
  

  

Abstract— The basic assumption of stochastic human arm 
impedance estimation methods is that the human arm and robot 
behave linearly for small perturbations. In the present work, the 
degree of influence of nonlinear friction in robot joints to the 
stochastic human arm impedance estimation is identified. 
Internal model based impedance control (IMBIC) is then 
proposed as a means of making the estimation accurate by 
compensating for the nonlinear friction. From simulations with 
a nonlinear Lugre friction model, it is observed that the 
reliability and accuracy of the estimation are severely degraded 
with nonlinear friction. In contrast, the combined use of 
stochastic estimation and IMBIC provides with accurate 
estimation results even with large friction. Furthermore, the 
performance of suggested method is independent of human arm 
and robot posture, and human arm impedance. Therefore, the 
IMBIC will be useful in measuring human arm impedance with 
conventional robot, as well as in designing a spatial impedance 
measuring robot, which requires gearing. 

I. INTRODUCTION 
HIS paper reports on the impact of nonlinear friction of 

robot joints in human arm impedance estimation, and 
proposes a remedy to the estimation problem.  

Recently, stochastic estimation methods for linear human arm 
impedance 1  [1]-[3] have attracted much attention from 
researchers because of a number of significant advantages over 
previous methods [4]-[7]. These advantages include that a model 
structure is not assumed, although the system is assumed to 
behave linearly for small perturbations; the unpredictable 
stochastic perturbations minimize the likelihood of voluntary 
reactions; the perturbations obviate the need for separate 
measurements in different directions and provide a 
frequency-rich input to the subject in a relatively short time 
[1]-[3].  

Since the introduction of the stochastic method [1], various 
improvements have been made. In [2],[8], a closed-loop 
identification method is proposed, in order to obtain arm 
impedance from combined dynamics (human arm and robot). 
Palazzolo et al. also developed an analytical compensation 
method to deal with the combined dynamics [3]. In this method, a 
PD control, the simplest form of impedance control [9], was used 
to prevent patients' hand drift. In order to mitigate the delivery of 
high force to a patient, perturbations were applied in the form of 
force instead of position.  

The aforementioned stochastic methods are based on the 
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assumption that both the human arm and robot behave linearly 
for small perturbations. Fortunately, much research indicates that 
human arms indeed behave linearly for small perturbations [1], 
[2], [5]-[8], [10],[11].  

The linearity of a robot, however, is difficult to assume, in 
general. Nonlinearities such as Coriolis force, centrifugal force, 
and gravity force may behave linearly for small perturbations, 
but some frictions display nonlinear behaviors even with small 
displacement and velocity [12],[13]. Furthermore, these 
nonlinear frictions in robot joints account for as much as 30% of 
the maximum motor torque [14]. Thus, it is important to 
investigate how much impact these nonlinear frictions have on 
the stochastic estimation method.  

Nevertheless, in particular types of robots having inherently 
small amount of nonlinear frictions, it may be unnecessary to 
consider the effect of nonlinear frictions on the stochastic 
estimation. In previous studies, for instance, the planar direct 
drive (DD) robots have a negligible amount of friction (e.g. order 
of 0.05Nm) [3],[8],[15], and its effect was difficult to observe on 
the stochastic estimation method.  

Spatial robots may become necessary to measure spatial arm 
impedance [3], [16]. In this case, however, the friction effect will 
not be negligible, owing to the general use of gearing, which 
makes it possible to reduce robot inertia with small, light 
actuators [17]. The friction of a lead-screw type vertical 
rehabilitation robot was 20N [18]. Note that an improved version 
achieved a significant reduction in friction to 25% of the 
lead-screw type robot with a high quality linear motor [19]. 

Of course, friction can be reduced with special high 
power/weight ratio actuators [8], [19], or unconventional small 
friction transmissions - e.g. cable transmissions [10]. However, 
special actuators may cost too much or may not be readily 
available. Moreover, it may be difficult to control the actuator 
itself. De Vlugt et al. had to control pressure fluctuations of 
hydraulic motors [8]. Furthermore, custom-made small friction 
transmissions may require significant design effort [19]. From 
the authors' experience, it is difficult and time consuming to 
design cable transmissions for a 6 degree of freedom (DOF) 
spatial robot [20].  

Another way to reduce the friction effect may be to replace the 
robot dynamics with desired linear dynamics by using active 
control [8],[18]. However, the control law of De Vlugt et al. [8] 
requires stochastic estimation of the human arm and robot 
dynamics for design. Thus, if nonlinear friction degrades 
estimation performance, it may not be useful. Another control 
law of Buerger et al. [18] is for a 1 DOF robot. Thus, it may not 
be directly applied to a multi-DOF robot. 

Therefore, it is our concern to identify the degree of influence 
of nonlinear friction in robot joints on the estimation of human 
arm impedance. In addition, upon finding that the impact of the 
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friction on the estimation, to propose a control method is another 
concern that enables an accurate estimation under nonlinear 
frictions. To date, there has been no research on these two 
aspects. 

Specifically, we propose a control method that can 
compensate almost completely for the nonlinear friction while 
replacing the robot dynamics with desired linear dynamics, 
regardless of human arm and robot posture. With this control, 
then, one can verify if nonlinear friction is indeed influential to 
arm impedance estimation; prevent misjudgment on arm 
impedance based on erroneous estimation due to friction; and use 
conventional types of robots for estimation purposes. 
Furthermore, with this control, one can measure arm impedance 
regardless of the posture of the arm and robot.  
   The present authors have already developed a robust 
impedance control, called internal model  based impedance 
control (IMBIC), the performance of which was verified through 
simulations and experiments with a 2 DOF robot - transmissions 
of which were harmonic drives (100:1 for 1st joint, 80:1 for 2nd 
joint) [21],[22]. IMBIC has the following advantages: robustness 
against modeling error including friction; good linear desired 
impedance dynamics realization accuracy regardless of robot 
posture; and a simple structure compared with other existing 
impedance control laws. Thus, IMBIC is proposed as a remedy to 
the estimation problem stemming from nonlinear friction. 

The influence of nonlinear friction on impedance estimation 
and enhancement of the estimation with IMBIC were verified by 
a 2 DOF arm and 2 DOF robot simulation (Fig.1) with the widely 
used Lugre friction model [13], [23]. For the estimation method, 
the most recent method in [3] was used in all simulations as a 
representative estimation method. 

This paper is structured as follows. Section 2 reports the 
degree of influence of nonlinear friction on the arm impedance 
estimation. In section 3, we demonstrate the enhancement of the 
arm impedance estimation with IMBIC. Finally, in section 4, we 
summarize the results and draw conclusions. 

II. INFLUENCE OF NONLINEAR FRICTION ON STOCHASTIC 
HUMAN ARM IMPEDANCE ESTIMATION 

A. Evaluation methods 
In order to evaluate reliability and accuracy of human arm 

impedance estimation, we have incorporated coherence functions 
and two newly defined measures: the former to evaluate 
reliability and the latter accuracy, each of which will be 
elaborated as follows. 

As to the coherence functions, both multiple and partial 
coherence functions, defined in [11], have been used to evaluate 
the reliability of the estimation method [24]. Multiple coherence 
functions, on one hand, can be used to investigate the degree to 
which a given output can be linearly predicted from all of the 
system inputs and to determine the frequencies over which a 
linear model can accurately characterize the system dynamics. 
Regions of low multiple coherence indicate insufficient input 
power in that frequency range, significant system nonlinearities, 
noise, or contributions from unmeasured inputs [1],[3],[24]. On 

the other hand, a partial coherence function measures the linear 
dependency of one input on a particular output and is equivalent 

to ordinary coherence after the effect of the other input has been 
removed [3],[11],[24]. 

As for the two functions mentioned above, ϕT and ϕij have 
been defined to deal with magnitude and phase errors between 
real ( ( )h sZ ) and estimated ( ˆ ( )h sZ ) impedance transfer function 
(ITF) matrices simultaneously without dimensional 
inconsistency. More specifically, ϕT is defined as the arithmetic 
mean value of ΔZh(fi), where  

( ) ( ) ( ) [ ]max2
ˆ2 2    0  h i h i h i iZ f j f j f f f Hzπ πΔ − ∈Z Z . (1) 

Here, ΔZh(fi) denotes the difference between 
hZ  and ˆ

hZ   at 
frequency fi; and fmax denotes the maximum frequency of interest. 
In this study, fmax is set to be 15Hz, which is five times the natural 
frequency of human arm, about 2 to 3Hz. Note that 

2
G denotes 

the regular Euclidean norm of the complex matrix G and is equal 
to the maximum singular value of G [25]. 

Similarly, ϕij (i, j=1, 2) was defined as the mean value of 
ΔZh_ij(fi), where  

( ) ( ) ( ) [ ]_ _ _ max
ˆ2 2   0  h ij i h ij i h ij i iZ f Z j f Z j f f f Hzπ πΔ − ∈ , (2) 

with 
_h ijZ and 

_
ˆ

h ijZ (i, j=1, 2) denoting the i, j-th element of Zh and 
ˆ

hZ , respectively. Whereas ϕT represents the accuracy of  ˆ
hZ  as a 

whole, ϕij stands for the individual accuracy of i, j-th element of 
ˆ

hZ . If ϕT and ϕij are all zero, then the estimated ITF matrix ˆ ( )h sZ is 
identical to the real arm ITF matrix Zh(s). Note that in real 
experimental conditions, ϕT and ϕij cannot be calculated, because 
the real human arm impedance is not known in advance. In this 
case, only multiple and partial coherence functions can be used to 
assess the performance of estimation.  

B. Simulation Condition 
1) Lugre Model: Nonlinear Friction in Robot Joints 

To investigate the influence of robot joint nonlinear friction, 
the Lugre friction model, which is widely used in robotics, is 
considered [13], [23]. It is well-known that this model can 
capture most friction phenomena including low velocity friction 
characteristics. Note that friction shows nonlinear behavior even 
with small robot joint displacement and velocity [13]. A detailed 
model can be found in [13].  

Realistic values were used for the friction model, based on 
several reports on robot joint friction. From the investigation in 
[14] with 60:1 robot transmissions, Coulomb friction and stiction 

 
Fig.1 Schematic diagram of simulation conditions. Center of human arm 
shoulder joint is set to be the origin of the x, y coordinates. The relative 
position between the human arm shoulder and robot base is fixed. Human arm 
endpoint position and robot endpoint position, where a force transducer is 
housed, are assumed to be identical (xh=xr). Thus, once the human arm 
posture (θs and θe) is decided, the robot posture (φ1 and φ2) is also decided 
automatically.  
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were found to be in a range of 1.32~19.1Nm and in a range of 
2.2~39Nm, respectively. Coulomb friction of a DD robot [5],[15] 
was on the order of 0.05Nm. In the simulation of De Wit et al. 
[13], Coulomb friction and stiction were 1Nm and 1.5Nm, 
respectively. 

Thus, for each joint, Coulomb friction was set to be in a range 
of 0~ 4Nm and stiction was set to be 1.5 times larger than the 
corresponding Coulomb friction. All other parameters of the 
Lugre model were adopted from [13]. Three different friction 
levels were tested in the simulation (Table 1). In each case, the 
same parameters were applied to the two joints. 

2) Robot 
For the robot model, the well-known 2 DOF MIT-MANUS 

nonlinear model, which includes Coriolis and centrifugal force 
terms, was used [26],[27]. Nonlinear friction (Lugre model) is 
made to act on each joint. All the kinematic and dynamic 
parameters of the robot model are adopted from [26]. A detailed 
model can be found in [26],[27].  

3) Human Arm 
To investigate the effect of nonlinear friction only, a linear 2 

DOF human arm model, which was used in previous studies 
[1],[2],[5],[6],[11], was considered. 

( )0( ) ( ) ( ) ( )h h h h h h ht t t t= + + −F M x B x K x x , (3) 

where Mh, Bh and Kh denote the human arm Cartesian space mass, 
damping, and stiffness matrices at the equilibrium position x0; xh, 

hx and hx the arm endpoint position and its time derivatives, 
respectively; and Fh=[Fhx Fhy]T denotes the force vector applied 
to the arm endpoint. The values of Mh, Bh and Kh at four endpoint 
locations are taken from [6], and are given in Table 2. In this 
section, only for the first location was simulation made. In 
section 3, all four locations were simulated to show the 
robustness of IMBIC against posture changes of both human arm 
and robot. From (3), Cartesian human arm impedance can be 
represented as follows: 

2( )h h h hs s s= + +Z M B K , (4) 
where Zh denotes the human arm ITF matrix. Note that xh can be 
calculated from human arm joint angles (θs and θe), with the 
lengths of the upper arm and forearm (plus hand). It is reported in 
[6] that the upper arm length of his subject was 0.21m and that of 
the forearm (plus hand) was 0.32m. 

4) PD Control Law for Perturbation of Arm 
For the measurement of human arm ITF matrix, in [3], a PD 

control, the simplest form of impedance control [9], was used to 
prevent neurologically injured patient hand drift. The same 
control law (5) was used in simulations in this section, and is 
given as follows: 

0( )u p r v rΔ= − − −F F K x x K x , (5) 

where Fu denotes the input force vector at the robot; FΔ= [FΔx 
FΔy]T

 the vector of force perturbations; xr and rx the robot 
endpoint position and velocity vectors, respectively; and 

pK and vK  denote the position and velocity feedback gain 
matrices, respectively. If the robot has zero friction, the ITF 
matrix of the robot, Zr, around the equilibrium point x0 will be  
 ( ) 2

0( )r x v ps s s= + +Z M K Kφ , (6) 

where 0φ denotes the robot joint angle vector when the robot 

endpoint is in the equilibrium point x0; and Mx denotes the 
Cartesian space robot inertia matrix. pK and vK  were set to be 

2 250 ×I N/m and 2 24 ×I  Ns/m, respectively. 0φ was calculated from 
the first location human arm posture data (Table 2) by using the 
geometric constraint (xh=xr). 

5) Force Perturbations 
Random force perturbations (FΔ) having low coherence 

between its two elements were generated by filtering a set of 
uniformly distributed random signals with an eighth-order 
Butterworth lowpass filter having a cut-off frequency fmax (15Hz) 
(selected to exceed human arm natural frequency, ~2 to 3Hz). It 
is identical to the method in [3]. In the simulation, the input 
(force perturbations) coherence was sufficiently small (less than 

TABLE 1 
PARAMETERS OF THE LUGRE FRICTION MODEL USED IN THE SIMULATION 

 τc 
[Nm]

τs 
[Nm]

σ0 
[Nm/ 
rad] 

σ1 
[Nm s/ 

rad] 

σ2 
[Nm s/ 

rad] 
sφ  

[rad/s]

Level 0 Zero friction ( [0 0]T
f =τ ) 

Level 1 1 1.5 
105 510  0.5 0.001

Level 2 4 6.0 
τf robot joint friction torque vector; τc and τs Coulomb friction and stiction 
torque level, respectively; σ0 and σ1 the stiffness and damping coefficient of 
the friction model internal state [13]; σ2 viscous friction coefficient; sφ  
Stribeck velocity [12]. In each case, the same parameters were applied to the 
two joints. 
 

TABLE 2 
PARAMETERS OF HUMAN ARM MASS, DAMPING, AND STIFFNESS MATRICES 

ADOPTED FROM [6] (THEIR TABLE 1, SUBJECT A, RESPECTIVELY) 
Arm 

endpoint 
location

Joint angle 
[deg] 

Mh  

[Kg] 
Bh  

[N s/m] 
Kh 

[N/m] 

1 θs= 62.708
θe= 77.260

1.54    -0.57
-0.65    0.94

7.17      -6.14 
-6.19     12.08 

105.72   -104.11
-127.35  234.78

2 θs= 41.870
θe= 62.578

0.79    -0.49
-0.59    1.56

3.24        0.81 
1.18      22.98 

31.53         41.36
13.83       380.55

3 θs=102.185
θe= 59.420

1.58  0.00
-0.10    0.49

20.86    -10.69 
- 12.32   10.27 

232.77    -145.13
-147.64   173.38

4 θs= 37.301
θe=126.831

2.24  -0.51
-0.54    0.71

13.17      -5.33 
-5.39       6.93 

146.30     -63.43
-61.26       98.45

Mh mass matrix; Bh damping matrix; Kh stiffness matrix.  In section 2, only 
the 1st location values are used. In section 3, all values are used. 
 

TABLE 3 
PEAK MAGNITUDES OF THREE LEVELS OF FORCE PERTURBATIONS 

 FΔX [N] FΔy [N] 
Level 1 2.25 2.25 
Level 2 3.75 3.75 
Level 3 4.50 4.50 

FΔx and FΔy denote x and y direction input force perturbations, respectively. 
These three levels are similar to those used in [11]. 
 

TABLE 4 
SPECTRAL ANALYSIS PARAMETERS USED IN ARM IMPEDANCE ESTIMATION 

NFFT NWND NOVL NMNS fr  [Hz] 
8192 8192 6144 21 0.122 

NFFT number of data points included in the FFT calculation; NWND the length 
of the hanning window function; NOVL the number of overlapping samples; 
NMNS number of overlapping segments of data; fr minimum resolvable 
frequency. 
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0.4 in the frequency range of interest, 0~15Hz). Magnitude of 
input perturbations (FΔ) can affect estimation performance [11], 
[24]. Thus, three levels of force perturbations were applied to the 
arm impedance estimation. The peak magnitudes of the three 
levels of force perturbations are given in Table 3. These three 
levels are similar to those used in [11]. It is noteworthy that force  

 

perturbations cannot be increased arbitrarily, because with large 
perturbations the human arm may not behave linearly. Moreover, 
if the subject is a neurologically injured patient, large force 
perturbations might impose large forces on the patient’s arm [3]. 

 

6) Estimation Method 
As for the estimation method in the present work, we have 

used one of the most recent methods, analytical compensation [3], 
which showed good performance in experiments. In accordance 
with the analytical compensation method, we have taken the 
procedures as follows. 

Combined dynamics of both human arm and robot was excited 
by random force perturbations (FΔ) within a brief period (50s). 
During that period, the human arm endpoint position (xh) and 
force (Fh) were measured. From the xh and Fh thus measured, we 
obtained the estimation of R, the transfer function matrix from FΔ 
to xh,  

h Δ=x RF , (7) 
and the estimation of T, the transfer function matrix from FΔ to 
Fh, 

h Δ=F TF , (8) 
by using the frequency domain stochastic estimation method 
[1],[24]. From the estimated two transfer function matrices T̂ 
andR̂ , the human arm ITF matrix was estimated as follows: 

( ) 11ˆ ˆ ˆ
h

−−=Z RT , (9) 

where ˆ
hZ  denotes the estimated arm ITF matrix. Note that, 

because of the combined dynamics characteristics(robot and 
human arm), the coherence of the two elements of Fh (and/or xh) 
may be close to unity[3]. Thus, it is not easy to obtain ˆ

hZ  
directly from Fh and xh[3]. 

7) Numerical integration and spectral analysis methods 
The fourth order Runge-Kutta method was applied for 

numerical integration. For a reliable simulation of the Lugre 
friction model, the time step of the Runge-Kutta method was set 
to be 0.01ms by following the guidelines in [28]. Sampling times 
for control and data acquisition were set to be 1ms.  

Welch’s periodogram method was used to estimate the power 
spectral density and coherence functions needed to calculate ˆ

hZ  
[3], [24]. Spectral analysis parameters are given in Table 4. Many 
parameter sets were tested. With the parameters given in Table 4, 
estimation was most accurate and coherence functions were close 
to unity with a frictionless robot. Thus, these parameters are used 
in estimation. Trials lasted for 50s (50,000 data points), allowing 
a number of sequential epochs of data to be averaged to reduce 
random error while allowing an acceptable spectral resolution. 

C. Simulation Results 
Estimated human arm impedance (first location in Table 2) 

with first level of perturbations (Table 3), under three different 
friction levels (Table 1), are shown in Fig. 2. The corresponding 

coherence functions are shown in Fig. 3. For all three 
perturbations levels, the accuracy measures (ϕT and ϕij) are 
shown in Fig. 4.  

With negligible nonlinear friction (friction level 0), all 
coherence functions— multiple and partial— has a value close to 
unity, meaning that the estimation becomes reliable. With 
significant amount of nonlinear friction (friction levels 1 and 2), 
all coherence functions— multiple and partial— are far less than 

 
Fig. 2. Real and estimated human arm ITF matrices (1st location in Table 2) 
with 1st level force perturbations under different levels of friction (Table 1). 
Friction level 0 means zero friction. Estimation accuracy is severely degraded 
with an increase of nonlinear friction. In the case of friction level 0, estimated 
and real transfer function matrices are nearly indistinguishable.  

 
Fig.3. Partial and multiple coherence functions that corresponds to the 
estimates shown in Fig.2. In the case of friction level 1 and 2, coherence 
functions are far less than unity below 1~2Hz. Friction level 0 means zero 
friction. 

 
Fig. 4. Summary of estimation accuracy of each element, ϕij, and that of the
entire transfer function matrix, ϕT, under three different levels of friction 
(Table 1). Friction level 0 means zero friction. Compared with the accuracy 
when the robot has no friction (friction level 0), the accuracy of estimation is 
significantly degraded due to nonlinear friction, regardless of the level of 
force perturbations. 
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unity below 1~2Hz with significant amount of nonlinear friction 
(Fig.3). This means that the results of estimation, obtained by 
using a robot with nonlinear friction that is not negligible, are not 
reliable. At frequencies larger than 1~2Hz, coherence functions 
are close to unity; however, in this frequency range, the estimated 
ITF matrices are considerably deviated from that of a real human 
arm (friction level 1 and 2 in Fig.2). Moreover, with significant 
amount of nonlinear friction, the estimated ITF matrices deviate 
substantially from that of a real human arm throughout the 
frequency range of interest. Even similar trend with that of real 
human arm is not observed. Especially, see the estimated phases 
in Fig. 2. Furthermore, even with an increase of the magnitude of 
perturbations, no noticeable improvement of estimation accuracy 
was observed (Fig.4). Note that, if the amount of nonlinear 
friction is smaller than that of level1, all the coherence functions 
were close to unity and accuracy measures were small compared 
with the those of friction level1 case. 

In summary, reliability of the stochastic estimation depends on 
nonlinear friction: when it is negligible, the estimation  
becomes reliable; when it is not, unreliable. Moreover, in the 
latter case, the accuracy of the estimated ITF matrix is very poor, 
regardless of the magnitude of perturbations. Thus, the linear 
stochastic estimation technique cannot be used when the amount 
of nonlinear friction is not negligible.   

D. Discussion 
These results have an implication that reliable estimation in 

the previous studies is attributed to the use of nearly frictionless 
DD robots.  Furthermore, the results strongly suggest the 
necessity of compensating for nonlinear friction when measuring 
human arm impedance. In particular, when one wants to measure 
spatial human arm impedance using a spatial robot, friction 
compensation is crucial. Spatial robots almost always require 
gearing in order to reduce robot inertia with light and small 
actuators [17]. However, gearing invariably adds friction. For 
example, the alpha version lead-screw type vertical rehabilitation 
robot needs friction compensation [17]-[19].  

Of course it is possible to reduce friction by modifying the 
mechanical parts of the robot: actuators could be replaced with 
special high torque, smaller and lighter actuators and 
unconventional low friction transmissions could be designed and 
implemented. However, as has been discussed, considerable time 
and effort might be required to modify mechanical parts of the 
robot. 

Thus, in the following section, in order to improve the 
accuracy of estimation even with nonlinear friction, we propose 
utilizing IMBIC [21],[22] to compensate nonlinear friction and 
realize linear dynamics. 

III. ACHIEVING ACCURATE ESTIMATION VIA CONTROL 
Since friction is indeed influential on human arm impedance 

estimation, it is crucial to compensate robot friction. 
One possible way is to modify the mechanical parts of robot. 

However, this may require much time and effort.  
Another way to reduce friction effect is to compensate nonlinear 
friction via active control. Compensation of nonlinear friction via 
a control law can be as effective as modification of mechanical 
parts. 

Many studies have been carried out with the aim of friction 
compensation. However, most approaches are complicated (The 
reader is referred to [12], [23] and the references therein). Thus, 
for practical use, the control law also has to be simple in structure 
and easy to design and implement with a few lines of software 
coding.  

One such control is IMBIC, previously proposed by the 
present authors [21], [22]. 

A. Internal model based impedance control (IMBIC). 
A brief review of IMBIC is presented. A detailed analysis can 

be found in [21], [22]. 
The goal of IMBIC is, regardless of nonlinear friction and 

robot posture, to replace nonlinear robot dynamics with the 
following linear desired dynamics: 

( )( ) ( ) ( ) ( ) ( )rd r rd r rd r o ht t t t tΔ+ + − = − +M x B x K x x F F , (10) 

where Mrd, Brd, and Krd denote the desired mass, damping and 
stiffness matrices of the desired linear model; and rx denotes 
Cartesian space robot endpoint acceleration vector. In the 
Laplace domain, from (10), we obtain  

 

( )( ) ( )1 1
rd rd r o rd hs− −

Δ− = − +M Z x x M F F , (11) 

where Zrd denotes the desired ITF matrix of the robot and is 
defined as 

( ) 2
rd rd rd rds s s+ +Z M B K . (12) 

The relation (11) is illustrated in Fig.5 [21], [22]. Note that the 
equilibrium position xo is a constant vector. 

The key concept of IMBIC is to compensate most of the 
nonlinear terms of robot by using time delayed estimation (TDE) 
[29], and to then remove uncompensated dynamics, stemming 
from nonlinear friction, by feeding back the difference between 
the real robot output position and the ideal output position of the 
internal model, which is adopted from internal model control 
(IMC) [30].  

IMBIC has the following form [21],[22]: 

time delayed estimation(TDE)

( ) ( ) ( ) ( )u x u x rt t t L t L= + − − −F M u F M x  where,  (13) 

1( ) ( ) ( ( ) ( ))rd rd r rd rt t t t−= − +u v M B x K x  (14) 
with 

( )
( )

1

1

( ) ( ) ( ) ( )

        ( ) ( )
r rd rd r rd r

rd h

t t t t

t t
δ δ δ

−

−
Δ

= + +

+ − +

v x M B x K x

M F F
, (15) 

( )
difference between 
real and ideal position

( ) ( ) ( )r o r rmt t L t Lδ = − − − −x x x x , and (16) 

Fu denotes the input force vector at the robot; xM denotes a 
matrix representing the known part of the robot inertia matrix 
Mx; xrm denotes the internal model output position vector; and  L 
the small time delay, which is generally set to be the sampling 

 
Fig.5. Block diagram of desired robot dynamics with human arm dynamics 
and force perturbations. The equilibrium position xo is a constant vector. 

151



  

time of control law. Time delay L is included in(16), considering 
discrete time domain implementation. Note that the term ΔF  is 
included in(15) for stochastic perturbations.  

The internal model output position xrm is computed from the 
linear internal model dynamics [21], [22]: 

( )1( ) ( ) ( ) ( )rm rd rd rm rd rmt t t t−+ + =x M B x K x v . (17) 
With the control law in (13)-(17), in the following we explain 
how the IMBIC compensates nonlinear friction. 

1) Compensating Robot Dynamics with TDE 
The robot dynamics can be divided into two terms, the known 

term and the unknown, and uncertain nonlinear terms represented 
by H as follows [21],[22]: 

( ), , ,u x r r r r= +F M x H x x xφ , (18) 
where  

( ) ( ) ( ), , , , T
r r r x x r x f h

−⎡ ⎤− + + +⎣ ⎦H x x x M M x N J τ Fφ φ φ φ . (19) 

H contains nonlinear friction fτ  and all other nonlinear 

terms( ( ),xN φ φ ) such as Coriolis, centrifugal and gravity forces 

[22]. Let H(t) denote ( ), , ,r r rH x x xφ at time t. Then, for a 

sufficiently small time delay L, ( )ˆ tH , the TDE of H(t) can be 
obtained as below [21],[22]: 

( ) ( ) ( ) ( )ˆ
u x rt t L t L t L= − = − − −H H F M x . (20) 

( )ˆ tH is identical to the last two terms in (13). Except for friction, 
all other terms in H remain almost unchanged within a small time 
period L, under small perturbations. Thus, applying the control 
law in (13) to robot dynamics (18) leads to 

( ) ( )( )( ) ( ) ( )T
x r f ft t t t L−− = − −M u x J τ τ . (21) 

Only the time difference of the nonlinear friction is shown in the 
right-hand-side of the closed loop dynamics (21) after applying 
TDE in (13). From (21), we obtain 

( )( )1( ) ( ) ( )T
r x f ft t t t L− −− = − −u x M J τ τ . (22) 

Now, we define the right-hand-side of (22) as  
( ) ( )( )1 T

x f ft t L− − − −η M J τ τ , (23) 

 then, rearranging the closed loop dynamics  (22) yields 
( ) ( ) ( )r t t t= −x u η . (24) 

Clearly, due to the use of TDE in (13), the nonlinear robot 
dynamics (18) becomes linear dynamics with disturbance η , the 
residual nonlinear friction effect. 

2) Removing Residual Friction Effect with IMC structure 
Applying u(t) in (14) to the closed loop dynamics (24)  and 

rearranging it yields  
( )1( ) ( ) ( ) ( ) ( )r rd rd r rd rt t t t t−+ + = −x M B x K x v η . (25) 

In the Laplace domain, the relations (15), (16), (17) and (25) can 
be written as follows: 

( ) ( ) ( ) ( )1
r rd rds s s s−= −⎡ ⎤⎣ ⎦x Z M v η  (26) 

( ) ( ) ( ) ( ) ( )1 1
rd rd r rd hs s s s sδ
− −

Δ= + − +⎡ ⎤⎣ ⎦v M Z x M F F ; (27) 

( ) ( ) ( )Ls
r o r rms e s sδ

−= − +⎡ ⎤⎣ ⎦x x x x ; (28) 

( ) ( ) ( )1
rm rd rds s s−=x Z M v ; and (29) 

where (26) is the Laplace domain form of (25), (27) is that 
of(15),(28) is that of (16), and (29) is that of (17). These relations 
are illustrated in Fig. 6 [21], [22]. P, the plant for IMC, comes 
from (26); Q, the IMC controller, comes from  (27); and P , the 

internal model, was set to be the same as P by following the 
standard IMC design procedure [30]. 

From Fig. 6, it is seen that the difference between the real robot 
position (xr), which is affected by η,  and the internal model 
position (xrm), an ideal response of desired linear model, is fed 
back. Thus, the residual friction effect, η, can be effectively 
compensated. Note that if there is no residual friction effect  
(i.e. [0 0]T=η ), the block diagram in Fig.6 is reduced to the 
desired one in Fig.5. It was proved in [21],[22] that if the 
sampling time of control (L) goes to zero, then IMBIC can realize 
desired dynamics owing to the effective compensation of 
nonlinear friction. Through simulations and experiments on a 2 
DOF robot with harmonic drive transmissions (100:1 for 1st joint, 
80:1 for 2nd joint), IMBIC showed excellent performance in 
realizing desired linear dynamics, compared with other exiting 
impedance control laws including impedance control with 
disturbance observer [21], [22]. 

3) Simplicity of IMBIC 
Obviously, from (13)-(17), IMBIC does not need a robot 

dynamics model or its parameters, except for the known part of  

the robot inertia matrix xM . Moreover, except for the desired 
impedance parameters (Mrd, Brd, and Krd), IMBIC needs only one 
gain, xM . Furthermore, the computation is simple. Only a few 
additions and multiplications are needed for IMBIC. To compute 
internal model output position xrm in (17), a numerical integration 
scheme is required. However, the integration can be removed by 
replacing  (15) , (16), and (17) with the following compact form 
[21],[22]: 

1

1
( ) ( ( ) ( ))
[ ( ) ( ( ) ( ))] ( )

rd d o h

r rd rd r rd r

t t t
t L t L t L t L

−
Δ

−
= − +

− − + − + − + −
v M K x F F

x M B x K x v
. (30) 

Thus, IMBIC can be used in human arm impedance estimation 
combined with previous stochastic estimation methods, which 
require that both the human arm and robot behave linearly for 
small perturbations. 

B. Simulation Condition 
In this simulation, IMBIC was used instead of PD control. The 

same human arm impedance estimation scheme, i.e., analytical 
compensation, is used. All four human endpoint locations listed 
in Table 2 have been simulated to show the robustness of IMBIC 
against human arm and robot posture change, as well as human 
arm impedance change. Throughout the simulations, the gain 

 
Fig. 6. Block diagram of robot under IMBIC with human arm and force 
perturbations, where Q denotes the IMC controller, P signifies the plant, and 
P denotes the internal model. The uncompensated dynamics η  stemming 
from nonlinear friction can be compensated by using a parallel internal model, 
which is the same as the desired impedance model.  
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xM and desired impedance parameters (Mrd, Brd and Krd) were 
fixed to one value. For robot desired impedance, Zrd was set to be 
the same as Zr in (6) for a fair comparison (i.e., ( )0rd x=M M φ , 

Brd=Kv, and Krd=Kp). All other conditions were made to remain 
the same as given in section 2. 

C. Results 
Estimated human arm impedance (1st location in Table 2) with 

1st level of perturbations (Table 3), under three different friction 
levels (Table 1), is shown in Fig. 7. The corresponding coherence 
functions are shown in Fig. 8. For all four locations, the accuracy 
measures (ϕT and ϕij) are shown in Figs. 9(a)-9(d). From Figs. 7 
and 9(a), it is seen that the estimation accuracy is significantly 
enhanced compared with the estimation results in section 2 (Fig. 
2). In particular, phase estimation becomes incomparably 
accurate, in contrast with the poor phase estimation results in Fig. 
2. Even with large nonlinear friction, the estimation accuracy 
deteriorated only slightly compared with the frictionless case 
(friction level 0). 

Although a partial coherence function from Fhx to yh (the lower 
left one in Fig. 8) has values larger than 0.6 at large frequencies 
(above 2 Hz), even in this case, multiple coherence functions 
have values larger than 0.9 throughout the frequency range of 
interest (Fig. 8). Thus, from the definition of the multiple 
coherence function, it can be concluded that, throughout the 
frequency range of interest, the estimated ITF matrix accurately 
characterizes the human arm dynamics. 

Figs.9(a)-9(d) show that the accuracy of stochastic estimation 
with IMBIC is maintained regardless of human arm impedance 
change, and human arm and robot posture change. 

D. Discussion 
From the simulation results, the effectiveness of stochastic 

estimation with IMBIC was verified. The estimation results were 
reliable and accurate even with nonlinear friction; multiple 
coherence functions (Fig.8) were close to unity throughout the 
frequency range of interest, and accuracy measures (Fig.9(a)) 
were small compared with the results obtained without friction 
compensation (Fig.4).  

Moreover, the estimation accuracy was independent of the 
postures of both human arm and robot; for accuracy measures at 

 
(a) End point location 1 

 
(b) End point location 2 

 
(c) End point location 3 

 

 
(d) End point location 4 

Fig.9. Summary of estimation accuracy of each element, the ϕij, and that of the 
entire transfer function matrix, the ϕT, under three different levels of friction. 

 
Fig.7. Real and estimated human arm ITF matrices (1st location in Table 2)
with 1st level force perturbations under different levels of friction (levels 0, 1 
and 2). Accurate estimation is obtained regardless of friction level. 

 
Fig.8. Partial and multiple coherence functions that correspond to the
estimates shown in Fig.7. Even with an increase of amount of nonlinear
friction, multiple coherence functions have values larger than 0.9.  
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four different human endpoint locations were small and no 
noticeable increase was detected (Figs. 9(a)-9(d)). Note that, in 
each location, the real human arm ITF matrix was set to have 
different values, which are taken from [6]. Thus, the results imply 
that the accuracy of stochastic estimation combined with IMBIC 
is independent of the value of human arm impedance and of the 
human subject.  

Further, IMBIC does not require gain change; the same gain 
was used in all four locations. As was discussed, IMBIC needs 
only a few additions and multiplications and has only one 
gain, xM . It has also been verified that once the gain is tuned in 
one location, no further tuning of the gain is required. Thus, in 
this sense, IMBIC is simple enough to put into practice. In other 
words, just a few lines of software coding and tuning of one gain 
in one location are required for IMBIC. 

IV. CONCLUSION 
In this paper, it was revealed that nonlinear friction of robot 

joints significantly deteriorate the performance of stochastic 
human arm impedance estimation.  

To improve the accuracy of the estimation under nonlinear 
friction, the use of IMBIC is proposed. With IMBIC, estimation 
results were accurate and reliable regardless of amount of 
nonlinear friction, postures of human arm and robot, human arm 
impedance, and change of subject.  

Thus, IMBIC provides researchers who wish to measure 
human arm impedance by means of existing conventional robots. 
IMBIC also provides a design solution for a human arm 
impedance measuring robot, especially a spatial robot, with 
conventional components. 
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