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Abstract 

Smce fuzzy numbers represent vague numeric values, 
they may overlap with each other. So, the comparison 
between fuzzy numbers may be vague. For this reason, in a 
set of fuzzy numbers, the rank of a fuzzy number and the 
k-th largest fuzzy number are vague. In this paper, to 
determine the rank of a fuzzy number and the k-th largest 
fuzzy number in a set of fuzzy numbers, a fuzzy set based 
method is proposed. The proposed method uses a given 
greater-than relation defined on the set of fuzzy numbers. 
The rank of a fuzzy number is described with a fuzzy set 
of the ranks that the fuzzy number can take, and the k-th 
largest fuzzy number with a fuzzy set of fuzzy numbers 
which can be k-th ranked. 

1. Introduction 

Fuzzy numbers are one of important research areas of 
the fuzzy theory[l]. Since fuzzy numbers represent vague 
numeric values, there is an inherent vagueness in the 
comparison between fuzzy numbers; i.e., it is not easy to 
determine whether a fuzzy number is larger or smaller than 
others[Z]. For this reason, in a set of fuzzy numbers, the 
rank of a fuzzy number and the k-th largest fuzzy number 
are also vague. That is, in a set of fuzzy numbers, a fuzzy 
number may take several mnks, and several fuzzy numbers 

Figure 1. Four fuzzy numbers 

may be the k-th largest. 
For example, if there are four fuzzy numbers as shown 

in Figure 1, how does fl stand among them? If fi does 

not overlap with fi, we can clearly state that fl is the 

largest. But f, does, so we cannot make such statement. 

That is, fl is strongly regarded as the largest, but fi also 

has the possibility to be the largest even if the possibility is 
small. Thus, the ranks which fi may take are the first and 
the second. 

Among the four numbers in Figure 1, which number 
stands second? Is it proper to chwse one fuzzy number? If 
we consider vagueness represented by fuzzy numbers, it is 
perplexing to choose the second largest Considering all 
possible cases, we can say that all four fuzzy numbers may 
stand second. For example, as mentioned above, one of 
possible rank of fi is 2, so fl may stand second. Since 
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fuzzy number j2  overlaps with fL, j3 and f,, there is 

the possibility that fz is larger than f3 and f,, and 

smaller than fi. So f2 may stand second. Similarly, f3 

and f4 may stand second. 

A research area related to these is ranking fuzzy 
numbers. There are many proposed raking method[3-11]. 
Ranking fuzzy numbers is arranging fuzzy numbers in a 
sequence according to their magnitude. Thus, ranking is 
strongly related with determination of the rank of a fuzzy 
number, and selection of the k-th largest. However, the 
previously proposed ranking methods usually deal with 
only how to rank fuzzy numbers. So, by using those 
method, we cannot describe the vagueness of the rank of a 
fuzzy number and the k-th largest. For example, let us 
assume that we apply one of the previous ranking methods 
to the fuzzy numbers in Figure 1, so that we get sequence 
f,,f3,fz, f, as the ranking result. Then, from this 

sequence, we can no@ that fl is the largest, and the 

second largest is f3. But these results are quite different 

from those of our previous example; f, may be the largest 

or the second largest, and the four fuzzy numbers may be 
the second largest. They give only one among several ranks 
which a fuzzy number may takes, and only one among 
several fuzzy numbers which may be the k-th largest. Thus, 
we can notify that other methods are needed to determine 
the rank of fuzzy number and selection of the k-th largest 
fuzzy number. 

In this paper, we propose a new method for describing 
the rank of a fuzzy number and the k-th largest fuzzy 
number in a set of fuzzy numbers. Our method describes 
them with fuzzy se& by using a given greater-than relation 
defined on fuzzy numbers. In the next section, the position 
certainty degree is defined which is used in our method. 
In Section 3 a method for describing the rank of a fuzzy 
number and the k-fh largest fuzzy numbers with fuzzy sets 
is proposed by using the position certainty degree. This 
paper will be concluded in the last section. 

2. Position certainty degree 

In this section, the position certainty degree is defined, 

which is used in our method. Before defining the position 
certainty degree, a greater-than relation assumed in this 
paper is mentioned. 

A greater-than relation R is a fuzzy relation defined 

on F x  F, where F= {fl,f2, ..., f,), a set of fuzzy 

numbers. The membership degree of (fi,f,) to R, 
p R( j,, fj) or R ij, is the degree to which f, is thought 

to be greater than f ?  For example, if f i  is clearly greater 

than fj, then Rij= 1, and if f i  is clearly smaller than 

f j ,  then R,,= 0. If 0 < R ,  < 1, it is the case where we 

cannot cleary determine whether f i  is greater than j j  or 

not, but in that case, the larger Rij is, the more likely f, is 

greater than f,. A greater-than relation does not need to 

satisfy other conditions such as being reflexive, symmetric 
or transitive. 

The position certainty degree to which a fuzzy number 
is the k-th largest in a set of fuzzy numbers is defined as 
follows: 

Definition 1. For F= (fi,fi, ..., f,,}, a set of fuzzy 

numbers, and R, a given greater-than relation on F x F ,  
the position certainty degree to which f ,  is the k-th largest in 

F, C F ( f j ,  k) ,  is defined as follows: 

where S : = f j , , f j , ; - , f -  J i - I  , f - f .  2 3  J k + i ,  ... * f .  In' j m = 

{ kl1< k< n, k # i } ,  is a sequence which contains all 
elements of F and where f, is located at the k-th 

position. Rij E R, 1s  i,j<n. For convenience we call 

min ( R  111' . . R 111' . . ..., R j r - l i ,  R i , + L ,  ..., R i j )  the local 

position certainty degree of f,. 

For example, let us assume that we have a greater-than 
relation on the fuzzy numbers in Figure 1, as shown in 
Table 1. Table 1 shows the degree to which a fuzzy 
number is considered as larger than the others. For 
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and I=(R23,R24). The minimum in S U I =  

{R12,R32,R42,R23,R24} is R23=0.30, SO it is 

removed in the second iteration. In this way, in the fourth 
iteration, S={RI2) and I=(Ra}. These satisfy one of 

the exit conditions: IS\ = 1 < 3-1. So, the lastly deleted 

value, R,=0.65, becomes C F ( f 2 , 3 ) .  

3. Fuzzy set of possible ranks and fuzzy set of 
the k-th largest 

In this section, a fizzy set of possible ranks and a fuzzy 
set of the k-th largesf are defined based on the position 
certainty degree defined in Section 2. They describe the 
ranks which a fuzzy number may take, and the fuzzy 
numbers which may be the k-th largest with fuzzy sets. 

Definition 2. For the given set of fuzzy numbers, 
F= ul,f2,'..,fn), a fuzzy set of the possible ranks of 

f, in F, B F ( f j ) ,  is defined as follows : 

The rank of a number represents how the number 
stands in the given set of numbers. In the caSe of crisp 
numbers, the rank of a number, usually, may be cleary 
determined, but in the case of fuzzy numbers, it may not 
because fuzzy numbers can overlap with each other. Thus, 
the rank of a fuzzy number is vague; it is not suitable to 
describe the rank with a number. The defined fuzzy set, 

zF(fj) ,  describes the rank of a fuzzy number with a 

fuzzy set. The membership degree of k to ,(fi), 
p _  (k ) ,  is the possibility that fuzzy number f, may 

stand k-th in F, and defined as C F ( f j ,  k). 
RA/, )  

For example, for F= VI, f2, f 3 ,  f4} whose greater- 

than relation is given as Table 1, the fuzzy sets of the 

possible ranks of all fuzzy numbers in F are as follows : 

W F (fi)=( (1,0.98), (2,0.05), (3,0.00), (4rO.00) 1 

The possibility that fl stands first in F is 0.98, and 

second in F is 0.05. The possibility for fl to take the 

other ranks is 0. In the case of f,, the possibility to stand 

first is 0; second is 0.02; third is 0.40; and fourth is 0.70. 

Definition 3. For F= (fl,f2, ...,f,}( a set of fuzzy 
numbers, a fuzzy set of the k-th largest fuzzy numbers in 

F, p,(k),  is defined as follows: 

In the case of crisp numbers, the k-th largest number 
can be cleary determined, but in the case of fuzzy numbers, 
it cannot be; since, as mentioned before, fuzzy numbers 
represent vague values, it is not easy to determine which 
fuzzy number is the k-th largest. The k-th largest fuzzy 
number is vague. Definition 3 describes the k-th largest 

fuzzy numbers with a fuzzy set. Fuzzy set p F ( k )  
contains all fuzzy numbers which can be possibly the k-th 
largest. The membership degree of a fuzzy number to 

B F ( k )  is the possibility that the fuzzy number is the 

k-th largest. 

For example, for F = {fl , f2 , A, fa 1 whose greater- 

than relation is given as Table 1, fuzzy sets of the k-th 
largest fuzzy numbers are as follows : 

The fuzzy numbers regarded as the largest in F are 
fi with possibility 0.98; fi with 0.05; and f3 and f, 

with 0. All four fuzzy numbers are thought as the second 
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= min(0.40, 0.65, 0.05) = 0.05 Table 1. A greater-than relation defined on 
the fuzzy numbers of Figure 1 

I f l  1 fz I f3 I f4 

f, I 0.50 1 0.98 I 1.00 I 1.00 _ I  I I I I 

0.00 0.50 

example, Rl2=0.98 means that fl is considered as greater 

then fz with the degree of 0.98. 

Let us evaluate C F(f2, 3 )  with Table 1. There are 6 

sequences where f2 is located at the third position. The 

followings show them and the local position certainty 
degree of f 2  in each of them: 

f i S f 3 , f z , f 4  m ~ l R i z . R 3 z . R ~ l  
= min(0.98, 0.65, 0.70) = 0.65 

f i , f 4 , f Z , f 3  : min(RlZ,R42?R23) 
= min(0.98, 0.40, 0.30) = 0.30 

f3.fi,fi9f4 m i n ~ R 3 z . R i z . R d  
= min(0.65, 0.98, 0.70) = 0.65 

f3 , f4 , fZ , f l  mh( R323R422R21) 

= min(0.65, 0.40, 0.05) = 0.05 

f 4 , f l , f i , f 3  : min(R4Z.R12,R231 
= min(0.40, 0.98, 0.30) = 0.30 

f d , f 3 , f Z * f l  min(R42sR32,RZ1) 

Therefore, the position certainty degree to which fuzzy 

number fi is the third largest, C F ( f 2 ,  3) ,  is 

C F ( f z , 3 )  = max(0.65, 0.30, 0.65, 0.05, 0.30. 0.05) 

= 0.65 

In order to evaluate the position certainty degree of 

fuzzy number f; we need to check (n- I)! sequences 

which are composed of all elements of F except f. So the 
time complexity may be high. But, there is an algorithm 
with much lower time complexity. The algorithm is shown 
in Figure 2. 

If we apply the algorithm in Figure 2 to Table 1 for 

evaluating C F ( f 2 , 3 ) ,  the Do-Until loop makes four 

iterations as follows: 

Initial : S= {R 12, R32, R12} I= Rn. R z }  
1st : S={R12,R32sR42} I={RZS,R,) 

2nd : S = ( R i z 9 R 3 2 , R 4 z }  I = { R z }  
3rd S={Rlz,R32} r={R,} 

4th : S={RiZ} I={R,). 

Initially S= {R 12, R32, R42) and I= (Rzl. Rn, R,}. 
In SUI ,  the minimum is Rzl  =0.05, so it is removed 

from I .  Thus, after the first iteration S= {R 12, R32, Rd2)  

- 

S={R&# i} 

I= ( R  elk# i) 

U= sort SUI 

DO 

R = select the minimum in U 

delete R from U and from its source, S or I 

Until ( IS1 < k -  1 or Id< n- k or ( R ml$S and R ,,,!+I) ) 

the lastly deleted R Im is C F(ft, k) 

Figure 2. The algorithm for the position certainty degree 
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largest with 0.05, 0.30, 0.65 and 0.02 respectively. 

4. Concluding remarks 

Fuzzy numbers represent uncertain and vague values, 
so there inherently exists vagueness in determining the rank 
of a fuzzy number and the k-th largest fuzzy number. In 
order to deal with such vagueness, a fuzzy set of possible 
ranks and a fuzzy set of the k-th largest have been defined 
based on a given greater-than relation. These can be applied 
to many areas such as decision-making. 
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