate its performance.
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2 Six-DOF Measurement System -

The six-DOF measurement system consists of a laser
source, a diffraction grating target, three convex lenses, and Grating target
three 2-D detectors, that sense the movement of three dif- -
fracted beamst 1, 0, —1 order diffracted beamig. 1). A USEREIE tRIGENLbEAT
monochromatic incident beam is diffracted into discrete di-
rections from a diffraction grating and their directions are ;
calculated using the grating equation. When a miniaturized Diffracted beams /
diffraction grating, which acts as a small reflective target, ¥ ,
moves inside a spherically diverging incident beam that has —lorder O-order +l-order
a larger diameter than this grating, this movement changes (b)
the generating position and propagating directions of dif-
fracted beams. The translation varies the position where therig. 2 principle of six-DOF measurement: (a) variation of the gen-
incident beam is reflecteflFig. 2(a)], and the rotation erating position of diffracted beams (3-D translation) and (b) varia-
changes the directions of diffracted beagy. 2(b)]. This tion of the propagating directions of diffracted beams (3-D rotation).
results in the variation of detecting positions of diffracted
beams and the information on six-DOF displacement can
be obtained from the coordinates of diffracted beams. 3
The six-DOF displacement of an object is calculated ki- i ) ) ) o
nematically from the coordinates of the diffracted beams on Vector diffraction theory is required for the efficiency
the detectors. The calculation process consists of two stepsanalysis of a diffraction grating that has a pitch of the order
a forward and an inverse problem-solving step. In the for- Of the wavelength of an incident beam. However, in the
ward step, the coordinates of the diffracted beams on theProposed system, a more simplified method, scalar diffrac-
detectors are estimated. In the inverse step, an actual six1on theory, can be applied since the polarization direction
DOF displacement is determined from the coordinates of of the incident beam is fixed and the _anaIyS|s of_dlffractlon_
the diffracted beams. The solutions of the forward problem, Patterns generated from a cooperative target is the main
which are the coordinates on the detectors, are calculated 9CYS:

with the grating equation and ray optics assumption. Since Ctogrginate syséerps Lor a{]halysist_of tm&o(rjdertdif— .
they are obtained as six nonlinear equations, the inverse'aCt€d beam are definéd as he grating coordinate system

problem is solved through a numerical iterative method, {Cmi, the lens coordinate systef,;, and the detector
Newton’s method. The detailed mathematical equations coordinate systeniDy}, wheremis the order of the dif-
were explained in the reference paper. fracted beam. The origin diG,,,} is located at the center of

In this measurement system, a quadrant photodiqie  the diffraction grating target, thg axis is parallel with the
PD) detects the 2-D movement of the diffracted beam. Two grating pitch and the axis is set as the optical axis, the
axial outputs of the Q-PD are the difference signals calcu- Propagating direction of the diffracted beam. The origin of
lated from the voltage outputs proportional to the intensity {Lm} is apart from that of G} by Z, on thez axis, which
of an incident beam on each photodiode cell, and so af- also coincides with the optical axis. Nof®} is parallel
fected by the intensity distribution and power of the inci- to {L,,} and separated fronflL,} by Z4 on the z axis.
dent beam. Therefore, to analyze the sensitivity of the six- Here, 6, denotes the angle between the incident beam and
DOF measurement system, we need not only kinematic each diffracted beartFig. 3).
analysis that derives the relationship between the coordi- Based on the definition of coordinate systems, the inten-
nates of the diffracted beams and input displacement, butsity distribution of the zero-order diffracted beam is ana-
also optical analysis that calculates the intensity distribu- lyzed. When there is a Gaussian beam incident on the dif-
tions of the diffracted beams. fraction grating and the waist of the beam is apart from

Intensity Distribution

2838 Optical Engineering, Vol. 40 No. 12, December 2001



Kim et al.: Application of sensitivity analysis . . .

z
{Do}
x
i

z
{Lo}
I x

Point source Z:

Zoa

Zo

s i i

N
15
=

&
[
<

(b)

~
N

Fig. 3 Analysis model for the computation of intensity distributions:
(a) 0-order and (b) *=1-order diffracted beam.

{Go} by Z, it is possible to assume a spherical wave is
generated from a point source if the diffraction grating is
separated sufficiently from the beam wafsErom this as-
sumption, the electric field on the diffraction gratibg can

be expressed as

exp(jKkrsg)

2,2
X3t Yg
2

lsg

: D

Ui(XgaYQ):UOeXp<_ 2
wherexy andyy are coordinates on the diffraction grating;
I'sg is the magnitude of sy, which is a vector from the
point source to the diffraction gratindj, is a constant
proportional to the power of the incident beam; amglis

the radius of the incident beam. The sinusoidal diffraction
grating modifies the electric field; as

UOg(Xg vyg) = Ui(Xg ,yg)exp(j kAo),
2

Ag=a(cosbsqt cosby)sin(27fXg),

wherekA, is a phase change of electric fielandfy are
groove amplitude and pitch of the diffraction gratirdy is
the angle between,, andn,, which is a unit normal vector
to the grating surfaceq, denotes the angle betwesgand
ror, which is a vector from the grating to the convex lens.
Hence, using Eq(2) and the Huygens-Fresnel principle,
the electric field on the convex letdy, is formulated as

1 o] o]
Uoi(Xor,Yor) = j—)\fiwfwcirc(r)

exp(jkro)

. UOg(Xg ,yg) r C0oSl, ng dyg ,

3

ol

1 forr=il
0 otherwisé

2,2
X3t Yg
R

circ(r)=‘

whereR is the radius of the diffraction grating targed;
andy, are coordinates on the lens surface, apdis the
magnitude ofrgy . From the paraxial theorm, we assumed
the lens surface as they plane of the lens coordinate

system with negligible thickness and Eg) can be simpli-
fied using the Fresnel approximation and E4). In the
approximation, we consider that the amplitude of groove is
similar to the pitch of grating and the diffracted beams do
not interfere with each other since they are separated suffi-
ciently.

exp(jA sind) = _2 J(A)exp(jmd), (4)

whereJ,(A) is the first kind Bessel function and the elec-
tric field Uy, is shown as Eq(5). We can find that Eq(5)

is the Fourier transform of the product of the electric field
Ugg and the quadratic-phase exponential term.

Uoi(Xor»Yor) =~Ao fﬁmJLOCUOQ(Xyvyg)eXp[_jZﬂ-(fXOIXg

+fy01Yg)] dxg dyg, 5)
_Uodo(2ka) [ [ XatYa
ol — j)\zszol eXpJ S 0l ZZOI 3
2,2
~ X5+VYe)
Uog(Xg,Yg) =Circ(r)exp —(g—zyg
Wy
e .k(X§+yé)(Zs+ZO|)
T ez )
(X Yo
X0l )\ZO| ’ yol )\Zo| .

Now, it is possible to calculate the electric field on the
detector. Using Eq(5) and the Huygens-Fresnel principle,
the electric field on the detector surfadg, is expressed as

1 o) 0
Uod(Xod »Yod) = iy fﬁwf%um(xm Yor)

(X51+Yo)
21,

X COS@Odde dy0| ,

exp(jKroq)
lod

Xexp| —jk

(6)

wheref is the focal length of the convex lensyy is the
magnitude ofryq, which is a vector from the lens to the
detector;fyq is the angle between,y andng,, which is a
unit normal vector to the lens surface; argl and yoq
denote the coordinates on the zero-order detector. If the
Fresnel approximation is applied, the electric field on the
detectorUyy can be simplified as Eq7) and the intensity
distribution is calculated by squaring the absolute value of
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Fig. 4 Experimental setup of the six-DOF measurement system.
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The intensity distribution of thetl-order diffracted

Table 1 Specifications of devices in the experimental setup.

Device Specification

Pitch: 1200 grooves/mm

Diameter: 0.5 mm

Output power: 2 mW

Wavelength: 632.8 nm

Focal length: 32.0 mm

Focal length: 25.4 mm (*1-order)
65.0 mm (0-order)

Translational resolution: 0.07 um

Rotational resolution: 0.14 arcsec

Resolution: 0.01 um

Linearity =0.05% of F.S.

Diffraction grating target

Laser source

Concave lens
Convex lenses

Six-DOF stage system

External displacement sensor

and experimental results for the zero-order diffracted beam
were obtainedFig. 5. As shown in Fig. %), if the CCD
camera was located near to the focal point, the intensity
distribution was similar to the Fraunhoffer diffraction pat-
tern of a circular aperture. However, as the distadgg
increased, it showed a Fresnel diffraction pattern for the
growth of the quadratic-phase exponential term.

Figure 6 shows the intensity distribution of thel-order
diffracted beam while fixingZ,, at 85 mm and changing
Z,4. Due to its inclined propagation direction, the shape of
the intensity distribution was not circular but elliptical. The

beam can be found in a similar way. However, the shape of
the grating target should be considered as an ellipse with
thex axis as the minor axis, since the propagating direction
of the £1-order diffracted beam is inclined from the unit
normal vector of the grating target l#y (Fig. 3).

To validate the analysis of the intensity distribution
drawn from scalar diffraction theory, we compared the ana-
Iytic results with experimental ones. In the experimental
setup, a diffraction grating was attached to a six-DOF stage
system and the intensity distribution of each diffracted
beam was measured with a 2-D CCD camera. A concave
lens and a polarization beamsplitter directed the diverging
incident beam normally to the grating target. Each dif-
fracted beam propagated through the convex lens and
reached the CCD camefkig. 4). Table 1 summarizes the
specifications of devices composing the experimental setup.
The intensity distribution was measured against the varia-
tion of distance between the convex lens and the CCD cam-
era.

When Z,,, the distance from the diffraction grating to
the convex lens, was fixed at 100 mm afyj, the distance

03

0
X (mm)

Fig. 5 Intensity distributions of the zero-order diffracted beam;
simulation (left), experiment (right): (a) Zyy=100mm, (b) Zyq

from the lens to the CCD camera, was changed, simulation =140 mm, and (c) Zyy=165 mm.
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Fig. 6 Intensity distributions of the +1-order diffracted beam; simu- (b)

lation (left), experiment (right): (a) Z;4=40 mm, (b) Z,,=60 mm,
and (c) Z;4=100 mm. Fig. 7 Normalized sensitivity for the +1-order detector against the
variation of Z,;: (a) translational displacement and (b) rotational dis-
placement.

eccentricity of ellipse increased along the increment of dis-

tanceZ,4 since diffraction occurs more dominantly in the

minor axis of an ellipse. rameters considered in the sensitivity analysis were dis-

o _ tances from the grating to the convex lerg,(,Z;,) and
4 Sensitivity Analysis from the convex lens to the detectdq,Z,4). To analyze

The variations of detector outputs according to the unit in- the variation of sensitivity, the changes of detector outputs
put displacement can be found with the kinematic analysis Were measured when there were input displacement of 10
and the intensity distributions of the diffracted beams. Each x#m for translation and 0.01 deg for rotation. In the results,

of these values is defined as sensitivity and composes thesensitivity was expressed as a component of the Jacobian
Jacobian matrix as matrix and normalized by the maximum value of sensitivity

obtained for six-DOF displacement input.

The sensitivity increased along the incremenZef for
reduction of spot size, while fixing the distance from the
grating to the+1-order detector as 300 mm and changing
Z,, . However, when the detector was located near to the
image plane, the sensitivity for rotational displacement de-
creased sharpl{Fig. 7).

The variation of sensitivity was less remarkable than in
the case oZ,;, when the distance from the grating to the
convex lens was 87 mm and,;y changed(Fig. 8). The
growth of Z,4 increased spot size as well as movement of
the diffracted beam on the detector, therefore overall sensi-

od=J- 5p, J” :&_p
J

5d:[5d+1x5d+1y5d0x5d0y5d71x5d71y]Ty (8)

Sp=[dx 8y 6z Sa 8B Sy,

where éd is an infinitesimal change of the detector output,
andédp is an infinitesimal input displacement. The elements
of Sp arex, y, and z axis translation and yawrotation

about thez axis), pitch (rotation about the axis), and roll o o
(rotation about thex axi9), in order. Since the Jacobian UVity was not affected so much by the variation 2fy .

matrix shows overall performance of the measurement sys- N the case of the zero-order detector, we measured the
tem, we can derive principal performance indices from the variation of normalized sensitivity for two conditions: dis-
Jacobian matrix. tance from the grating to the detector was 370 mm Agd

To find the relationship between the variations of param- changedFig. 9], distance from the grating to the lens
eter values and sensitivity, the experimental setup as showrfixed as 85 mm andq varied[Fig. Ab)]. The results for

in Fig. 4 was used with three Q-PDsingle element size:
2.5X2.5mm, gap b/w elements: 30m). The design pa-

the variation ofZ, could be explained similarly with the
case ofZ,,. As Zy4 increased, the detector approached the
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Fig. 9 Normalized sensitivity for the zero-order detector: (a) varia-
tion of Zy, and (b) variation of Z,, .

Fig. 8 Normalized sensitivity for the +1-order detector against the
variation of Z;,: (&) translational displacement and (b) rotational
displacement.

image plane and the sensitivity for rotation decreased. Forijty, because it could be reduced by the improvement of
the same reason as the case&Zgf, the variation of trans-  environment. The noise level of each detector was obtained
lational sensitivity was less remarkable than that of the ro- as follows:

tational.

0,.1x=0.0130V, 00,=0.0052V, o_41,=0.0127V,
5 Performance of the Six-DOF Measurement
System

Considering dimensional constraints and the optimization 7 +1y=0.0073V, 0¢,=0.0055V, ¢_;,=0.0072V.
of performance indices derived from the sensitivity analy-
sis, we can determine the values of design parameters as

follows: The noise level of the 0-order detector showed similari-

ties in thex andy axes while each axis of the1 order
detector had different noise levels, since the intensity dis-
tribution on the O-order detector was circular, but those on
the =1-order detector was elliptical and showed higher in-
tensity on they axis, as shown in Figs. 5 and 6. This re-
sulted in a higher noise level in theaxis for the*1-order
The experimental setup was constructed as in Fig. 4 us-detector. Thus we can conclude that the intensity distribu-
ing three Q-PDs. First, power of the diffracted beams and tion affects not only the variation of detector output but
noise level of the detectors were measured. Outputs of thealso the noise level, which relates to the overall perfor-
detectors were recorded for 30 min to calculate the noise mance of the measurement system.
level when the diffracted beams were incident on the center The changes of output voltage in each detector were
of each detector. The power of each diffracted beam wasmeasured when input displacement was generated using the
23.5 uW for the 0-order diffracted beam and 44u%V for six-DOF stage system, which was 10n for translation
the =1-order one. The noise level was set as the standardand 0.01 deg for rotation. From these values, we calculated
deviation of random noise excluding the drift from me- sensitivity in each sensing direction and constructed the
chanical vibration, temperature variation, and laser instabil- Jacobian matrix as follows:

Zg=136.4mm, Zy4=115.2mm, Z;,=85.0 mm,

Z14=85.0mm.
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where the unit of each element was for translation 2
and V/10 2 deg for rotation. Using the inverse matrix f
and the noise level of each detector, the resolution of each T T o 50 100
sensing direction could be calculated as Translation (um)
6 12 (a)
Ri=[z <saja,->2} (i=1,....6, ©) 3 : , :
=1 = Roll © Pitch 4 Yaw |}

whereR; denotes the resolution of thi&h sensing direc-
tion, S;; is the component o8~ 1 with i'th row and j'th

column, ando; is the noise level of'th detector output.
The resolution of each axis was calculated as follows:

R,=0.0578um, R,=0.0617um, R,=0.1584um,

Measurement error (arcsec)
o
T

R,=0.4223 arcsec, Rz;=0.1325 arcsec, 35 50 s 200 300
Rotation (arcsec)
R,=0.1642 arcsec. (b)

Translation on thg axis and rOtatlon_ abo!"t yaw-axis Fig. 10 Measurement error against the variation of input displace-
showed lower resolution than other sensing directions. This ment: (a) translation on the x, y, and z axes and (b) rotation about
can be inferred from the low sensitivity of these measure- the roll, pitch, and yaw axes.
ment axes, as shown in the Jacobian matrix.

To evaluate the accuracy and crosstalk of the measure- . o ) )
ment system, displacement was generated with a constanfloise. If a sensing direction, such asxis translation or
Step in each measurement direction using the six-DOF _yaW-aX|S rotation, has h|gh Uncerta|nty for its low Ser:]Slth-
stage system. The measurement error, which was the differ-ity, _the measurement error and cro_sstalk mcrease_zd since the
ence between the measured and actual displacement, wa¥ariation of output was smaller against the same input mag-
recorded at each position. In translation, the output valueshitude and measurement error and crosstalk were larger
of the measurement system were taken at everyu@®  With the same noise level, conversely.
interval betweent=100 um. In rotation, 21 output values :
were measured within the range af252 arcsec(roll, 6 Conclusions
pitch), and =756 arcsedyaw), so that the diffracted beams This paper presents a design methodology using sensitivity
did not get out of the linear ranges of the Q-PDs. The analysis and performance evaluation of the six-DOF mea-
experiment was performed 10 times with the same proce- surement system. Scalar diffraction theory was applied to
dure. The displacement was generated with a differential calculate the intensity distribution of the diffracted beam
micrometer and the actual values were obtained from anand its validity was proved by comparison with the experi-
external displacement sensor. In case of rotation, simplemental results. The sensitivity of the measurement system
arithmetic using basic trigonometric relations was required
additionally to calculate them. o

In Fig. 10, data points are the averages of measuremem;l’able 2 Standard deviations of measurement error and crosstalk

. . . or each directional displacement.

errors obtained at each point in the experiment repeated 10
times and thin lines denote the standard deviation. The er-
rors ranged about-0.5 um for translation and+2 arcsec

Direction of Input Displacement

for rotation. The calibration of parameter values and detec- X Y z Roll  Pitch  Yaw

tors reduced the magnitude of systematic errors remarkably,

so they did not increase with displacement, but fluctuated X («um) 0122 0.144 0134 0116 0159 0131

around zero. Y (um) 0.116 0.142 0.123 0.172 0.120 0.135
The magnitude and trend in the standard deviations of  Z (um) 0.242 0.157 0247 0242 0.265 0.224

measurement error and crosstalk were similar to the reso- Roll (arcsec) 0.419 0.665 0.673 0.492 0.441 0.501
lution calculated from the noise levélable 2. Hence we Pitch (arcsec) 0.330 0491 0507 0.361 0.410 0.474
can conclude that the measurement error and crosstalk wereyay (arcsec) 0.607 0931 0837 0778 0.860 1.020
caused mostly by random noise of the detector such as shot
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was analyzed against the variation of design parameter val-
ues and the six-DOF measurement system was designe
from the results of sensitivity analysis. The resolution of
each sensing direction showed Qu#n in translation and
0.5 arcsec in rotation. In the experiments, the measuremen
error and crosstalk were withitt0.5 um in translation and
+2 arcsec in rotation.

The proposed method for sensitivity analysis can be ap-
plied to the design of measurement systems that adopt th
OBDM or a reflective target. In this paper, optimal design
of the six-DOF measurement system was outlined briefly
and details of this subject will be discussed in our subse-
quent paper. Since performance of the measurement syste
was directly related to that of the detectors, the accuracy of
detectors should be improved to enhance the performance
of the measurement system.
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