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Adaptive MIMO Decision Feedback Equalization for
Receivers With Time-Varying Channels

Jihoon Choi, Heejung Yu, and Yong H. Lee, Senior Member, IEEE

Abstract—In an attempt to reduce the computational complexity
of vertical Bell Labs layered space time (V-BLAST) processing
with time-varying channels, an efficient adaptive receiver is devel-
oped based on the generalized decision feedback equalizer (GDFE)
architecture. The proposed receiver updates the filter weight vec-
tors and detection order using a recursive least squares (RLS)-
based time- and order-update algorithm. The convergence of the
algorithm is examined by analysis and simulation, and it is shown
that the proposed adaptive technique is considerably simpler to im-
plement than a V-BLAST processor with channel tracking, yet the
performances are almost comparable.

Index Terms—GDFE, MIMO-DFE, RLS algorithm, V-BLAST.

I. INTRODUCTION

ALTHOUGH the V-BLAST architecture can provide high
spectral efficiencies when multiple antennas are used at

both the transmitter and the receiver [1], [2], its application to
systems with time-varying channels is difficult because of an
excessive computational load. Given transmitter and re-
ceiver antennas, the V-BLAST algorithm successively detects
the transmitted symbols from received symbols at time .
It determines the optimal ordering for the successive detection
and computes the nulling vectors at each iteration. For time-
varying channels, the detection ordering and nulling vectors
need to be updated for each time, plus the channel parameters
should be tracked. These update and tracking operations in the
time domain require excessive computations. To overcome this
drawback, a simplified policy for updating and tracking is pro-
posed in [3], where the V-BLAST detection is updated block-
wise, and the channel tracking is interpolation-based, thereby
creating a tradeoff between complexity and performance.

As an alternative approach to detecting multiple-input mul-
tiple-output (MIMO) systems in time-varying channels, the
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adaptive techniques in [4]–[7] may be employed.1 By suc-
cessively detecting the transmitted symbols at each time,
the adaptive decorrelating detector in [4] can suppress the
co-channel interference caused by spatial multiplexing, but it
requires channel estimation to determine the order of detection.
The adaptive decision feedback equalizers (DFEs) in [5] and
[6] are useful for reducing intersymbol interference (ISI) in
MIMO systems over frequency-selective channels. However,
they are not suitable for reducing the co-channel interference;
in the DFEs, the transmitted symbols at each time are simul-
taneously detected without considering the order of detection.
The adaptive method in [7] is a blind technique, whereas the
receivers in [4]–[6] are data aided.

In this paper, we develop another adaptive technique for de-
tecting MIMO systems in time-varying channels. The proposed
scheme is a data-aided adaptive MIMO-DFE based on the gen-
eralized DFE (GDFE) architecture [9]. For each time, the tap
weight vectors are updated using an RLS-based time- and order-
update algorithm and detection ordering determined according
to a least squares error (LSE) criterion. Since the proposed algo-
rithm does not require explicit channel tracking, its implemen-
tation is simpler than V-BLAST detection. Computer simula-
tion results indicate that the proposed receiver can perform like
V-BLAST with channel tracking and outperform the decorre-
lating detector in [4].

The remainder of this paper is organized as follows. The
proposed adaptive MIMO-DFE is derived in Section II and its
complexity compared with V-BLAST detection in Section III.
In Section IV, the convergence of the proposed algorithm is
demonstrated in a stationary environment. Finally, Section V
compares the bit error rate (BER) performances of the proposed
MIMO-DFE and a V-BLAST processor.

II. PROPOSED ADAPTIVE MIMO-DFE

Fig. 1 shows the signal model and structure of the adaptive
MIMO-DFE. The symbols in are simultaneously trans-
mitted through antennas and received by antennas to yield
an -dimensional vector , which is given by

(1)

where is an channel matrix whose elements
represent independent flat fading channels, and denotes

1The receivers in [4] and [5] were originally developed for multiuser detec-
tion in code division multiple access (CDMA) channels, but they can be applied
to the MIMO systems because V-BLAST with the M transmitter and N re-
ceiver antennas can be viewed as an M -user CDMA system with spreading
factor N [8].
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Fig. 1. MIMO-DFE structure.

Fig. 2. Detailed architecture of MIMO-DFE.

noise. The received vector is passed through the feedfor-
ward filter that corresponds to the nulling vectors of V-BLAST
detection [9]; then, the already-determined signals are can-
celled via decision feedback filtering. The receiver successively
detects the transmitted symbols in (see Fig. 2). The
detection is started with linear equalization, and the degree
of decision feedback increases with the number of detected
symbols. The filter tap weight vectors and order for detecting
the symbols are updated for each time. To be specific,
the following notations are introduced: denote
the -dimensional feedforward weight vectors;
denote the -dimensional feedback weight vectors;

; and
denote the th detected symbol and corresponding equalizer
output, respectively, where . The output of
the equalizers can be represented as

(2)

where , and
when . For notational convenience, define

(3)

and

(4)

Then, (2) is rewritten as

(5)

When the channel is fixed, the optimal detection order under
the minimum mean square error (MMSE) criterion can be
written as

(6)
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where , , and
. Given the detection order in (6), the optimal

weight vector for the th equalizer minimizing the mean square
error (MSE) can be represented
as

(7)

Note that is time invariant because the channel is fixed.
MIMO-DFE with the optimal detection order in (6) and the
weight in (7) is identical to V-BLAST associated with the
MMSE criterion [9].

When the channel is time-varying, the weight and detection
order need to be determined in an adaptive manner. The adapta-
tion rules for the proposed receiver are derived in the following
two subsections. The first part describes the rule for weight up-
dating when the detection order is given. This
rule is then extended for updating both the weight and detec-
tion order in the second part. The adaptation rules are derived
under the assumption that training vectors are available
during the initialization period. After the initialization, the adap-
tive receiver is switched to the decision-directed mode. In what
follows, the adaptation rules are only described for the deci-
sion-directed mode.

A. Weight Update for Fixed Detection Order

Suppose that the detection order is known
and fixed. In this case, the weight vectors in (3) can
be obtained by solving the standard least squares (LS) problem.
Specifically, the following LS cost function is minimized:

(8)

where is the forgetting factor that satisfies . The
optimal tap weight minimizing is given by

(9)

where is the time-averaged correlation matrix defined by

(10)

and is the time-averaged cross correlation vector de-
fined by

(11)

It is well known that the optimal weight in (9) can be calculated
recursively using the RLS algorithm, which is summarized as
follows.

Time-Update RLS Algorithm: Given
, evaluate for each

(12)

(13)

(14)

(15)

where is the gain vector, and is the a priori estima-
tion error defined by

(16)

The time update RLS algorithm requires opera-
tions (multiplications and additions) for each . The compu-
tational load for evaluating can be reduced by per-
forming an order-update that utilizes the relation between the
correlation matrix of the th DFE and that of the th
DFE . Next, the order-update algorithm is derived.

From (10), is expressed as

(17)

where

(18)

Using the matrix inversion lemma [10], is written as

(19)

where

(20)

The relation between in (4) and is expressed
as

(21)

Using (19) and (21) in (12), the following recursive equation for
is obtained:

(22)

The order-update algorithm for evaluating
is summarized below.

Order-Update Algorithm:

Step 1) Given , calculate , , ,
and using the time-update equations in
(12)–(15).

Step 2) For each , , first obtain
using the order-update equation in (22). Then,

and are evaluated from the
time-update equations in (13) and (15).

The order-update algorithm is simpler to implement than the
time-update algorithm for the following reasons.

• The recursion in (22) requires multiplications,
whereas the time-update in (12) needs multipli-
cations.

• The order-update only needs for start-up and
does not require the update of
in (14).

The order-update algorithm needs operations for ob-
taining .
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B. Updating Both Weight and Detection Order

To determine the weight and detection order for
the th DFE, the set of candidate weight vectors and the LSEs in
(8) for all candidate symbols are evaluated. Then, the detection
order is determined by selecting the symbol associated with the
minimum LSE, and the weight corresponding to the detection
order is chosen from the set of candidate weights.

Suppose that , , and
are given. Then, the set of candidate weight vectors is

defined as , where

(23)

and ( is a set encom-
passing all indices of the symbols to be detected from the th
iteration). Note that in (23) becomes the same as

in (9) if is replaced with the detection order . The
LSEs at the th DFE are defined by

(24)

where . Then, the detection order is represented as

(25)

When the channel is fixed and , converges
to the MSE associated with at the th DFE as increases,
and thus, the detection order in (25) converges to the optimal
order in (6). After some calculation, (24) is rewritten as

(26)

where and are defined in (18) and (11), respec-
tively. This equation indicates that the LSE can be
easily obtained once the candidate weight is given. In
what follows, we develop an efficient order-update process for

.
The order update algorithm in the previous subsection cannot

be directly applied to the evaluation of because the
detection order is unavailable. Therefore, instead of using (22),

and are separately updated in (23). Recall that
can be obtained using the recursion in (19). To repre-

sent in terms of , it is convenient to define
the -by- cross-correlation matrix given by

(27)

where . When denoting the
th entry of by , then in (11) can be

represented as

(28)

and becomes

(29)

Furthermore, in (18) can be written as

(30)

From (19) and (29), it can be shown that

(31)

where . Using (30), in (26) can
be rewritten as

(32)

In the proposed adaptation rule, both the detection order
and the candidate weights

are obtained at each time , under the assumption
that the detected symbols at time , are
available. To satisfy this assumption, are evaluated
using the weight and the detection order at time . Specifi-
cally, we obtain

decision (33)

where is the detection order at time . The proposed
rule, which will be referred to as Algorithm 1, is summarized as
follows.

Algorithm 1

Step 1) Initialization:

for all

for all

where is a small positive
constant.

Step 2) Iterative equalization and
decision:
i)
ii) For , calculate

in (33).
Step 3) Cross-correlation update:

evaluate in (27).
Step 4) Weight and detection order

update:
i) Compute , and

using the time-up-
date equations in (12)–(14).
Then evaluate the following
time-update equation
corresponding to (15):

(34)
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for all , .
ii) For :

• Evaluate in (32) for
all , and obtain in
(25).

•
• Evaluate for all

using (31).
Step 5) Go to Step 2.

During a training period in which the true symbol vector
is known, Step 2 ii) is unnecessary. When the channel

is slowly varying, it may not be necessary to update the detec-
tion ordering for each time. In fact, simulation results for slowly
varying channels showed that neighboring detection orderings
from Algorithm 1 are often identical. The fact that detection or-
derings for and are the same indicates that the
detection ordering is known when calculating ; thus, the
weight can be efficiently updated using (22), (13), and
(15), instead of Step 4 in Algorithm 1. These observations lead
to the following adaptation procedure, called Algorithm 2, that
sparsely updates the detection ordering.

Algorithm 2
This algorithm is identical to Algo-

rithm 1 with the exception that Step 4
ii) in Algorithm 1 is replaced with the
following:

ii) If is a multiple of ,
which is a positive integer,
then follow Step 4 ii) in
Algorithm 1. Otherwise, for

, evaluate
using (22), (13), and

(15).

Algorithm 2 updates the detection ordering every symbol
period and becomes Algorithm 1 when .

III. COMPLEXITY COMPARISON

This section compares the complexities for implementing
the proposed algorithms and the V-BLAST method with RLS
tracking.

One of the most efficient algorithms for V-BLAST is in
[8], which performs QR decomposition, inversion of an upper
triangular matrix, reordering, and triangularization of the
reordered matrices. When , these operations need

complex multiplications and complex
additions, whereas RLS channel tracking requires
operations. Table I compares the complexities of Algorithm 1
and the corresponding V-BLAST-based method (the detection
order is updated for each time). Both methods require
operations, yet the proposed algorithm provides some savings
in computation. For example, as shown in Table I(b), when

, the number of complex multiplications is
reduced by 25.3% (14.0%). In the case of Algorithm 2, where

TABLE I
(a) REQUIRED NUMBER OF ARITHMETIC OPERATIONS PER SYMBOL (M = N)
IN ALGORITHM 1 AND CORRESPONDING V-BLAST (DETECTION ORDERINGS

ARE UPDATED FOR EACH TIME). (b) NUMBER OF OPERATIONS AND

REDUCTION RATIO WHEN M = 4, 8, AND 12

TABLE II
(a) REQUIRED NUMBER OF ARITHMETIC OPERATIONS PER SYMBOL (M = N)
IN ALGORITHM 2 AND CORRESPONDING V-BLAST (DETECTION ORDERINGS

ARE UPDATED EVERY  SYMBOLS). (b) NUMBER OF OPERATIONS AND

REDUCTION RATIO WHEN M = 4, 8, AND 12, AND  = 8

the detection order is updated every symbols, additional sav-
ings can also be made. Table II lists the number of operations
for this case. Note that both methods become simpler to im-
plement; however, in this case, the proposed Algorithm 2 only
needs operations when , whereas V-BLAST
still requires operations. Therefore, the computational
savings of Algorithm 2 over V-BLAST can be more significant.
For example, when and , the number of
complex multiplications is reduced by 36.3% (14.8%).

IV. CONVERGENCE ANALYSIS

The aim is to demonstrate the convergence of Algorithm 1
when the channel is time-invariant. However, since directly
proving the convergence is formidable, because of the detection
order that is updated for each time, an indirect approach is
taken based on the observations stated below.

• For time-invariant channels, the optimal detection order is
fixed for all .
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• Assuming that the detection order of Algorithm 1 con-
verges to the optimal order, Algorithm 1 approaches the
RLS algorithm in (12)–(15).

In what follows, we first analyze the convergence of the RLS
algorithm in (12)–(15), adopting the analysis in [11]. Then, the
convergence of Algorithm 1 is indirectly demonstrated by com-
paring the analytical results with the corresponding simulation
results for Algorithm 1.

A. Convergence of RLS Algorithm

For the analysis, the following assumptions were made.

• The noise vector is an independent and identically
distributed (i.i.d.) complex Gaussian with a zero mean and
variance of .

• The transmitted symbol vector satisfies
, where is the -by-

identity matrix.
The estimation error of the th ideal equalizer is de-

fined by

(35)

where is the optimal weight vector, which is constant over
a fixed channel. It is assumed that is white with a zero
mean and variance of , which is written as

(36)

where is the th column of a fixed channel matrix , rep-
resents the -dimensional null vector, and is the ensemble-
averaged correlation matrix given by

(37)

Here, . Note that in (36) is a
function of the noise variance . Adopting the analysis in [11],
we can show the following.

For

tr

tr

(38)

where is the weight error vector given by
.

(39)

Fig. 3. MSE of tap weight vectors when M = 4, N = 4, and E =N =

15 dB.

where is a priori estimation error defined by
.

In (38) and (39), the approximation can be replaced with the
equality when , and the approximation error for
decreases as increases. The mean-square value of yields
a learning curve for the RLS algorithm. Next, the theoretical
results in (38) and (39) are compared with the corresponding
simulation results for Algorithm 1.

B. Comparison Between RLS Theory and Behavior of
Algorithm 1

The received signal vector was generated under the
following assumptions: The elements of the channel matrix
were i.i.d. complex Gaussian with unit power and a zero mean;

was fixed during a burst; was composed of Hadamard
sequences of length 128; and was i.i.d. complex Gaussian
noise with a zero mean. The number of antennas was set at

; the forgetting factor ; and dB.
In the simulation, the empirical MSE values were obtained
through 200 independent trials using Algorithm 1. The optimal
detection ordering for was obtained and used for evaluating
the theoretical values in (38) and (39).

Fig. 3 compares the theoretical MSE values for the RLS weight
vectors in (38) with the experimental MSEs for the weights from
Algorithm 1. Fig. 3 shows a good agreement between the RLS
theory and the experiment with Algorithm 1, when . The
divergence between the theoretical and experimental curves in
the first tens of iterations was caused by the approximation in
(38). The learning curve corresponding to is shown
in Fig. 4. The theoretical MSE in (39) reached a steady-state after
about 14 iterations and was close to
that of the experimental MSE from Algorithm 1. The results in
Figs. 3 and 4 indicate that Algorithm 1 acted like a bank of RLS
algorithms after about 20 iterations and converged to the optimal
detection order.
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Fig. 4. Learning curves for second equalizer of Algorithm 1 when M = 4,
N = 4, and E =N = 15 dB.

V. SIMULATION RESULTS

This section compares the BER performance of the proposed
adaptive MIMO-DFE with that of V-BLAST and the receivers
in [3] and [4]. In the simulation, the following parameters were
assumed: QPSK was used; the channels were independent
Rayleigh flat fading, and each channel between a transmit and
receive antenna pair was varied based on the Jakes model [12];

was i.i.d. complex Gaussian noise with a zero mean. The
vectors were grouped into frames consisting of 160
vectors, where the first 32 vectors were training vectors. The
number of antennas was set at . MMSE detection
was used for all V-BLAST receivers, and the sub-block size
was 4 for the receiver in [3]. For the V-BLAST receivers, the
channel was estimated using the RLS algorithm, and the noise
variance was obtained by

(40)

In the adaptive decorrelating detector in [4], the order of detec-
tion was determined based on a zero-forcing criterion, using the
estimated channel at the end of the training period. The detec-
tion order was fixed and used for processing all data vectors in
a frame. The tap weights of the decorrelating detector were ad-
justed using the time-update RLS algorithm in (12)–(15).

To examine the performance of the proposed algorithm for
determining the detection order, the following error measure
was defined:

(41)

where and denote the detection orders determined by Al-
gorithm 1 and the optimal V-BLAST receiver based on known

Fig. 5. Mean ordering error curves when M = 4, N = 4, and E =N =

15 dB. Here, f T denotes the normalized Doppler frequency.

Fig. 6. Comparison of BER performances whenM = 4,N = 4, and f T =

0:0005.

channels, respectively, and is the unit sample sequence.
is called the ordering error. It becomes zero

when for all , and . Fig. 5
shows the mean ordering error curves that were obtained by
averaging over 500 independent trials. The ordering er-
rors converged to steady-state values after about 40 iterations.
As expected, the steady-state ordering error for the time-varying
channel was larger than that for the fixed channel. The steady-
state ordering error is a cause of performance degradation in
Algorithm 1.

Fig. 6 shows the BER against when the normalized
Doppler frequency . The step size was
0.95, which was the optimal for the given . The proposed
receiver exhibited an almost identical performance to the
V-BLAST processor with channel tracking, yet outperformed
the schemes in [3], [4], and the V-BLAST receiver without
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Fig. 7. Comparison of BER performances for various f T values whenM =

4, N = 4, and E =N = 15 dB.

Fig. 8. BER performances of Algorithm 1 and 2 when M = 4, N = 4, and
f T = 0:0005 (Algorithm 2 becomes Algorithm 1 when  = 1).

channel tracking.2 The BER values for the V-BLAST receiver
with known channels, which is actually impractical, provided
a performance bound. Comparing the receivers in [3], [4],
and the V-BLAST without channel tracking, the receiver in
[3] outperformed the others, and the V-BLAST performed
the worst. This happened because the receiver in [3] updated
both the tap weights and the detection order, whereas the
decorrelating detector in [4] only updated the tap weights, and
the V-BLAST employed fixed parameters. Fig. 7 presents the
BER against when dB. Again, the proposed
and V-BLAST with channel tracking acted in a similar manner
and outperformed the others. Fig. 8 shows the performance of

2The tap weights and detection order for the V-BLAST without channel
tracking were determined during the training period and used for data pro-
cessing without adaptation.

the proposed algorithm when the detection ordering was peri-
odically updated. When the period of detection order-update
was less than a 24-symbol time, the performance loss caused
by the sparse ordering was less than 1.2 dB at BER .

VI. CONCLUSION

Adaptive algorithms for MIMO-DFE were proposed for re-
ceivers with time-varying channels. The proposed receivers up-
date the weight vectors through time- and order-update opera-
tions and adaptively determine the detection ordering according
to an LSE criterion. With time-varying channels, the proposed
techniques are simpler to implement than a V-BLAST processor
with RLS channel tracking, yet the performances are compa-
rable. Extending the proposed algorithms to frequency-selective
fading channels remains to be investigated.
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