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ABSTRACT

In the finite number of users, the proposed beam subset se-
lection method improves the throughput performance of the
orthogonal random beamforming (ORBF), which is a scheme
to achieve asymptotic sum capacity for a downlink multiuser
multiple-input/multiple output (MIMO) system using partial
channel information in the infinite number of users. We
show that there exists an optimal number of random beams
to maximize the sum throughput for given number of users.
When the number of random beams is less than the number
of antennas, selecting the random beams to maximize signal-
to-interference-plus-noise ratios (SINRs) provides additional
SINR gain to ORBF. Through the simulation results, we show
the performance improvement by the proposed beam subset se-
lection.

I. INTRODUCTION

Recently, there has been interest in the multi-antenna downlink
communication channel. When the base station (BS) transmit-
ter with M antennas communicates K mobile receivers with
single antenna, the sum capacity is linearly increased with
min(M,K) using dirty paper coding (DPC) or transmit beam-
forming schemes [1]- [3]. However, these methods require the
assumption that the transmitter has perfect channel state infor-
mation (CSI). In practice, it is difficult to meet this assumption,
particularly in frequency division duplexing (FDD) systems.

There has been several studies on the model with partial CSI
to reduce the feedback overhead for CSI. In the orthogonal ran-
dom beamforming(ORBF) method [4], it constructs M random
orthonormal beams and transmits to the user with the high-
est SINR for each beam. Using the partial channel informa-
tion, it can achieve asymptotic sum capacity as the number of
users goes to infinite. However, since the required number of
users to achieve the optimal performance is exponentially in-
creased with M , its performance is generally poor for the prac-
tical number of users [3]. Therefore, the sum throughput may
not be increased even if M is increased. This means there ex-
ists an optimal number of multiplexed users to maximize sum
throughput for given number of users when the number multi-
plexed users is assumed not to be equal to M .

The proposed beam subset selection method is motivated
by the antenna subset selection for spatial multiplexing [5] as
shown in Fig. 1. In the spatial multiplexing with linear receiver,
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Figure 1: Comparison of antenna subset selection for spatial
multiplexing and proposed multiuser scheduling using beam
subset selection

the multiplexing gain is limited by the number of receive anten-
nas when the number of receive antennas is less than the num-
ber of transmit antennas. Selecting the antenna channels with
relatively good channel gains provides output signal to noise
ratio (SNR) gain to the spatial multiplexing. Similarly, since
the performance of ORBF may not be improved despite the in-
crease of the number of transmit antennas due to limited num-
ber of users, the beam subset selection can also provides SINR
gain. Since it is possible to exist several beam subset, the trans-
mitter scheduler selects users for each beam subset and selects
the beam subset to maximize the sum throughput. Therefore,
the SINR gain is increased with the number of possible beam
subset.

The rest of this paper is organized as follows. In section II,
the system model and the conventional ORBF is introduced.
In section III, through the performance observation, there ex-
ists an optimal number of multiplexed users. In section IV, the
scheduling method using beam subset selection is presented.
Section V shows the performance of the proposed scheme and
in section VI, this paper is concluded.

II. SYSTEM MODEL

We consider a multiuser MIMO system with K users equipped
with single antenna and a transmitter with M antennas at the
base station. It is considered that channel of each user is not
varied during the the coherence interval of T . The received
signal of the user k is represented as

yk =
√

ρkhkx + wk (1)

where hk is 1×M channel gain vector of user k and the entries
of hk are identically independent distributed with zero mean
and unit variance, x is M × 1 transmitted symbol vector, ρk

is transmit power of user k and wk is complex Gaussian noise
with zero mean and unit variance of user k. Moreover, the to-
tal transmit power is assumed to be M ,i.e. the transmit power
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per antenna is one 1. For ORBF, we assume the unitary ma-
trix composed of orthonormal random vectors vm(M × 1) is
presented

V = [v1 v2 · · · vM ] (2)

where vi’s are generated according to an isotropic distribution
[6]. Let the transmit signal is x =

∑M
m=1 vmsm where sm is

the mth transmit symbol. The received signal at the kth user is

yk =
M∑

m=1

√
ρkhkvmsm + wk (3)

We assume sm is the desired signal and the other si’s are in-
terference and the kth user receiver knows hkvm for m =
1, ..,M . Therefore, the kth receiver can compute the follow-
ing SINRs.

SINRk,m =
|hkvm|2

1/ρk +
∑

i�=m |hkvi|2 (4)

Each receiver feeds back its maximum SINR, i.e.,
max1≤m≤M SINRk,m, along with the index m in which
the SINR is maximized. Therefore, the transmitter assigns sm

to the users with the highest SINR, i.e.max1≤k≤K SINRk,m.

III. PERFORMANCE OBSERVATION OF ORBF

In this section, we observe the performance of the ORBF. For
the simplicity of analysis, we assume ρ1 = · · · = ρK = ρ.
The upper bound of the average sum throughput of ORBF is as
follows

R ≤ QE

[
log

(
1 + max

1≤k≤K
SINRk,m

)]
(5)

In Theorem 1 in [4], R is straightforwardly induced as

R ≤ Q log(1 + uK + log log K) + O(1) (6)

where uK = ρ log K−ρ(Q−1) log log K +O(log log log K).
Then we easily show that R is a concave function on Q. Hence
we can show that there is the optimal Q to maximize the sum
throughput as follows.

Lemma 1: For given K, ρ, the optimal Q to maximize R is
obtained as

Qopt ≈ min
(

M,

⌊
2 +

log K

log log K
+

1
ρ log log K

⌋)
(7)

where �a� is the greatest integer less than a.

1The received SNR of the kth user will be E[ρk|hkx|2] = Mρk , however,
to simplify the notation we refer to ρk as the SNR of the kth user.

Proof: In (6), R is

R ≤ Q log(1 + ρ(log K − (Q − 2) log log K)
+ O(log log log K)) + O(1) (8)

The differential of R over Q is shown in (9) at the bottom of
the page. From ∂R/∂Q = 0, the optimal Q to maximize R is

Qopt =
W (βe − 1)β

W (βe)ρ log log K
(10)

where β = 1 + ρ log K + 2ρ log log K, e = exp(1) and W (·)
is Lambert W-function [8]. Since βe >> 1, W (βe − 1) ≈
W (βe). Then the optimal Q is approximated as

Qopt ≈ 1 + ρ log K + 2 log log K

ρ log log K

= 2 +
log K

log log K
+

1
ρ log log K

(11)

Since Q is a positive integer less than or equal to M , equation
(7) is induced.

Lemma 1 shows the optimal Q is inversely proportional to ρ
and proportional to K. The optimal Q can be considered as the
maximum multiplexing gain given K and ρ.

When SNR is very low(ρ → 0) or very high(ρ → ∞), the
optimal number of Q has a special property as follows.

Corollary 1: For fixed K,

Qopt =
{

M if ρ → 0
1 if ρ → ∞ (12)

Proof: i) when ρ → 0, SINRk,m ≈ ρ|hkvm|2. Then the
pdf and cdf of SINRk,m are

fs(x) =
1
ρ
e−x/ρ, Fs(x) = 1 − e−x/ρ, x ≥ 0. (13)

Using Lemma 4 and Theorem 1 in [4], the throughput becomes

R(Q) ≤ Q log(1 + ρ log K + ρ log log K) + O(1) (14)

Then, the differential of R over Q is

∂R

∂Q
= log(1 + ρ log K + ρ log log K) > 0 (15)

Therefore, R is an increasing function of Q. Since 1 ≤ Q ≤
M , Qopt = M .

ii) when ρ → ∞, SINRk,m ≈ |hkvm|2∑
i�=m |hkvi|2 . Then the pdf and

cdf of SINRk,m are

fs(x) =
Q − 1

(1 + x)Q
, Fs(x) = 1 − 1

(1 + x)Q−1
, x ≥ 0.

(16)

∂R

∂Q
= log(1 + ρ(log K − (Q − 2) log log K) − Qρ log log K

1 + ρ(log K − (Q − 2) log log K)
(9)
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Using Lemma 4 and Theorem 1 in [4], the throughput becomes

R ≤ Q log
(

1 + exp
(

log K

Q − 1

)
+ ρ log log K

)
+ O(1)

≈ Q log K

Q − 1
(17)

Then, the differential of R over Q is

∂R

∂Q
=

log K − Q log K

(Q − 1)2
= − log K

Q − 1
< 0 (18)

Therefore, R is a decreasing function of Q. Since 1 ≤ Q ≤ M ,
Qopt = 1.

This result shows that the performance of the conventional
ORBF has the optimal performance at the very low SNR region
even if the number of users is not large. While the performance
of single user scheduling has the optimal performance at the
very high SNR region even if the number of users is very large.
Lemma 1 and Corollary 1 show that the number of required
users for the optimal performance is increased with SNR as
well as the number of transmit antennas.

IV. SCHEDULING METHOD USING BEAM SUBSET

SELECTION

In the previous section, we show that there exists a optimal
number of multiplexed users for given average SNR and num-
ber of users. When Q < M , it is possible to select Q or-
thonormal random vectors among M orthonormal random vec-
tors to maximize SINRs. In this case, SINRs obtained by se-
lecting random beam vectors as well as selecting users can be
higher than SINRs of the conventional ORBF. In this section,
we present scheduling method using beam selection to improve
the ORBF.

We assume Q users are selected among K users at the base
station where 1 ≤ Q ≤ M . Using M × M random unitary
matrix with isotropic distribution [6], M random orthonormal
beams are constructed. Q random beams is used among con-
structed M random beams and there are possible J =

(
M
Q

)
beam subset defined as Sj ⊆ {1, ...,M} for j = 1, ..., J . The
kth receiver can compute the following SINRs.

SINRk,m(Sj) =
|hkvm|2∑

i�=m,i∈Sj
|hkvi|2 + 1/ρ

, ∀m ∈ Sj ,∀ j

(19)

The desired beam mk and the preferred beam subset index jk

are selected as follows.

{mk, jk} = arg max
1≤j≤J

max
m∈Sj

SINRk,m(Sj) (20)

Each mobile feeds back the maximum SINR, i.e. γk =
max1≤j≤J maxm∈Sj

SINRk,m(Sj) and the corresponding in-
dices mk, jk.

The base station transmitter schedules Q users using the
feedback information. Since the preferred beam subset of each
user can be different, the scheduling algorithm is a little more
complicated than the conventional ORBF. The scheduling

procedure is composed of the following 2 steps.

Step 1: The users with the same beam index and the same
beam subset index are grouped as Dm,j = {k|mk = m, jk =
j}, ∀m ∈ Sj , ∀ j and then a user with maximum SINR is
selected for all m, j.

k(m, j) = arg max
k∈Dm,j

γk ∀m ∈ Sj , ∀ j if Dm,j �= φ (21)

Step 2: The selected users for each group in step 1
are sorted according to the beam subset index j, Uj =
{k(m, j)|mk(m,j) ∈ Sj}, ∀j. Among the user subsets accord-
ing to beam subset, a user subset with maximum sum through-
put is selected.

j∗ = arg max
1≤j≤J

∑
k∈Uj

log(1 + γk(m,j)) (22)

Then the optimal user subset is Uj∗ and the optimal beam sub-
set is Sj∗ .

In the conventional ORBF, since Q is equal to M and Sj =
{1, ...,M}, the scheduling of the conventional ORBF needs
only step 1 . However, in the proposed scheme, since Q ≤ M
and Sj ⊆ {1, ...,M}, it is possible to exist a user subset for
each beam subset Sj for j = 1, ..., J . Therefore, the step 2
to select a user subset among the user subsets according to the
beam subsets is additionally needed.

The upper bound of the average sum throughput can be sim-
ply expressed.

R ≤ E


 max

1≤j≤J

∑
m∈Sj

log
(

1 + max
1≤k≤K

SINRk,m(Sj)
)



≤ QE

[
log

(
1 + max

1≤k≤K,1≤j≤J
SINRk,m(Sj)

)]
(23)

In order to evaluate the upper bound of the throughput, we
should find the distribution of SINRk,m(Sj). The probabil-
ity density function (pdf) and cumulative distribution function
(cdf) of SINRk,m(Sj) can be obtained using similar method as
described in [4].

fs(x) =
e−x/ρ

(1 + x)Q

(
1
ρ
(1 + x) + Q − 1

)
(24)

Fs(x) = 1 − e−x/ρ

(1 + x)Q−1
, x ≥ 0. (25)

We assume that SINRk,m(Sj) for k = 1, ...,K, j =
1, ..., J are i.i.d. random variables. Then,
max1≤k≤K,1≤j≤J SINRk,m(Sj) = max1≤g≤KJ SINRm,g

and its cdf is [Fs(x)]KJ . Using the extreme order statistics
[4, 7], we can obtain the following result.

Lemma 2: Let SINRm,g for g = 1, ...,KJ are i.i.d. random
variables with pdf (24) and cdf (25). Then, for sufficiently large
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Figure 2: The throughput performance according to Q, number
of users vs. throughput for M=4, average SNR=10dB

K, the maximum SINR has the following characteristic.

Pr
{∣∣∣∣ max

1≤g≤KJ
SINRk,m,j − uG

∣∣∣∣ ≤ ρ log log KJ

}

≥ 1 − O

(
1

log KJ

)
(26)

where

uG = ρ log KJ − ρ(Q − 1) log log KJ + O(log log log KJ)
(27)

Proof: The proof follows [3,Appendix A].
Lemma 2 represents the limiting distribution of maximum
SINR is converges to uG and it shows the converged value is
proportional to K,J and inversely proportional to ρ,Q. There-
fore, the SINR gain by the beam subset selection is represented
as

uG

uK
=

log KJ − (Q − 1) log log KJ + O(log log log KJ)
log K − (Q − 1) log log K + O(log log log K)

(28)

It shows that SINR gain is proportional to J =
(
M
Q

)
.

Using Theorem 1 in [4], R is straightforwardly induced as

R ≤ Q log (1 + uG + ρ log log KJ) + O(1) (29)

The optimal number of Q can be similarly obtained as Lemma
1 and Corollary 1.

V. NUMERICAL RESULTS

We assume that the channel is invariant within a scheduling
interval 2ms. Simulation is achieved over 2000 scheduling in-
tervals. We assume that the channel of each antenna of each
user is identically independent Rayleigh distributed. Fig. 2 and
Fig. 3 show that the throughput vs. SNR and number of users
when M = 4 and Q = 1, 2, 3, 4. In Fig. 2, at the large number
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Figure 3: The throughput performance according to Q, average
SNR vs. throughput for M=4, K=100
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beam selection with Qopt
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Figure 4: Performance comparison with the conventional
ORBF[4], number of users vs. throughput for M=4, average
SNR=10dB

of users, since it is easy to select user subset with lower inter-
ference, the throughput is increased as Q is increased. Other-
wise, when the number of users is small, since it is difficult to
select user subset with lower interference, the throughput is de-
creased with Q. In Fig. 3, when SNR is small, the throughput is
increased with Q since multiuser interference is not dominant.
However, as SNR is increased, since multiuser interference is
more dominant than noise, the throughput is bounded as SNR
is increased. In Fig. 4 and Fig. 5, the throughput of the conven-
tional ORBF, the ORBF with optimal Q and the beam subset
selection method with optimal Q are compared where ORBF
with optimal Q means M = Qopt and Q = 4 for the conven-
tional ORBF. Fig. 4 is the throughput vs. the number of users
when the average SNR is 10dB. The ORBF with the optimal
Q outperforms the conventional ORBF since the optimal Q is
less than M . Since the beam subset selection method has lower
interference than the beam subset selection with optimal Q, the
beam subset selection has the highest throughput. Fig. 5 shows
that the throughput performance gap between the conventional
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Figure 5: Performance comparison with the conventional
ORBF [4], average SNR vs. throughput for M=4,K=10,100
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Figure 6: Number of users vs. Throughput when PF sched-
uler is used for M=4 and the average SNRs of all users are
uniformly distributed between 0dB and 30dB

ORBF and the beam subset selection is increased with the av-
erage SNR since the throughput of the conventional ORBF is
bounded with the average SNR.

In practical cellular environment, each user has the differ-
ent average SNR due to the different pathloss. To maximize
throughput while satisfying fairness, the proportional fair(PF)
scheduler is used[9]. In Fig. 6, the performance of the con-
ventional ORBF and the proposed scheme is compared when
the PF scheduler is used and the average SNR of each user is
uniformly distributed between 0dB and 30dB for M = 4. In
this case, the optimal Q is determined by the number of users.
It shows the ORBF with optimal Q outperforms the conven-
tional ORBF since the ORBF with optimal Q is proportional
to the average SNR and then it provides more throughput than
the conventional ORBF for the higher SNR users with the same
amount of resource. Moreover, by the beam selection diversity
gain, the beam subset selection with optimal Q outperforms the
ORBF with optimal Q.

VI. CONCLUSION

In this paper, we propose an efficient scheduling method using
the beam subset selection method to improve ORBF. The con-
ventional ORBF has interference limited and it means there ex-
ists the maximum number of multiplexed users. In this paper,
we find the optimal number of multiplexed users. When the
number of multiplexed users is less than the number of trans-
mit antennas, selecting the beam subset with maximum SINRs
provides SINR gain to ORBF. We present an efficient schedul-
ing method using beam subset selection. For the unequal av-
erage SNR users, the use of the proportional fair scheduler in
the proposed scheme provides the significant performance gain
due to the property that the throughput is proportional to SNR.
In the future research, we extend to the case that each user has
linear receiver with multiple antennas.
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