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Rate of Convergence Towards
Semi-Relativistic Hartree Dynamics

Ji Oon Lee

Abstract. We consider the semi-relativistic system of N gravitating
Bosons with gravitation constant G. The time evolution of the system
is described by the relativistic dispersion law, and we assume the mean-
field scaling of the interaction where N — oo and G — 0 while GN = \
fixed. In the super-critical regime of large A, we introduce the regularized
interaction where the cutoff vanishes as N — co. We show that the dif-
ference between the many-body semi-relativistic Schrédinger dynamics
and the corresponding semi-relativistic Hartree dynamics is at most of
order N~1 for all A, i.e., the result covers the sub-critical regime and the
super-critical regime. The N dependence of the bound is optimal.

1. Introduction

We consider a system of N gravitating three-dimensional Bosons in R3. When
the particles in the system have the relativistic dispersion with Newtonian
gravity, the Hamiltonian of the system is

N
Hyray = Y (1= A)"? = GZ (1.1)
Jj=1 i<j | a mJ'

The Hamiltonian Hy,,, acts on the Hilbert space L?(R3Y), the subspace of
L?(R3N) consisting of all symmetric functions with respect to the permutations
of particles. Such a system is known as a Boson star.
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We are interested in the mean-field limit, where we let G — 0 and N — oo
with A := GN is fixed. The N particle Hamiltonian is thus defined by

ol Aol 1
H~yx = 1_A.1/2_i _— 1.2

In the Hamiltonian H y, the kinetic energy and the interaction potential energy
scale is of the same order (inverse length), hence the system is critical and its
behavior hugely depends on the coupling constant A. It was proved by Lieb and
Yau in [24] that there exists a critical coupling constant A.it(N), depending
on N, such that the minimum energy

(Y, Hyv)

1n —_—
ver2(®N)  [|[¢]12,

is bounded below if A < Aeit(N) and Ex = —00 if A > Aeie(N). As N — oo,

EN = (1.3)

Aerit (V) converges to a number \Z,, | where
1 1 2 2 2
Aait el p2es,=1 \2 |z -yl

(1.4)

The exact value of A2, is not known, but it was shown in [23,24] that 4/7 <
ML <27

In the subcritical case A < AZ,,, the Hamiltonian Hy defines a self-adjoint
operator with domain HY?(R3N) when N is sufficiently large. (Technically,
Hy is considered as the Friedrichs extension of (1.2).) Thus, it generates the
one-parameter group of unitary operators e~ that describes the time evo-
lution of the given system. We focus on the time evolution with respect to Hy
of a factorized initial data ¢y = =V for some ¢ € H'(R?). It is expected
that x4 := e Ny satisfies

Une =, (1.5)

where @ is the solution of the semi-relativistic nonlinear Hartree equation

. 1
iOpr = (1= A)2p, — A (|| * <Pt|2> Pt (1.6)
with initial data pi—g = ¢.

The factorization (1.5) should be understood in terms of the marginal
densities (reduced density matrices) associated with ¢ ;. We define the k-
particle marginal density through its kernel

’71(\];,)15(}(167)(2)

::/dkarl"'d$N¢N,t(Xk:7xk+l7~~~7xN)¢N,t(X;ka+l7~~~733N)a (1.7)

where x;, = (21,22,...,2;) and x}, = (z),25,...,2}). Since || YNl = 1,
we can see that Tr ’y](\];)t = 1for all 1 < k < N. Thus, ’y](\];)t is a trace
class operator. Elgart and Schlein [6] proved that, in the large N limit, the
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k-particle marginal density associated with ¥y converges to k-particle mar-
ginal density associated with the factorized wavefunction aprN , under the con-
dition that A < 4/7 and ¢ € H!(R). More precisely, for any fixed ¢ € R,

Tr |7\ =l (@[ = 0 as N — o, (1.8)

where |¢;){¢:| denotes the rank one projection onto ¢;. For A < ML, it is
proved by Lenzmann [22] that the semi-relativistic Hartree equation (1.6) is
globally well-posed in H*(R3) for every s > 1/2. Therefore, (1.8) shows that
the solution of the N-particle Schrodinger equation 1x ; can be approximated
by products of the solution of the semi-relativistic Hartree equation ¢, for all
teR

The rate of convergence in (1.8) is attained by Knowles and Pickl [21] for
the case A\ < 4/7 with the initial condition ¢ € H® for s > 1. More precisely,

k C<k’t)
==

for some constant C(k,t) independent of N. Here, C(k,t) = C;v/k where C;
grows at most exponentially in .

In the supercritical regime A > A, on the other hand, solutions of (1.6)
may blow up in finite time, which was proved by Frohlich and Lenzmann [13].
Physically, the blowup of the solution of (1.6) describes the gravitational col-
lapse of a Boson star whose mass is over a critical value, provided that the
relativistic dynamics of the system can be approximated by the semi-relativ-
istic Hartree dynamics as in the subcriticial case. This assumption was proved
by Michelangeli and Schlein [25] with the regularized Hamiltonian

Tr |4\ — ) (e (1.9)

N
HE =Y (1-A)Y%— 1.10

" g;( Z\xz—%HQN (1.10)

with any > 0 and ay — 0 as N — oo. The regularized Hamiltonian H§; defines

a quadratic form, which is bounded below, hence we may consider its Friedrichs

extension as a self-adjoint operator with domain H1/2(R3N) If we let vy ’(1)

be the one-particle marginal density associated with 9§, , = e HHY p®N then
[25, Theorem 1.1] shows that with the initial condition ¢ € H?(R?),
C(t)

(1
Tr |yt = e (el SN (1.11)

for all |t| < T, where T is the maximal time of the existence of the solution
of (1.6).

The corresponding results for non-relativistic dynamics is relatively well-
established. Spohn [29] first proved that (1.8) holds when the interaction poten-
tial is bounded. This result was extended by Erdés and Yau [8] for the Coulomb
type interaction. Rodnianski and Schlein [28] obtained an explicit bound on the
rate of the convergence in (1.8) for the Coulomb type interaction. The result
in [28], which showed that the rate of the convergence in (1.8) is O(N~1/2), is
extended further by Knowles and Pickl [21] for more singular potentials. On
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the other hand, Erdés and Schlein [7] proved that the rate of convergence in
(1.8) is O(N~!) for bounded potentials, which is considered to be optimal.
The same rate of convergence for more singular potentials including Coulomb
type potential was obtained in [2,3]. Another important result in this direction
is the derivation of the Gross—Pitaevskii equation for describing Bose-Einstein
condensates by Erdés et al. [9-12]. (See also works by Pickl [26,27].) We also
remark that other results concerning second-order correction to the mean-field
limit are attained by Grillakis et al. [16,17]. (See also works by Chen [4].)

In this paper, we improve the bound (1.9) and (1.11) by applying the
method developed in [28]. First introduced by Hepp [19] and extended by
Ginibre and Velo [14,15], this method have been successful in proving various
bounds on the rate of convergence as in [2,3,25,28]. We show that the left hand
sides of (1.9) and (1.11), the differences between the one-particle marginal den-
sity associated with the solution of the time evolution of the factorized initial
data and the orthogonal projection onto the solution of the semi-relativistic
Hartree equation (1.6), are O(N~1). The first main result of this paper, which
considers the subcritical case, is the following theorem:

Theorem 1.1. Suppose that A < N o € HY(R3) with ||p|lL: = 1, and
oy = @OV, Let Yy = e Ny be the evolution of the initial wave func-
tion ¥y with respect to the Hamiltonian (1.2) and let VJ(V)t be the one-particle
marginal density associated with ¥ ;. Let @y be the solution of the (1.6) with
matial data pi—g = . Let
v(t) = sup s (1.12)
|s|<t

Then, there exists a constant C, depending only on \ and v(t), such that
Tr |5 = len) (il | < CNL (1.13)

Remark 1.2. Since the semi-relativistic Hartree equation (1.6) is globally well-
posed in H'! for the subcritical case, v(t) < oo for all t € R. See [5,22] for more
detail.

In the supercritical case, while we should introduce the regularized Ham-
iltonian (1.10) to define a self-adjoint operator, the approximating semi-rela-
tivistic Hartree equation does not need to contain the regularized non-linear
term, i.e., it suffices to consider the equation (1.6) for approximating the evo-
lution of the N-particle factorized initial state. The second main result of this
paper is the following theorem:

Theorem 1.3. Suppose that X > N o € HY(R3) with ||p||L: = 1, and
YN =N, Let ¢, = e —itHY )N be the evolution of the initial wave function
W with respect to the Hamiltonian (1.10) with an < N=* and let ’yN(l) be
the one-particle marginal density associated with ¢y . Let ot be the solution
of the (1.6) with initial data pi—o = p. Fiz T such that

K= sup ||ol g1 < oo. (1.14)
[tI<T
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Then, there exists a constant C, depending only on A, |||y, T, and k, such
that

Tr [yas” = lee){gel| < ON? (1.15)
forall |t| <T.

Remark 1.4. The existence of such T follows from the local well-posedness of
the semi-relativistic Hartree equation (1.6). See [5,22] for more detail.

As in [2,3,25,28], we first consider the case where the initial state is the
coherent state in the Fock space. (See (3.18) and (3.20).) For the evolution
of the coherent state, we need to control the fluctuation Uy (¢;s), which is
defined in (3.32), around the semi-relativistic Hartree dynamics. It was proved
in [25, Theorem 4.1] that for the evolution of the coherent state we can achieve
the optimal rate of convergence O(N ~1) towards the semi-relativistic Hartree
dynamics. We then use the information on the evolution of the coherent state
to estimate the fluctuations for the dynamics of the factorized state (1.5).

The main technical difficulty here is that the conversion procedure from
the coherent state to the factorized state generates a factor of order N3/4,
which makes the rate of convergence to be of order N~'/4 if no further treat-
ment is applied. (See the term E? in (4.15) for the detail.) To compensate the
loss in the rate of convergence, Rodnianski and Schlein [28] used an estimate on
this term, which is equivalent to Lemma 7.1 in this paper. This improves the
rate by N'/4, which gives the O(N~'/2) rate of convergence in [28] and [25].

In the non-relativistic case, as in [2,3], it was possible to overcome the
difficulty by controlling the fluctuation U(¢; s) first by comparing it with an
approximate dynamics Us (t; s), whose generator is L£2() (see (3.29)), which was
introduced by Ginibre and Velo [14] as a limiting dynamics. While this tech-
nique circumvents the problem simply by not generating the term with a factor
of order N3/4, it requires to estimate the square of the interaction potential
energy by kinetic energy, which does not work for the semi-relativistic case.

In this paper, we use an approximate evolution U (t; s) as in [28] and attain
an additional factor of order N~'/2 by improving the estimate Lemma 7.1 as
in Lemma 7.2. While this improved bound holds only for Fock states with
odd number of particles, it turns out by counting the parity that this bound
is enough to achieve the optimal rate of convergence for the factorized initial
data. This estimate shows we can convert the results for the coherent states to
the factorized states without any loss in terms of N dependence, and in partic-
ular, it can also be applied for other problems including the rate of convergence
problem for the non-relativistic case.

Another technical difficulty in the semi-relativistic case appears in the
case 4/ < A < Mgt In this case, while the system is still subcritical, it is
harder to control the interaction potential energy by the kinetic energy unlike
the case A < 4/7 where we may use Kato’s inequality. See Lemmas 2.1 and
6.1 for the technical details.

The paper is organized as follows. In Sect. 2, we show that the time evolu-
tion with original Hamiltonian can be well approximated by the time evolution
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with regularized Hamiltonian, provided that the cutoff approaches zero suffi-
ciently fast. In Sect. 3, we define the Fock space and reformulate the problem
using the operators defined on the Fock space. In Sect. 4, we prove Proposi-
tion 2.4, which implies the main results of the paper. A series of estimates will
be proved in Sects. 5-8.

Remark 1.5. Throughout the paper, C' and K will denote various constants
independent of N. The LP-space norm for 1 < p < oo will be denoted by || - ||,
The sequence ay is positive and satisfies ay < N~%. The norm ||-|| will denote
the Fock space norm, which will be defined later via the scalar product (3.2),
except for the case we denote by ||J|| the operator norm of an operator J as
in Lemma 3.2.

2. Regularization of the Interaction

Recall that the regularized Hamiltonian is defined by

al Pyl 1

HY = 1-A)/2 -2 _ 2.1
N Z( 2 Nlei—xj|+ozN @1)

7=1 1<J
As in [3], we first prove an estimate for the difference between the evolution
of the initial N-particle wavefunction with respect to the original Hamiltonian
Hpy and with respect to the regularized Hamiltonian H&.

Lemma 2.1. Let v = ¢®N for some p € HY(R3) with ||p|s = 1. Let n, =
e Nty and Y, = e N N IF N < ML | then there exist constants C > 0

crit?
and Ng such that, for allt € R and positive integer N > Ny,
o 112
e — 0%, < CN?anlt]. (2.2)

Proof. We first consider the derivative

d d
g 1w = ¥ell; = 2 Re g o, vis)
— 2 (W, (Hy — HR R, (2.3)

Next, we note that

’<¢N,ta (HN - HI(\XI)@/’?\[IQ’

N
A 1 1 .

1<
N
S (oo (e =am ) )|
Si q/jN,7 wa
N ; "z — 2yl (jws — 25l +an) ) N
N
Ao
< S D na (L= D)L= 8g) Py )
1<J

X (W4, (L= A)V2(1 = Ay 2y )2
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N
< 20N S (o (1= )21 = 8) P, )

i<y
X (1= 8205 ), (2.4)
where we used the operator inequality
<O =A)Y2 - A2 2.5
(See [6, Lemma 9.1] for the proof.)
In Lemma 6.1, we show that
N

D (s (1= A)Y2(1 = ) Pyn,) < ON? (2.6)
i<j

and
N
D> W (1= A2 (1= A)V29% ) < CN?. (2.7)
1<J

Thus, from (2.3), (2.4), and Lemma 6.1, we find that

d o 112
o o — 0%, < CN?an. (2.8)
The desired lemma follows after integrating over t. O

From Lemma 2.1, we obtain a bound on the difference between the mar-
ginal densities associated with the ¢y and ¢y ;.
Corollary 2.2. Let vn = %N for some ¢ € HY(R3) with ||p|a = 1. Let
Uy = e NN and Y, = e~ Nty For any k € N, let W%C)t and vg’ﬁk)
be the k-particle reduced densities associated with Y and Py ,, respectively.
Suppose any < N~* in (2.1). If X < ML then there exist constants C > 0

crit’

and Ng such that, for allt € R and positive integer N > Ny,
k J(k _
Tr [y — e | < ClY2N (29)
Proof. See [3, Corollary 2.1]. O

We next estimate the difference between the solutions of the semi-relativ-
istic Hartree equations with the Coulomb potential and with the regularized
potential. The proof of the following proposition will be given in Sect. 6.

Proposition 2.3. Let ¢ € H'(R?) with ||¢|lo = 1. Let ; denote the solution of
the nonlinear Hartree equation (1.6) with initial condition pi—o = ¢ and @
the solution of the reqularized semi-relativistic Hartree equation

it = (1= 8V N (e e ) e, (210
with the same initial condition ©i—y = @. Fiz T such that

K= sup ||l e < oc. (2.11)
[t|<T
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Then, there exist constants C' and K, depending only on X\, k, T, and ||¢|| g1,
such that

lior — @5 llgr1re < Cayf? (2.12)
for all |t| < T. Therefore,

Tr ||oe) (@3] — loe) el < llor — 9§l < Cadl?, (2.13)

As a consequence of Corollary 2.2 and Proposition 2.3, Theorems 1.1 and
1.3 follow from the next proposition.

Proposition 2.4. Let ¢ € H'(R?) with ||p|2 = 1. Let ny(l) be the one-particle

marginal density associated with e~ N p@N gnd wg the solution of the reg-
ularized semi-relativistic Hartree equation (2.10) with initial data oi—o = ¢.
Suppose ay < N~* in (2.1). Then, there exists a constant C, depending only
on \, |l¢||lgr, T, and k, such that

Tr |y = o) gl < ON ! (2.14)
forall |t| <T.

The proof of Proposition 2.4 will be given in Sect. 4, where we will use
the Fock space representation of the problem.

3. Fock Space Representation

Let F be the Fock space of symmetric functions, i.e.
F = UAR™)),, (3.1)
n>0

where we let L2(R3"); = C when n = 0 and s denotes the subspace of sym-
metric functions with respect to the permutation of particles x1,xs, ..., Zy.
A vector ¢ in F is a sequence ¥ = {1/)(7”}”20 of n-particle wavefunctions
(") € (L?(R®")),. The scalar product between v,y € F is defined by

(1, 92) F = Z@/ﬁn 5 Laon) (3:2)
n>0
and we will omit the subscript F from now on. We let
0:={1,0,0,...} € F, (3.3)

which is called the vacuum. We will also make use of an operator P,, the
projection onto the n-particle sector of the Fock space, which is defined by
P,y ={0,0,...,9™ 0,...} for a vector ¢ in F.

On F, the creation operator a) and the annihilation operator a, for
x € R? are defined by

n
(a:¢)(n)($1,...,$7L = Z L—Tj ¢(n 2 (xlw")xj—hxj-‘rla'"axn)
=1 (3.4)

(axw)(n)(l‘h . ) vn w(n+1)(l‘ T, Z‘n)
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For f € L?(R?), a*(f) and a(f) are given by
()= [ dof(@a

(3.5)
alf) = / e F@a,

or equivalently,
* n 1 - n—
(aa:w)( )(mlv s 7'1;%) = ﬁ Zf($])¢( 1)(1317 sy L1 L1y - - ,.In)
= (3.6)
(axd})(n)(zla s 7:CTL) =vn+ l/dx f(l‘)’l)/}(n+1)(l’71‘1, cee 7In)'

We also use the self-adjoint operator

¢(f) = a™(f) + a(f) (3.7)

for f € L?(R3). We have the following lemma that will be used to bound the
creation operator and the annihilation operator:

Lemma 3.1. For any f € L*(R®) and ¢ € D(N'Y/?), we have

la(Hywll < Il IV 2, (3.8)
la*(£)ell < I f IV + 1) 2], (3.9)
la(/)pIl < 201 F 12V + )24 (3.10)
Proof. See [28, Lemma 2.1]. O

For an operator .J acting on L?(R?), we define the second quantization of

J, dI'(J), as the operator on F whose action on the n-particle sector is given
by

(dr(T)ep) ) = Z T, (3.11)

where J; =1®1®---1®J®1®---1 is the operator acting only on the j-th
particle. If J has a kernel J(x;y), then dI'(J) can be written as

dr(J) = /dxdy J(z;y)agay. (3.12)
The number operator A is defined by
N :=dl(1) = /dsc atag (3.13)
and it also satisfies
(V) = ngp(™. (3.14)
We will use the following lemma to estimate dI'(J):

Lemma 3.2. For any bounded one-particle operator J on L*(R®) and for every
¥ € D(¢), we have
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1AL ()l < (I[N |- (3.15)
Here, ||J|| denotes the operator norm of J.

Proof. See [3, Lemma 3.1]. O
We define the Hamiltonian Hy on F by

1/2
Hn —/dxa (1-A)Y%a, — N // [ aya,aya;. (3.16)

Note that for any function V) € L2(R3N), HN’L/J(N) = Hy¢W). Similarly,
we define the regularized Hamiltonian H%; on F by

‘;‘V::/dx a’(1—A)Y2a, — —// |x—y|—|—0¢ T T A,Ayaya,, (3.17)

which also satisfies H$ 1 N) = HEp@) for any function (V) € L2(R3N),.
For f € L?(R3), the Weyl operator W (f) is defined by
W (f) = exp(a®(f) — a(f)), (3.18)

and it satisfies

W(f) = e 112/ exp(a*(f)) exp(—a(f)). (3.19)

The coherent state with a one-particle wave function f is W (f)$2, which sat-
isfies

W) = e W2 exp(a* ()0 = e 1182 3 @D G (3.0
n>0 \/H
Let T'y (1) (z;y) be the kernel of the one-particle marginal density associ-

ated with the time evolution of the coherent state W (v/N¢)Q with respect to
the regularized Hamiltonian H®. By definition,

Ty (@iy) = (MW (VNQ)Q, agae MR (VNP)Q),  (3.21)

v i€
We expect that the limit of the kernel of one particle marginal density is
1)

o (y)@f (x), thus we expand Ty, (z;y) in terms of (a, — VNp$(x)) and
(a3 — VN@§ (). Then, we get
I (250) = o (2)eF (v)
1 * THS * —a «
+7 (W (VN)e "V (a5 = VNG (1) (ar — VNE (2)
xe MR (VN 9)Q)

+(p3(ﬁx) (Q W (VN@)e ™5 (ay = VNG (y))e "W (VN)Q)

& ﬁ) QW (VN@)e T8 (a, —VN g (2))e W (VN)Q).

(3.22)
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It is well known that the Weyl operator satisfies for any f € L?(R?) that
W*(Ha. W (f) = a, + f(x). (3.23)

(See [28, Lemma 2.2].) This shows that
ar — VN2 (@) = W(VN)a, W (VNGE), (3.24)

which allows us to simplify the terms in the right hand side of (3.22), for
example,

W*(VN@)e (a, — VN (z))e T W (VNy)
= W*(VN@)e™ VW (VN aa W (VN ) e N (VN ). (3.25)

To further understand the operator W* (v Np$)e "M~¥ W (v/N), we consider
the time derivative of it. As in [19,14], it turns out that

W (VN e "W (VN)
(Zﬁk ) “(VN@)e MW (VNY), (3.26)

where the operators L;(t) contains k creation/annihilation operators in it.
More precisely, we have

/ dr [ao (s 19t @t (3.27)

La(t) (3.28)
x ay 124 x ; 2 ara
/d A,) x+>\/d <|_|+aN |<pt|>()M
[ dxdymsot( e (W)ayas (3.20)
J[ st et @) ata; + F @ )aa,)
X an
Ls(t) = \;\» // dxdyma; (of (v)ay + o8 (y)ay) aq, (3.30)
Ly = N // |x - +aNa;a;azay. (3.31)

Note that Ly(t) is not an operator but a complex-valued function on ¢, which
we call the phase factor. Although this term contains the factor N, we may
ignore this term by using a function e=*4°() whose derivative can offset the
term Ly(t) in the right hand side of (3.26).

Generalizing the idea explained above, we define the unitary evolution

U(t;s) == eI (VN e I (VN ?) (3.32)
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with the phase factor

oltis)i=y [ar [ dx(HjaN e @l @P. (333)

We can find from the above construction that U(¢;s) is a unitary operator
satisfying

10:U(t; s) = (La(t) + L3(t) + L4)U(t;s) and  U(s;s) = 1. (3.34)
Furthermore, since e~ (%5 commutes with the operators a, and ay, we find
from (3.25) that

W*(VNp)e " (a, — VNg{ (z)e™ "MW (VNp) = U (£ 0)a,U(t;0).
(3.35)
Let

K= /dx a’(1—A,) ' ?a,. (3.36)

We consider a modified evolution U(¢; s), which is a unitary operator satisfying
WOt s) = (Lo(t) + LoU(t;s)  and  U(s;s) =1 (3.37)

We remark that (¢; s) is bounded in Q(K+AN?2), the form domain of the oper-
ator (K +N?), and is strongly differentiable from Q(K +N?) to Q*(K +N?).
See Sect. 8 for more detail.

For simplicity, we will use notations

Ut) :=UE;0), UL) :=U(t0). (3.38)
When written through the kernel form, the one-particle marginal density
associated with the time evolution of the factorized states with respect to the

regularized Hamiltonian, vjo\‘,’ﬁl)(x; y), satisfies

a1 @O O e o i (@t (@)Y
S (z,y)—N<mQ,e "N arage” Tt WQ> (3.39)

4. Proof of Main Results

In this section, we prove Proposition 2.4, which implies Theorems 1.1 and 1.3.
We will use the following lemmas, which will be proved in Sect. 5.

Lemma 4.1. For a Hermitian Operator J on L*(R3), let

ElNJ) = v MQ W (VN)U* (t)dU (UL ) . (4.1)
t N /7N' )

Then, there exist constants C' and K, depending only on A and sup s < |¢s| a1,

such that

OllJlle"*

E! <
|E ()] < N

(4.2)
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Lemma 4.2. For a Hermitian Operator J on L*(R3), let
5= 2 (S g w(VNpwe (otranun). (09
t \/N \/ﬁ )

Then, there exist constants C' and K, depending only on A and sup|, <, Iz
such that

C|l]le™*
T

|EZ(J)] < (4.4)

We are now ready to prove Proposition 2.4.
Proof of Proposition 2.4. We have seen in Sect. 3 that

W*(VN@)e™ % (a, — VN (x))e” "W (VN) = U (t)aU(t). (4.5)
By definition, we have that

@)Y 1 (@)

N! dyv VNI 7
where Py is the projection onto the N-particle sector of the Fock space. Here,
dn denotes the constant

PyW(VNp)Q = (4.6)

Vv N!
dN :

= NN/2g-N/2

For the factorized initial data, we first rewrite (3.39) using the coherent state
and the projection operator Py. From (4.6) we get

~ N4, (4.7)

a,(1), . _i (a*(SD))N PTHSGE * 47{%(@*(90))]\7
TNt (fC,y)—N <\/ﬁ Q, e Nagaget N N Q
* N
:dWN <(a (;PV)') Q’em;ta;emmemmazem;tPNW(\/N(p)Q>

(4.8)

By counting the number of particles, we find that
emg‘vtaze—mgtemgtame—mﬁvtpjv _ PNem%taze—mﬁvtem?vtaze—mgt’ (4.9)
where we used the fact that the evolution operator e~ conserves the num-
ber of particles in a Fock state. Moreover, it is obvious that

<(a*(\/<1p7)!)NQ’PN¢> - <(a(\/;p\7),)NQw> (4.10)

for any ¢ € F. Thus, we obtain from (4.8) that

(03 d * N o g Wied e Wle] R Wied
D ai) = G (LD e e e S (V)0 )
(4.11)

To simplify it further, we apply (4.5) to find that

M, = W (VN QU (1) (s + VN (DU (VN)  (4.12)
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and an analogous result for the creation operator. Hence, we get

V/N!
x (az + \/Ngof(x))u(t)ﬂ> . (4.13)

Expanding the term (a} + VN@E(y)) (as+VNgi(z)), we obtain the following
equation for the one-particle marginal.

a,(l - o
v (@) — DT ()¢ (@)

)y <W9,W<W¢>u*<t>azu<tm>

8 (1) —=—= <(C‘%Q W(\/Ngo)u*(t)a;u(t)9> . (414)

For any compact one-particle Hermitian operator J on L?(R3), we find
(1
T J (v = lef et

_dn /(@ ()" .
= N< Wi Q,W (/N (t)dF(J)U(t)Q>

av /(@(@)" o
(I W R o)
= B} (J) + EX(J). (4.15)

Lemma 4.1 and Lemma 4.2 show that

(64 [ o C
Tr J (S = o)l | < 1B + BRI < 1 llest (4.16)

for all compact Hermitian operators J on L?(R?). Since the space of compact
operators is the dual to the space of trace class operators, and since 710\‘,”(;) and

|2 (| are Hermitian, we obtain that

OeKt

N 3

a,(1 o o
Tr |ys” — o) (epl| < (4.17)

which was to be proved. O
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5. Comparison of Dynamics

In this section, we prove important lemmas that were used in the proof of
Theorem 1.1 by estimating the difference between U(¢; s) and U(t; s).

Lemma 5.1. For anyy € F and j € N, there exist constants C and K, depend-
ing on A, j, and sup, <y |5 ¢rll /2, such that

(Wt sy, NT(E: sy < CRI51(, (N + 1)7). (5.1)
Proof. Let 1) = U(t; s)). We have
(0, (N + 1)75) = (0, i, (N +1))9)
A
~ Im / / dady =) (U) 9. [y, (V + 1))
~ Im / / dxdyL%@)%(y)@, azal (N + 1) — (W +3)7)d)

—Im//dxdy eu(@)ee(y)

X((N +3)2~ axaydz N+ 375 (NV + 1) — NV +3))0).  (5.2)

Q—-‘Q_‘

Thus, from Schwarz inequality, we obtain that
@ <N+1>J‘J>|
< [[ dsty @I + 34 a0,
||N+3> <<N+ 17— (N +3))d)
<AV +3)7FH (W +1)7 — (W +3)7) <//d dy "/’t ‘ eyl )1/2

—yl?

x (//dxdy||w+3)%—1axay{/§||2)1/2 (5.3)

Easy algebra shows that (N + 3)!=0/2|(N +1)7 — (N +3)/| < C(N + 1)7/2.
From Hardy-Littlewood-Sobolev inequality we have that

e(2) | ()
[ awayEEDE < eyt < iy 64

We also have that

[ datul 4392 00,07 = [ [ dadylasa, 4+ p e
< [+ 19720 (5:5)
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Altogether, we have shown that

S ), OV + 1T 5)9) | < CIN -+ 172 5)o?

= CUt; )Y, (N + 1)Ut 5)¥).  (5.6)

Since U(s; s) = I, we also have

(U(s; 5o, (N + DU (s 9)8) = (b, (N + 1)), (57)
Using (5.6) and (5.7) the conclusion follows directly from the Gronwall’s
lemma. O

Lemma 5.2. For anyy € F and j € N, there exist constants C and K, depend-
ing on A, j, and sup|, <y s ll¢rllar such that

Ut )Y, NTU(L s)$) < CeRI g, (W + 1) 2y). (5:8)
Proof. See [28, Proposition 3.3]. O

Lemma 5.3. For any iy € F and j € N, there exist a constant C, depending
on A, j, and ||¢¢|| g1 such that

| + 19725 (1) < fﬁnw L)y (5.9)

Proof. While this lemma can be proved as in [3, Lemma 6.3], we give a shorter
proof here. Let

0= [[ sty ———m a0 (5.10)
Then,
(N 4+ 1)772L5(t) = \/% ((N +1)/2A5(t) + (N + 1)j/2A§(t)) . (5.11)

We estimate (N + 1)7A3(t) and (N + 1)7 A3(¢) separately. The first term
(N + 1)7 A3(t) satisfies for any ¢ € F that

// dxdy y| + o & W+ 1)3/2a*aya$w>’

=[] st B 17 e 8 0 200
1/2
( [[ sy |2|| an(N 4 1) ”W)

1/2
<//>

< Cligell s IENINTHD 2], (5.12)

where we used Hardy inequality in the last inequality. Since £ was arbitrary,
we obtain that

(&, W+ 1)/ A5(t)y)| =

IV + 172 45()0 ]| < Cllel i [NUH 2. (5.13)
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Similarly, we can find that

IV + 1)72A5(t)9]] < Cligella [N+ 2)0+3 2], (5.14)
Hence, from (5.11), (5.13), and (5.14) we get
A C .
[NV + 172 L3 (t)p]| < TRl 12y, (5.15)
which was to be proved. O

Lemma 5.4. For all j € N, there exist constants C' and K depending only on
X, . and suppy<, sl such that, for any f € L2(R3),

J * > 1/ C eKt

| + 1972 (ur st - @ wenim) o < e

Proof. Let

. (5.16)

Ra(f) = (U (0) =T ) o(HE() (5.17)

and

Ra(f) = U W) (U(t) - U(®)) (5.18)
so that

U (DD(NUE) = U (DD(NUE) = Ra(f) + Ra(f)- (5.19)
Then, from Lemmas 5.1, 5.2, and 5.3, we find that

Hw + 1)]'/2731(me

/ ds (N 1772047 (5 0)La ()" (t: 5) S £ (£)2
0

< / ds | + 1972 (530) L) (1 ) (A1)
0

< Okt / s |V + 174 L ()" (1 )0 (HA ()9
0

et +(5/2) o Y]
j

ol As H(/\/+ 1) ¢(f)u(t)QH
0
C«eKt

<
- VN
Thus, we can get the following bound for R4 (f).

IV + D72 Ry ()2

CeKt

<

- VN

<

N+ 1)j+<5/2>¢(f)z,7(t)QH (5.20)

(lla(HW + DDA + la* (N + D7D
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< Wy ipaial < DA oy 4 yyeormay
CIfll2e!
< Vi (5.21)
The study of Ro(f) is similar and gives
I+ 192Ro (e < Sz (522)
=T UN
Therefore,
|+ 1772 (e enum - d o) 2
< W+ ERUDG + |+ DR
CIfllae™!
< N (5.23)
which was to be proved. O

In Sect. 7, we will prove the following estimates:
There exists a constant C' > 0 such that, for any ¢ € L?(R3) with
lll2 = 1, we have

N+ 1)V (VN (a*(‘P))N c
Moreover, for all non-negative integers k < (1/2)N'/3,
e T @ @) I 20k + 1)
P2k+1W (\/NQO)WQ S W (525)
We are now ready to prove Lemmas 4.1 and 4.2.
Proof of Lemma 4.1. We first observe that
B ) = |2 (e (R D o e ar e
t N \/ﬁ ’
dy ~1/2p7% (/N (a* ()N 1/27 g%
S AR AR < st ”(/\/+ 1)y (t)dF(J)U(t)QH.
(5.26)
From the estimate (5.24), we have
y N
(N + 1)1/2W*(\/Ng0)(a\5%)')ﬂ|| < %. (5.27)

Lemma 5.2 shows that
(N + DY20* (@) dD (NU)Q|| < CeXH||(N + 1)2dT (I)U(t)Q||
< CIJIe" N+ D)2UBQ| < O[T (N + 1)7Q| = C||]||e"*
(5.28)
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Thus, we obtain
Cll e
N )

which proves the desired lemma. 0

|EH ()] < (5.29)

Proof of Lemma 4.2. Let
R(Jpe) == U (ST o U (t) = U (D)d( T U (D). (5.30)
From the parity, we have that Py U (t)gb(Japt)Zj(t)Q =0 for any £k =0,1,....

(See Lemma 8.2.) Thus, we have

a* (NN _ _
52| = S (D WV R (ot

dy /(a*(@)N -
+m< VN BN @)R(J‘Ot@
dy || ) \ (a*(¢)"
< U [ T P (VN0

x H(J\/+ 1)5/2L7*(t)¢(J<pt)zI(t)QH

dN
\/N

x H(N+ 1)1/2R(J<pt)QH (5.31)

W+ 1) 2w (V) L

Let M := (1/2)N'/3. We have from the estimate (5.25) that

ij\/'_i_l 5/2P2k W*(\/> )(a*(w)) O

NG
M ( )
S;; (N +1)75/2Py  W* (VN m 0
S . )" |
ﬁ 2;4 Py W*(VN )(\/;%)Q
- C a* N C
(Z k2d2 ) N5/3 W*(\/N(P)( \20\[—)') Q| < d?VN' (5.32)

Lemma 5.1 shows that
[N+ 12U () (T o U )R < CeXH[(N + 1) 26 (T JU(H)Q
< Cl[ T2 |V + 1PU®BQ) < C[[T|[eXH [V + 1)3Q* = C||J || .
(5.33)
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We find from (5.24) that

N
* C
DR L) gl 5.34
W+ 1) (VN < o (5:34)
Finally, Lemma 5.4 shows that

Kt Kt

I + 1) 2R (g < ATl OV = (g 55)
Therefore,
C||J||eX?

|EZ(T)] < 7”]\‘) : (5.36)
which was to be proved. O

6. Properties of Regularized Dynamics

In this section, we prove various lemmas, which allows us to use the regularized
dynamics instead of the full dynamics.

Lemma 6.1. Let vy = ¢®N for some ¢ € HY(R?) with ||| = 1. Let ¥n, =
e Nty and Yy, = e Mty . If X < M| then there exists a constant

crit’
C > 0 and Ny such that, for allt € R and for any positive integer N > Ny,
N
D (e (1= A2 (1= ) Pyn,) < ON? (6.1)
i<j
and
N
D (Wi (L= 821 = AP0 ,) < ON®. (6.2)
i<j
Proof. Let
A
S; = (1—A;)1? Vij= ———— 6.3
J ( J) ’ Ly ‘xi _ xj‘ ’ ( )
so that
N 1
HN:ZSj_NZ%j' (64)
j=1 i<j
We first consider the operator
N—1 | N-1
Hy_ 1 = ZSj*mZVij. (6.5)
j=1 i<j

Let n = (AL, /\)'/2 so that > 1 and Anp < A, . Then,

crit-
N-1 N-1 N-1

Hy_y=n"" (n—l)ZSj+ZSj—%ZVij : (6.6)

j=1 j=1 i<j
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When N is sufficiently large, we have the following operator inequality

N—-1 )\ N—-1
P 1Y V> —M(N -1 (6.7)
j=1 i<J

for some M > 0. (See [24, Theorem 1].) Thus,
N-1
Hy_1>-n"'MN+(1-n7") )" S;. (6.8)
j=1

Let

oYY = ZS—NZV” (6.9)

1<j
We consider the operator
2
Nl
wo= (B v sy - L3 v
j=1
2
1 Nl Nt
- HJ(VN”LN Vin | +8% +2Hy Vs
j=1
| Nl 1 Nl
— — ; - | = ; 1
SN N ; Vin N 2 Vin | Sn, (6.10)

where we used that [H](\,]\Fl)7 Sn] = 0. Now, we find that

_ 1 1
Hy = S3 +2HY " VSy = Sn [ 2o Vin | = | 7 20 Vv | Sw. (6.11)
j=1 j=1
Since
N-1
HY V>Hy > "MN+1-7"H Y 5, (6.12)
j=1
we have that
N—-1
HY Vsy = SPHYVS2 > s [~ tMN + (1 -7 3 85 | Sy?
j=1
N-1
> 'MNSy+(1—n"") ) S;Sn. (6.13)
Jj=1

Let Cy be a constant satisfying the operator inequality

CoS;Sn > Vi, (6.14)
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and choose N; large so that (1 —n~!) > CoNl_l. Then, for all N > Ny,
20"V SN +2M NSy

N-1 1N
>21 - HY =1N""GSn > (1—n7") Y ;S NZ
j=1 j=1

J
2

N—-1 1 N—-1
-1
) ; SiSv + | % ; Vin | (6.15)

where the last inequality comes from the Schwarz inequality. Hence, we obtain
from (6.11) and (6.15) that

-1
1
2 —1
H% +2MNSy > (1 -7 )J§:lsjsN+ SN_NE:VN

N-1
>(1-n"" SjSn. (6.16)
j=1
Similarly, for any 1 < j < N,
H% +2MNS; > (1 — Z S:S;. (6.17)
iiE]
Thus, summing (6.17) over j, we get
N N
NHY +2MNY S > (1-n"1))_S:S;. (6.18)
j=1 i#j

For the operator H, similarly to (6.8), we have
Hy > - 'MN+(1-— Zsj, (6.19)
thus,
N
(I=n"Y) " Hy+(n—1)""MN > Z (6.20)
Together with (6.18), we have shown that

2 M2N2
MNHy + ” ZSS. (6.21)

nN
L HZ + 2
= i#]

-1 1)

Since Hy and H% have the upper bounds

N
Hy <>, (6.22)
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and
2 2 2
N 1 N N 9 N
Hy = |2 Si—5 2Vl 2| 28] +35 | Ve

j=1 i<j j=1 i<j

N N_1 N N
2 — 2 2
SANY S+ ==Y VG<CNY S (6.23)

j=1 i<j j=1

respectively, we have that

(i, Hvon ) = (9%, Hyp®N)
N

< (p®N, Y S9®N) < CONllgll3 (6.24)

j=1

and

N
(Ona, Hybng) = (0N, Hyo®N) < ON(@®N, Y " 570%N) < CN?|[o]3.

j=1
(6.25)
Therefore, from (6.21), (6.24), and (6.25), we find
N
> (N, SiSjtng) < CN?, (6.26)
i<j

which proves the first part of the lemma. The second part of the lemma can
be proved analogously. O

We consider the regularized semi-relativistic Hartree equation (2.10)
given by

N « (o7 1 (0% «
it = (1= a2 = fef)er, 6
||+ an
and study properties of the solution of (2.10).

The following results will be used in the proof of Proposition 2.3:

Lemma 6.2 (Generalized Leibniz Rule). Suppose that 1 < p < oo, s > 0,
a>0,6>0,and 1/p;+1/q; =1/p withi=1,2, 1 <q <00, 1 < py < o0.
Then

I=2)72(f9)l,
< C (=) 2 1l 1(=2)* g, + (=)l l(=2)+72g], )
(6.28)

where the positive constant C' depends on all of the parameters above but not
on f and g.

Proof. See [18, Theorem 1.4]. O
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Lemma 6.3 (Propagation of regularity). Fiz s > 1/2. Let ¢ € H*(R3) with
llella = 1. Let ¢ and ¢f denote the solutions of the semi-relativistic Hartree
equations (1.6) and Hartree equation with cutoff, respectively, with the initial
condition pi—g = . Fiz T > 0 such that

K= sup ||@¢]| e < oo. (6.29)
[tI<T

Then, there exists a constant v = v(k, T, s, ||¢|lm:) < oo (but independent of
an ) such that

sup [l eres sup ([ || ae < v. (6.30)
<7 HI<T

Proof. See [25, Proposition 2.1]. O

To prove Proposition 2.3, we first consider the following a priori bound
on the difference in L?-norm:

Lemma 6.4. Suppose that the assumptions of Proposition 2.3 are satisfied.
Then, there exist constants C' and K, depending only on X\, k, T, and ||¢||m1,
such that

loe — @i ll2 < Can (6.31)
forall |t| < T.
Proof. See [25, Proposition 2.2] O

Using Lemma 6.4, we prove Proposition 2.3. In the following proof, we
generally follow the proof of [25, Proposition 2.2] except in a few estimates.

Proof of Proposition 2.3. First, note that, for any [¢t| < T, ||¢¢|| g < v for some
constant v depending only on T', k, and ||¢|| g1, which follows from Lemma 6.2.
To prove the proposition, it suffices to show that

1(=A)Y4(pr — o)l < Cakl. (6.32)

From Schwarz inequality, we obtain that

d (a7
RICNEEORRE

= ’ — 2\ Im<(—A)1/4(<Pt — 7)),

NI K'l " |cpt2> o1 (Him . |<p?2> w?] >|
<2M(=A) (e — ) |l

o (b ) o (e + el ) ot

X
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To estimate the right hand side, we use the following decomposition:

oy | (St o (e o)t
sH(—A)”‘*[(l I%I><p m}

2

|
el () <o) =]
- | + oy
[ 1
e [(Frrres) ) 2,
( ) I |‘ | |+a |<Pt Pt
1
e )=t
( ) _|'|+04N*‘g0t |30t
[ 1
A 1/4 2 a2 6.34
| (o * el =1 ) | (6:34)
The first term in the rlght hand side of (6.34) is bounded by
1 «
o (Felent) (o=t
2
1/4 1 2 a
<C||(-4) W*Wt\ — ol
6
1 (o7
+C o el 11(=2)* (0 = )l (6.35)
where we used the generalized Leibniz rule, Lemma 6.2. By Sobolev inequality,
loe = @i lls < CI=2)* (0t = &Iz, (6.36)
and by Kato’s inequality,
1
|2 eted]| < Clortnn (6.57)
Since
1 _
m * |ge|® = —4m(=A)"Heu?, (6.38)
we find that

1 _
(—a)/ (|-| . w) = dr (A g = —AnGiya ¢ i (6.39)

where G35 is the kernel of the operator (—A)~3/* that is given by
™ f
G x| 732, 6.40

Thus, from HardnyittlewoodeoboleV inequality and Sobolev inequality,

(-804 (7 + ol 6

=C||l- 172 s leol? |, < Clleall} < Cllgilidn o

(6.41)
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From (6.35), (6.36), (6.37), and (6.41), we get
H(—A)”‘* K'l' , w) (e — so;“)} < CI-A = gDl (042

The second term in the right hand side of (6.34) can be bounded analo-
gously, hence it satisfies

e e |

< Cll(=2)"4(p1 — 99l (6.43)

The third term in the right hand side of (6.34) is again bounded using
Lemma 6.2 by

R (C———
<cfcar (- mamm) 1ok ]|

1 1
N T T e 22 o 6.44
H(|| |'+ozN>*‘pt| Hoo”( ) o2 ( )

lle

We have from Hardy—Littlewood—Sobolev inequality, generalized Leibniz rule,
and Sobolev inequality that

1 1
ot [((¢ - rtar) )]
‘ -1 [ I+an 3 3
< Can||[(=2)* @) lls/2 < Canll(=)*¢ullalletlle < Canrr. (6.45)
From Hardy inequality, we get that

H< |+aN> “led

1
<an H||2 * (_A)1/4“Pt|2

< Canv?. (6.46)

1 2
<an W*h@t

Thus, from (6.44), (6.45), and (6.44), we obtain that
1 1
(- )ele?) || <can.
H( ) || |"+QN |<10t| Pt 2— N ( )

The fourth term in the right hand side of (6.34) is bounded by

o | (s = e = 1)) o - o)

2

1
<C _A1/4( 2 _ a2> R
B H< ) |- |+ an * (|t |l ]*) OOHQPt ¢ ll2
1 N §
+C H s (loe = 1ot )| 1(=2) 4 (o — )]z (6.48)
|| +an .

We notice that

((—A)1/4|1) (@)<—C (6.49)

I+an (] + an)?/?’
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which is proved in [25, Proposition 2.2]. Thus,

(Y (s (el — o) ) || e — e
| .

J+an
< Ca®? ||lee? = 9312l e — o2ll2
< Cay?||lpel + 1ol loe — €513 < Cay?, (6.50)

where we used Lemma 6.4 in the last inequality. We also have that

1 § . )
H|+aN #(|lod® = 102 1)|| <o [[led? = 1o P, <C,  (6.51)

oo

where we used the same argument as in (6.50). Thus, from (6.48), (6.50), and
(6.51), we obtain that

(A (s (el — 60 ) ) (e — )
|

. | + an 5

< Cay® + Cl(=2)4(pr — 93)]2- (6.52)
The last term of the right hand side (6.34) is bounded by
1
YN 1/4 |:( 2 | a2 > :|
Jart | (s e i) el
1

< Cl(=A 1/4 ( 2 | a2 >
< 0o (s e = 16| el

1 (e}

+4|MMP—%W 1A s (6.53)
| : | +an 6

The first term in the right hand side of (6.53) is bounded by

ot (s * e = 16t

\-|+04N

3

1
< l(=A 1/4H 2 _ | a2
< P | e = It Pl
1
<Copy ||7—F—=5| - 6.54
- N%w+mw23 o5
where we used the bound (6.49). An explicit computation shows that
1 3 7 ’1“2 64 3/2
—|| =4 ————dr=—a,"'". 6.55
H (|- [+ an)3/2||; 7T/ r+an)?2" = 105N (6.55)
Hence,
1
O O v L 1) | R R D
| : | +an 3
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The second term in the right hand side of (6.53) is estimated as

1 «
H| e (el = 00 ])

|+ an (=)l

|
6

1
< H| oo = lo3 P

et 1
6

< Clllee® =12 Pllg 5 el < Cllleoel + 197 1l e — o2 llslloe e

< CY||(=A) (o — o) l2, (6.57)

where we used Sobolev inequality and Hardy-Littlewood—Sobolev inequality.
Thus, from (6.53), (6.56), and (6.57), we obtain that

Jar | (s e = et )

|+ an

2

< Cayl” + Ol (=A) 4 (1 — )2 (6.58)
Therefore, from (6.33), (6.34), (6.42), (6.43), (6.47), (6.52), and (6.58),
we find that
d (e}
FICSEEPEET

< Cll(=8) 41 = 922 (o + I(=A) (e = 69l

< Caw +Cl(=8)" 4 = 97113 (6.59)
Now, (6.32) follows from Gronwall’s lemma. This concludes the proof of the
Proposition 2.3. 0

7. Properties of Weyl Operator

In this section, we prove various estimates on the following state:

W*(\/Nga)w\/‘%)!)a. (7.1)

Lemma 7.1. There exists a constant C > 0 such that, for any ¢ € L*(R?) with
Il = 1, we have

N+ 1)—1/2W*(\/N¢)W\§%)')Q

Proof. See [2, Lemma 6.3]. O

< (7.2)

<
dn’

In the next lemma, we prove an estimate on the state (7.1), which pri-
marily shows that the state has a very small probability of having an odd
number of particles.
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Lemma 7.2. For all non-negative integers k < (1/2)N'/3,

SN @) (w)) 2
and
. (a* (@)™ 2(k + 1)3/2
P2k+1W (VN()D)WQ S W (74)

Proof. Since
W (VNg) = W(=VNp) = eV exp (a*(—VNg) ) exp (a(VNQ)) . (75)

we find for any ¢ < N that

. N
pew*(\/ﬁw)wg

VNI

N2 L a*(—vV/Ne))" (a(v/Ny) Nt .

N2 gt (—1)mNm o Ny
=N X e @) we) T @ ) e
B _N/2 N—¢ ¢ mNm '
= -~ VN O<£ m) (a ((p)) Q

divN P2LNTO(N) (0% (), (7.6)

where LSf“)(x) denotes the generalized Laguerre polynomial.

Generalized Laguerre polynomials Lﬁf) (z) satisty the following recurrence
relations:

L Y(z) = L (2) — L, (), (7.7)
eL () = (n+ a+ )L (x) — (n+ 1LY, (x). (7.8)

(See [1] for more detail.) From the recurrence relations, we find that

2L (2) = 2L (2) — 2LV (2)

n—2 n—1 n—1

= [+ a+ DL (@)~ Ll @)] - 2L @)
= (a+1-2)L 0 (@) = nLP D (2) + nLi P (a)

=(a+1- x)LSl_Jrll)(m) —nL®(z). (7.9)
Hence we get,
a+1

L (@) = ==L (@) - ~L5 (@), (7.10)
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Define
NO=0/2LN=O(N) if £ odd
. o . (7.11)
N-¢2L, (N) if £ even
Then, from (7.10), we can find the following recurrence relations for Ag:
A _ 2% A oy — 2k—1 Agpy A2
T Tk 17 2k 1 2 2k N 2%
(7.12)

where k is a non-negative integer. It can be easily computed that Ay = 1 and
A; = 0. Now, we consider the following claim:

Claim. For any 1 < k < (1/2)N1/3,

1 kVk
——— |[Agk—1] € ———=.
V(2k —2)! V(2k = 1)!

We prove the claim inductively. It is trivial that Ay and A; satisfy the
claim. If Ag, Ay,..., Ao satisfies (7.13), then from (7.12), we obtain that

kvVk 1 1 V2K [2k—1
Az < NV EN RN \/(2k)!< N VT )

| Agk—2| < (7.13)

1 V2k? 1 1
Yoo~ < , 7.14
(5 w) < 7w ma
since k < (1/2)N'/3. We also have that
| A1
1 vk 1 V2k?
< + - V2k 41+
T VR 2+ 1)k /(2k+ 1)! ( \/2k+1>
2k4 1/2
- <2k+1++2\/§k2)
(2k + 1)! 2k +1
<! wisiopgprec BEOVERTD (7.15)
(2k + 1)! (2k +1)!
Thus, the claim (7.13) is proved.
Now, we observe that
N
. (a*(9)) Aok || wy \\2K
P W (\/N@)WQ = H (a*(¥)) QH
. 2%
<L) o) oL (7.16)
dn (2k)! dn
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and
P50 E o < At o
’ N = InVN
CES ViR [CC) N PR (7.17)
dnVN (2k +1)! dyVN '
This proves the desired lemma. O

8. Properties of the Evolution Operator U (t; s)

In this section, we prove some basic properties of the operator u (t; ).

Following [15, Proposition 2.2], we can prove that u (t; s) is bounded in
Q(K+N?), provided that (L2(t)+ Ly) is stable. (See [20, Proposition 3.4] and
[2, Lemma 7.1] for more detail.) The following lemma shows that (Lo(t) + L4)
is stable:

Lemma 8.1. Assume that v(t) = sup|y <, ||¢5 ||mr < co. Then, there exist con-
stants C', K" > 0, depending on N, ay, A, t, and v(t), such that, for the
operator As(t) = La(t) + L4+ C(N? + 1), we have the operator inequality

d

&Az(t) < K'As(t). (8.1)
Proof. Note that

d d
ax‘b(t) = aﬁz(t)

A « ‘o *
= —/ dﬂ?dym% (Y)ef (y)aza.

A .
_ dedy—2 (e G
[ dstv— @ e
)\ o ‘o * ok

where h.c. denotes the Hermitian conjugate and @@ = 9;¢¢. Recall that ¢f is
the solution of (2.10). Since

11— A) 2012 < [|e o (8.3)

and
1

|||~|+aN

we find that ¢ € LQ(R3) Thus, for any ¢ € F,

(o [ oty — @ e )

= ‘/dxdy <aacaywv x_ACp?(l')(p?(y)t/}>‘

%[0 loo < Ml < o0, (8.4)

yl + an
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xy ﬁ t 't
dedyllagay|® + [ dzdy| 1ot (@)l (v) Pl

< (U, N29) + Cllof |l |2 (w0, ). (8.5)

Other terms in the right hand side of (8.2) can be bounded similarly. Thus,
we find that

%Ag(t) < CN?+1). (8.6)

Lemma 6.1 of [3] shows that —C(N + 1) < Lo(t) — K < C(N + 1) for
some constant C' > 0. Moreover, for any ¥ € F,

A 1
(Y, Lap)| = ‘<1/1, QN//dmdyx—y|+aNa a azayw>‘
< CNrayt (v, N2y, (8.7)

hence £* < CN _10@1/\/' 2, In summary, we showed that that there exist con-
stants C’, K’ > 0 such that

d
A2 < K'(N? +1) < K'(Lo(t) + L4+ C'(N? +1)) = K'As(t), (8.8)
which was to be proved. O

_ The fgllovving lemma that shows the number of the particles in the state
U*(t)p(f)U(t)Q cannot be even.

Lemma 8.2. Let f € L?(R3). Then, for any k =0,1,2,
Poll* ()(/U(H)Q = 0. (8.9)

Proof. We first show that the parity (—1) and the operator ¢ (¢) commute.
We note that

P (@ OCDNA®D) =T OV (Lol0) + LD, (810)
Since (Lo(t) + L4) and (—1)V commute, we have that
:;t (u*( )(— 1)Nb7(t)> = 0. (8.11)
We also know that 2/(0) = I, hence,
U () (~1NU(t) = U (0)(-1)VU(0) = (-, (8.12)

Thus, (—1)NU(t) = U(t)(—1)N for all t. Similarly, U*(¢) and (—1)" also com-
mute. _ _

Since U(t) and U*(t) commute with the parity (—1)", we have that for
any non-negative integer k and any n € F,

(n, Posld" (t)a(f)U()S)
= (n, P (= 1)NU* (H)a( HHU®)Q) = (n, Pl (£)(~1)N a( /U () 2)
= (n, Paxld" (£)a(f)(=1)N TU®)Q) = (n, Puld* (t)a( HHU)(-1)N Q)
—(n, Poxld* (£)a(f)U(t)Q), (8.13)
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which shows that Popld* (t)a(f)U(t)Q = 0. The proof for that
Pyl (t)a* (U =0 (8.14)

is similar. Therefore, we get the desired lemma. O
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