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Computational Performance Bounds for Markov Chains
With Applications

James R. Morrison, Member, IEEE, and P. R. Kumar, Fellow, IEEE

Abstract—For Markov chains exhibiting translation invariance of their
transition probabilities on polyhedra covering the state space, we develop
computational performance bounds for key measures of system perfor-
mance. Duality allows us to obtain linear programming performance
bounds. The Markov chains considered can be used to model multiclass
queueing networks operating under affine index policies, a class of policies
which subsume many that have been proposed.

Index Terms—Dynamic programming, Markov processes, queueing
analysis, semiconductor device manufacture.

I. INTRODUCTION

Markov chains may serve to model many modern systems such as
supply chains, transportation networks, automation systems, manufac-
turing plants and communication networks. Though Markov chains
provide a modeling framework, in general, their application is limited
by the curse of dimensionality. By restricting attention to a special class
of Markov chains, we develop a linear programming (LP) performance
bound for key performance measures of interest. The bounds suffer
less from the curse of dimensionality than the corresponding optimal
control or exact solution methods. Our work extends the thread of re-
sults that includes [1]–[5] to address affine-index policies in multiclass
queueing networks.

The contribution of this note is that a class of Markov chains that
may be used to model multiclass queueing networks under affine
index policies is amenable to LP bound techniques. In [1] and
[2], performance bounds for multiclass queueing networks operating
under static (buffer) priority policies were obtained by deducing
linear constraints that the buffer levels must satisfy. These constraints
characterize a region of possible mean values for the buffer levels.
Minimizing or maximizing the sum of the mean buffer levels over
the region described by the linear constraints yields a lower or upper
bond on the mean work in process (WIP), respectively. Bounds for
the class of all nonidling policies are obtained by simply imposing
no policy constraints. Computational stability tests were developed
in [3] by considering the dual of the LPs of [2]. In [4] and
[5], tighter bounds were obtained by directly formulating an LP
to obtain the coefficients of a surrogate for the differential cost
function in an inequality relaxation of the average cost equation
of dynamic programming. There, too, the policies were restricted
to static (buffer) priority policies or all nonidling policies.

As in [4] and [5], the starting point for the development of our
LP bounds is the well-known average cost inequality. We propose a
simple quadratic surrogate for the differential cost function (whose
coefficients are to be found) and suppose that the transition probabilities
of our Markov chain are translation invariant on polyhedra. The
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result is a bilinear program whose value is a bound on the linear
cost function. Appealing to duality, the program may be reduced
to an LP. The class of Markov chains considered may be used
to model open multiclass queueing networks under affine index
policies (thereby subsuming the bounds of [1], [2], [4]). Note that
the bounds obtained here for open reentrant queueing networks
under static (buffer) priority policies are equivalent to those of
[4] (though duality was not required in previous approaches as no
bilinear program need appear for such policies).

Two related caveats are of import. First, the form of the surrogate
for the differential cost function chosen (e.g., quadratic, piecewise
quadratic, geometric) will result in bounds with varying tightness (as
in previous work). Quadratic surrogates and some other functions have
been employed in [6]. In [7], a piecewise quadratic function based on
fluid model considerations is shown to possess theoretically appealing
properties. In [8], this surrogate was coupled with the inequality
reduction techniques of this paper (our main result) to obtain improved
lower bounds on the performance of the optimal policy. As is proved
in [8] for the optimal policy, surrogates can be found so that the lower
bound is arbitrarily close to the actual performance (at increasing
computational cost). Second, the complexity of the computational
procedure developed increases as one considers richer classes of sur-
rogates and model features. Though, in general, still hindered by the
curse of dimensionality, larger models than before will be amenable
to analysis through our approach.

An earlier conference version of this note appeared in [9] without
proofs. Here, a more general framework to obtaining bounds for an
important class of Markov chains is developed (rendering [9] a special
case, which is discussed in Section III). In addition, we give bounds on
the computational complexity.

The note is organized as follows. In Section II, we recall the average
cost inequality and develop the general linear programming (LP) per-
formance bound theorem. In Section III, we employ a quadratic surro-
gate for the differential cost function and obtain bounds for queueing
networks operating under affine index policies. Extensions are men-
tioned. In Section IV, we provide concluding remarks.

II. PERFORMANCE BOUNDS FOR MARKOV CHAINS

Our attention is focused on the class of Markov chains satisfying the
following assumptions.

Assumption A1: The Markov Chains: We consider a discrete-time,
time-homogeneous Markov chain with a countable state space S �
ZK
+ . The transition probability from state x to state y in a time step is

denoted as px;y for x; y 2 S .
Assumption A2: The Cost Function: Let c(x), for x 2 S , denote

the finite valued cost function, and x(k), denote the state at time
k. We assume that the initial state x(0) is deterministic (and hence
Ejc(x(0))j = jc(x(0))j < +1), and further that Ejc(x(k))j < +1
for every k.

If one can find a constant J and a surrogate for the differential cost
function W (x), which satisfy an inequality relaxation of the average
cost equation, then J is a bound on the long term average cost. The
subsequent lemma states this well-known fact and is provided without
proof (see, for example, [5] for a proof).

Lemma 2.1. Average Cost Inequality Performance Bounds: Con-
sider a Markov chain satisfying Assumptions A1 and A2.

i) If W : S ! R and J 2 R satisfy

J +W (x) � c(x) +
y2S

px;yW (y); 8x 2 S; (1)
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Fig. 1. The relative transition probabilities are constant in each polyhedron.

and limN!1[EW (x(N))=N ] � 0; then

J � lim inf
N!1

1

N

N�1

k=0

E[c(x(k))]: (2)

ii) If W : S ! R and J 2 R satisfy

J +W (x) � c(x) +
y2S

px;yW (y); 8x 2 S (3)

and limN!1[EW (x(N))=N ] � 0; then

J � lim sup
N!1

1

N

N�1

k=0

E[c(x(k))]: (4)

For multiclass queueing network models with exponential interar-
rival and service time distributions, one can remove the lower bound
restriction that limN!1[EW (x(N))=N ] � 0. See, for example, [3],
[4], and [8]. In Section III, we employ this fact and further eliminate
the restriction for the upper bound, as well.

The subclass of Markov chains amenable to our analysis is char-
acterized by translation invariant transition probabilities on covering
polyhedra. That is, there are polyhedra covering the state space with
the following property. For all states within a polyhedron, the proba-
bility of transition from one state to another is only a function of the
difference between those states; see, Fig. 1.

Assumption A3: The Transition Probabilities: The state space S can
be covered byM nonempty polyhedraHm := fx 2 S : Amx � bmg
for 1 � m � M , with [Mm=1H

m = S , such that there is a function
fm(�) on each polyhedron satisfying px;y = fm(y � x); 8x 2 Hm.

We say a Markov chain satisfying Assumption A3 exhibits transla-
tion invariance of its transition probabilities on polyhedra. Let hm

denote the number of linear constraints characterizing Hm.
Further, restrict attention to cost functions c(x) which are linear in

the state, that is c(x) := cTx, and posit a quadratic surrogate for the
differential cost function W (x) = pTx + (1=2)xTQx, where p and
Q = QT are coefficients to be determined (via an LP). One can employ
duality combined with Lemma 2.1 to obtain LP performance bounds.
Note that one can readily generalize to a piecewise quadratic surrogate
(say, inspired by fluid model considerations, e.g., [8]).

The definitions for dm and rm which follow are employed in The-
orem 2.1. Let

dm :=

fz2Z g

fm(z) pT z +
1

2
zTQz (5)

rm := c+

fz2Z g

fm(z)Qz (6)

for each Hm. When the Markov chain has uniformly bounded jumps,
the summation terms in (5) and (6) have a finite number of nonzero
terms.

Theorem 2.1: Computational Performance Bounds for Markov
Chains via Linear Programming: Consider a Markov chain satisfying
Assumptions A1, A2 and A3 with linear cost function c(x) := cTx.

i) Let (J; p;Q; and vectors ym,for m 2 f1; . . . ;Mg) be the deci-
sion variables in the following linear program T :

Max J (7)

subject to

(Am)T ym � rm

(bm)T ym � J � dm

ym � 0; for allm 2 f1; . . . ;Mg (8)

where dm and rm are as in (5) and (6), respectively, for
each m 2 f1; . . . ;Mg. If W (x) := pTx + (1=2)xTQx,
corresponding to a feasible solution of the LP, is such that
limN!1[EW (x(N))=N ] � 0, then J is a lower bound on the
average cost as in (2).

ii) Let (J; p;Q; and vectors ym,for m 2 f1; . . . ;Mg) be the deci-
sion variables in the following linear program T :

Min J (9)

subject to

(Am)T ym � �rm

(bm)T ym � dm � J

ym � 0; for all m 2 f1; . . . ;Mg (10)

where dm and rm are as in (5) and (6), respectively, for
each m 2 f1; . . . ;Mg. If W (x) := pTx + (1=2)xTQx,
corresponding to a feasible solution of the LP, is such that
limN!1[EW (x(N))=N ] � 0, then J is an upper bound on
the average cost as in (4).

iii) The LPs T and T have at most [(K2+3K+2)=2]+ M

m=1
hm

variables and at mostM(K+1) inequalities (excluding the non-
negativity constraints on ym).

Proof: i) Consider the lower bound inequalities of (1) in the re-
gion Hm. With the surrogate W (x) = pTx + (1=2)xTQx, where p
and Q = QT are coefficients to be determined, we can apply the def-
inition of fm( � ) and let z := y � x to obtain

J � dm + (rm)Tx; 8 x 2 fx : Amx � bm; x � 0g: (11)

The definitions of dm and rm are given above the theorem statement
in (5) and (6). The inequalities of (11) have an overall form which is
bilinear in x and (p;Q), for x 2 Hm.

Relax x to allow it to lie in the real nonnegative orthant RK
+ , rather

than just the nonnegative integer lattice (the inequalities will hold on
ZK+ if they hold onRK

+ ). The inequalities of (11) hold if and only if J;
dm; and rm are such that the linear program fMin

x
[(rm)Tx+dm�J ] :

Amx � bm; x � 0g has value greater than or equal to 0. Note that
this latter LP is feasible since Hm is nonempty by Assumption A3.
Its value is, therefore, nonnegative if and only if the following feasible
linear program, denoted by L, has value VL � J � dm:

Min (rm)Tx; subject to Amx � bm and x � 0:

Note that the constant dm and the vector rm terms are linear in the
unknown variables (p;Q). These inequalities will hold if and only if
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Fig. 2. An open reentrant line.

the following dual of the linear program L, which we shall denote by
D, has value VD � J � dm:

Max(bm)T ym; subject to (Am)T ym � rm and ym � 0:

We have demonstrated that the inequalities of (11), and thus (1), for
all x 2 Hm hold if and only if there exists a ym � 0 such that
(Am)T ym � rm and (bm)T ym � J � dm. Repeating for each Hm

and recalling that Hm;m 2 f1; . . . ;Mg, forms a partition, the result
then follows from Lemma 2.1.

ii) The proof is similar.
iii) The variables (J; p;Q) number 1 +K + (K)(K + 1)=2 since

Q is symmetric. Associated with each m is a vector of variables ym.
Each consists of hm variables, totaling M

m=1
hm. For the number of

inequalities, for each m there is one inequality for the term with the J
and at most K inequalities for the term with rm.

III. AFFINE INDEX POLICIES IN REENTRANT QUEUEING NETWORKS

To illustrate the applicability of the above approach, we turn to
open reentrant line models as in [2], which have been employed to
model semiconductor fabricators. The procedure we develop applies
to exponential multiclass queueing networks, as well. Our focus is on
a class of stationary scheduling policies termed affine index policies
which possess a structure dovetailing naturally with the structural
assumptions of Lemma 2.1. Affine index policies subsume many
policies which have been proposed, such as policies based on fluid
models, policies based on Brownian motion models, buffer priority
policies, linear switch curve policies, hedging point policies, and the
Fluctuation Smoothing for the Mean Cycle Time (FSMCT) policy
([10]) (a variant of which has been implemented in a semiconductor
fabricator [11]). We also mention how to improve the bounds via
consideration of piecewise quadratic surrogates for the differential
cost function and how to bound the performance for the class of all
nonidling policies (and thereby obtain a lower bound on the optimal
policy restricted to the class of all nonidling policies).

A. Open Reentrant Lines

An open reentrant line, as depicted in Fig. 2, is a queueing network
consisting ofE stations f�1; . . . ; �Eg, at which customers receive ser-
vice, and L buffers fb1; . . . ; bLg at which customers await service.
Customers arrive to the network as a Poisson process of rate � to the
first buffer b1. After receiving service from the station catering to buffer
bi, a customer next moves to buffer bi+1 to await service from the sta-
tion catering to that buffer, unless i = L, in which case the customer
exits the system. Let �(i) 2 f�1; . . . ; �Eg denote the station catering
to customers in buffer bi and assume that the service time for such a
customer is exponentially distributed with mean 1=�i. We write i 2 �,
if �(i) = �, indicating that bi is in the constituency of station �. We
assume that interarrival and service times are independent and that all
processes are right continuous with left limits.

Let the vector x(t) := (x1(t); . . . ; xL(t))
T , where xi(t) de-

notes the number of customers in buffer bi (including any in

service) at time t, denote the state. Note, x(t) 2 ZL
+ , for all t. Let

u(t) := (u1(t); . . . ; uL(t))
T indicate the service decisions, where

ui(t) = 1 if a customer from buffer bi is in service at time t, and 0,
otherwise. We require

i2�
ui(t) � 1; for all � 2 f�1; . . . ; �Eg,

so that a station may have at most one customer in service at a given
time. Our focus is on the subset of stationary policies for which the
control decision is a function only of the number of customers in each
buffer, that is u(t) = u(x(t)). We assume that the policy is nonidling
(

i2�
xi(t) � 1 implies

i2�
ui(t) = 1) and implemented in a

preempt-resume fashion. Let U denote the class of all such policies.
To convert this system to a discrete-time controlled Markov chain,

we resort to uniformization. Rescale time so that � + L

i=1
�i = 1,

and consider that every buffer not receiving service from its station has
a virtual customer in service. Sample the system at time instants f�kg
(with �0 = 0) corresponding to arrivals and real or virtual service com-
pletions. Let xi(k) := xi(�k) and ui(k) := ui(�k)(ui(k) = ui(x(k))
for our stationary policies). Using ei to denote the unit vector with a 1
in the i-th position and zero otherwise (and eL+1 = (0; . . . ; 0)), the re-
sulting discrete-time controlled Markov chain has state space S = ZL

+

and transition probabilities px;x+e (u(x)) = � (corresponding to an
arrival), px;x�e +e (u(x)) = �iui(x) for i = 1; 2; . . . ; L (corre-
sponding to a real service completion), and px;x(u(x)) = 1 � � �

L

i=1
ui(x)�i (corresponding to virtual service completions).

B. Affine Index Policies

The class of affine index policies subsumes many well known poli-
cies and implies translation invariance of transition probabilities on
polyhedra in Markov chain models of reentrant (and general multiclass)
queueing networks.

Definition 3.1: An Affine Index Policy: is in U (in particular, non-
idling and preempt-resume) and assigns to each buffer bi an index
�i : �i(x) := ki +

L

j=1
mi
jxj ; where ki, for i 2 f1; . . . ; Lg, and

mi
j , for i; j 2 f1; . . . ; Lg, are given constants. Each nonempty station

� must provide service to a customer in its nonempty constituent buffer
with greatest index. Ties are broken in any manner.

Example 3.1: Buffer Priority Policies: Let � = f�(1); . . . ; �(L)g
be a permutation of the buffer indices f1; . . . ; Lg. For each nonempty
station �, a buffer priority policy dictates that service be given to the
nonempty constituent buffer bi for which �(i) > �(j); for all other
nonempty buffers bj ; j 2 �. To implement a buffer priority policy as
an affine index policy set �i(x) := ��(i).

Example 3.2: FSMCT: To implement the FSMCT policy of [10],
set �i(x) =

L

j=i
xj �

L

j=i
xj ; where xj is an estimate of the mean

number of customers in buffer bj .
Example 3.3: Linear Switch Curve Policies: Set �i(x) = mixi, for

all i 2 f1; . . . ; Lg.

C. Linear Programming Performance Bounds

For a reentrant line operating under an affine index policy, we con-
sider a simple surrogate for the differential cost function W (x) =
pTx + (1=2)xTQx. Later we discuss the use of other surrogates. To
apply the LP bounds theorem, we seek polyhedral regions of the state
space in which the transition probabilities are shift invariant.

We begin by partitioning the state space into regions in which select
buffers possess at least one customer and all other buffers are empty.
Let� denote the set of all vectors with each element either a 0 or 1, i.e.,
� = f0; 1gL, and use � = (�1; . . . ; �L); �i 2 f0; 1g, as an element
of this set. Let the vector valued function �(x) : S ! � take values
(�1(x); . . . ; �L(x)), where �i(x) = 1, if xi � 1 and �i(x) = 0 if
xi = 0. Define S� := fx 2 ZL

+ : �(x) = �g. Note that S��ZL
+ and

[�2�S
� = ZL

+ = S .
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Fig. 3. The regions S are elements of a partition of the state space Z .

We next partition each S� according to the buffers receiving ser-
vice. Let 
 denote the set of all vectors ! = (!1; . . . ; !E) with !j 2
f0g [ fi : �(i) = �jg. Each element !j will denote the buffer re-
ceiving service at station �j ; !j = ` denotes that buffer b` is receiving
service, while !j = 0 denotes that no buffer receives service (so that
all of �j ’s constituent buffers are empty). Let  := (�; !) be a com-
posite index. Let S define the subset of S� for which the buffers listed
in ! receive service, that is, S := fx 2 S� : ui(x) = 1 if i =
!j for some j with !j 6= 0; ui(x) = 0 otherwiseg. Not all  result in
a nonemptyS . Let	 indicate the set of with nonemptyS . Note that
the S form a partition of S . Fig. 3 depicts the partition for a two buffer
network with a single station (so that at most one buffer may receive ser-
viceatanytime).HereS = Z2

+. TheregionSf(1;1);(1)g contains interior
points for which buffer b1 receives service. The points in Sf(0;1);(2)g

are characterized by x1 = 0 and buffer b2 is receiving service.
For each element of this partition characterized by  , we slightly

expand S by defining

S
 
:= fx 2 S� : �! (x) � �`(x);

8` 2 �j with �` = 1;8j with !j 6= 0g

for each  = (�; !) 2 	. Note that since S � S
 
; [ 2	S

 
= S .

If we ensure that the average cost inequality holds for all x 2 S
 

,
where ! dictates the buffers receiving service, for each  2 	, we
will ensure that the average cost inequality holds independent of how
ties in the affine index are broken (we, thus, require the average cost
inequality to hold for all possible tie resolutions). Note that each S

 
is

a polyhedron. Substitution of the definition of the affine index policy
reveals S

 
= fx 2 S : xi = 0 if �i = 0; xi � 1 if �i = 1;

L

n=1m
!
n xn �

L

n=1m
`
nxn � k` � k! ; 8` 2 �j with �` = 1;

and 8j with !j 6=0g. This is of the form S
 
= fx2S : A x� b g:

To the inequality constraints of S
 

, associate the vector of dual vari-
ables y .

Example 3.4: Translation Invariance Under the FSMCT Policy:
Consider the network of Fig. 2 operating under the FSMCT affine index
policy with �i(x) := ki�(xi+� � �+xL), where ki := (xi+. . .+xL)
are constants and xj � 0. Note that ki+1 � ki;8i. There are two
stations �1 and �2 and four buffers, with b1 and b4 catered to by �1 and
b2 and b3 catered to by �2. We will demonstrate the linear constraints
for S

 
where � = (1; 1; 1; 1)T and ! = (1; 3)T . The  = (�; !)

index indicates xi � 1;8i; and �1(x) � �4(x); �3(x) � �2(x). The
constraints characterizing this region are given by

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

�1 �1 �1 0

0 1 0 0

x1
x2
x3
x4

�

1

1

1

1

k4 � k1
k2 � k3

:

Let I(!) denote the set of buffers receiving service I(!) :=
fi 2 f1; . . . ; Lg : i = !j ; for some j 2 f1; . . . ; Egg. For
each  2 	, let f (e1) := �; f (ei+1 � ei) := �i, for all
i 2 I(!); f ((0; . . . ; 0)T ) := 1� � �

i2I(!) �i, and f (z) := 0

for all other z. For the region S , with the f defined as above,
Assumption A3 is satisfied.

Finally, consider the form of the average cost inequality for a lower
bound in the region S

 
. Assume that ! dictates the buffers receiving

service for all x 2 S
 

. Employing a simple surrogate for the differen-
tial cost function W (x) = pTx+ (1=2)xTQx, we seek to ensure

J � � pT e1 +
1

2
eT1Qe1

+
i2I(!)

�i pT +
1

2
(ei+1 � ei)

TQ (ei+1 � ei)

+ c+ �Qe1 +
fi2I(!)g

�iQ(ei+1 � ei)

T

x

=: d + (r )Tx; for all x 2 S
 
: (12)

The d and r are linear in p and Q (symmetric), respectively. LP
performance bounds are obtained via application of Theorem 2.1.

Theorem 3.1. Computational Performance Bounds for Open Reen-
trant Lines Under Affine Index Policies: Consider an open reentrant
line operating under an affine index policy. As above, define the poly-
hedra S

 
= fx 2 S : A x � b g, for constant matricesA and vec-

tors b , for each  2 	. Suppose that the cost function is c(x) = cTx,
with c > 0 componentwise.

i) Let (J; p;Q (symmetric), and vectors y ; 8 2 	) be the deci-
sion variables in the following linear program T : Max J subject
to (A )T y � r ; (b )Ty � J � d , and y � 0; where
r and d are as in (12), for all  2 	. J resulting from a fea-
sible solution (J; p;Q (symmetric), and y ; 8 2 	) is a lower
bound on the average cost as in (2), if the initial condition x(0)
is in the single communicating class.

ii) Let (J; p;Q (symmetric), and vectors y ; 8 2 	) be the de-
cision variables in the following linear program T : Min J
subject to (A )T y � �r ; (b )Ty � d � J; and y � 0;
where r and d are as in (12), for all  2 	 � J resulting
from a feasible solution (J; p;Q (symmetric), and y ; 8 2 	)
is an upper bound on the average cost as in (4), if W (x) :=
pTx + (1=2)xTQx is bounded below.

iii) The LPs T and T have at most ((L2 + 3L + 2)=2) +
(2L)(��n�)(2L � E) variables and 2L(��n�)(L + 1) in-
equalities (excluding the nonnegativity constraints on y ),
where n� denotes the number of buffers at station �.

Proof: First note that since each element of the state can change
by no more than one in each time step, Assumption A2 is satisfied
starting from any deterministic initial condition x(0). Also, Assump-
tions A1 and A3 are satisfied.

i) The Markov chain model for the reentrant line is ape-
riodic (an arbitrary length of time may be spent in any
state) and contains a single communicating class (the
origin is reachable from all states). As such, either
j lim infT!1(1)=(T) T�1

k=0 E[cTx(k)]j = +1 or
j lim infT!1(1)=(T) T�1

k=0 E[cTx(k)]j = jE�[c
T x]j <

+1, where � is the equilibrium probability distribution
(a function of the control policy). For the former, J is a
lower bound trivially (here we employ the fact that c > 0
componentwise). In the latter case, we employ a result from
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the Proof of Theorem 1 in [3]. That is, if the first moment
is finite (implied if jE� [cTx]j < +1, since c > 0 compo-
nentwise), for any initial condition x in the communicating
class and control u 2 U ; limN!+1Ejx(N)j2=N = 0.
Since W (x) is quadratic, this demonstrates that
limN!+1 EjW (x(N))j=N = 0. The condition of
Theorem 2.1, that limN!+1 EjW (x(N))j=N � 0, is satisfied
and we have the result.

ii) The application of Theorem 2.1 suffices, noting that the
bounded below restriction on W (x) enforces the condition that
limN!1[EW (x(N))=N ] � 0.

iii) The variables (J; p;Q) number 1+L+(L)(L+1)=2 sinceQ is
symmetric. Associated with each  = (�; !) is a vector of vari-
ables y . There are 2L possible � values. Associated with each
are at most ��n� possible ! values. For each  we have one
variable for each of the L constraints imposed by the elements
of � (e.g., �i = 1 gives xi � 1). Also, there is one variable for
each constraint characterizing the affine index policy. There are
at mostL�E such constraints, since, for each station,n� buffers
may have customers. Hence, n��1 is the number of constraints
that characterize the fact that one particular buffer receives at-
tention. Adding up over all stations (the n� sum up to L, and the
�1 adds up to �E), we have the variable bound.
To bound the number of constraints, consider each  . There are
no more than 2L��n� possible  values. To each are no more
than L + 1 inequalities (one containing the J and at most L
containing the r ).

Example 3.5: Reduction of Computational Complexity for Linear
Switch Curve Policies: Consider a reentrant line operating under a
linear switch curve policy with �i(x) = mixi;8i;mi > 0;8i. With
 = f�; !g, let X := fx 2 S : xi � 0 if �i = 1; xi = 0 if �i = 0;
8i;m! x! �mnxn � 0;8j with !j 6= 0;8n 2 �j with �n = 1g.
These sets cover the state space, [f 2	gX

 = S . Further, since in

X ; xi � 0 for i with �i = 1 rather than xi � 1;S
 
� X .

Ensuring that (12) holds for all x 2 X ;8 2 	, leads to a
performance bound as in Theorem 3.1. However, we may eliminate
certain  from consideration since the inequalities obtained for some
X ;  = f�; !g, will imply the inequalities obtained for other
f�0; !g. Let (�) := (1(�); . . . ; L(�))

T have elements i(�) = 1
if i 2 �, and 0 otherwise (i(�) = Ifi2�g). One need only consider
 whose � =

�
w�(�), where w� 2 f0; 1g, for each �. All other

 yield redundant inequalities. A reduction in the size of the resulting
LP is obtained since the number of � which may be constructed in this
way is 2E .

Additional complexity reduction is obtained by setting pi =
L

j=i+1
qj;j + (1=2)qi;i �

L�1
j=i

qj;j+1. As a consequence, the
constraints on J achieve equality J = � L

i=1
qi;i � � L�1

i=1
qi;i+1.

This expression is precisely the cost function of the dual linear
programs in [2] and suggests a connection potentially worth pur-
suit. Finally, the performance bound LP obtained has no more than
((L2 + L)=2) + 2E��n�(2L � E) variables and 2E��n�(L + 1)
constraints (excluding nonnegativity constraints).

Consider the reentrant line of Fig. 4 With �1 = �4 = �5 = �6 = 4
and �2 = �3 = 2, the maximum mean throughput rate is �� = 1. Let
m1 = 10;m2 = 1;m3 = 10;m4 = 1;m5 = 1, and m6 = 10 be
the constants in the linear switch curve policy controlling the network.
Upper bounds on the mean number of lots are depicted in Fig. 5. The
solid curve is the bound of Theorem 3.1 (with reduced complexity).
The dashed curve is the bound of [2], which is obtained by formu-
lating linear constraints that the mean buffer levels must satisfy and
employing an LP to find the maximum sum of the buffer levels sat-
isfying the constraints. (Here, also, policy constraints for this specific
two station system were formulated in an attempt to extend previous

Fig. 4. An open reentrant line under a linear switch curve policy.

Fig. 5. Upper bounds on mean WIP for Example 3.5.

approaches to the linear switch curve case. However, the bounds are
not much tighter than one obtains via the consideration of all nonidling
policies.) The new upper bound is tighter.

D. Extensions

The bounds obtained in Section III-C can be improved by allowing
piecewise quadratic forms on polyhedra for the surrogate of the dif-
ferential cost function. In [8], it is shown that the use of the piecewise
quadratic surrogate obtained from fluid model considerations yields an
improved lower bound on the optimal policy. Our results are employed
in their development.

Other extensions are possible. To obtain bounds for the class of all
nonidling policies one needs to ensure that the average cost inequality
holds at each state in the state space no matter which buffer is chosen
for service. The lower bound obtained is a bound on the optimal policy
from the class of nonidling policies. If one can deduce regions of the
state space that are transient, then those regions need not be included
when verifying the average cost inequality. The assumption that the
service time distributions are exponential and arrivals are Poisson may
be relaxed via the method of stages, see [2]. Batch service, setups and
tool failure are common in practical manufacturing systems and may
be incorporated as is demonstrated in [9].
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IV. CONCLUDING REMARKS

For discrete-time Markov chains with translation invariance of tran-
sition probabilities on polyhedra, we have exploited the structure of
the average cost inequality and obtained computational performance
bounds. Simple quadratic forms were considered as surrogates for the
differential cost function in an inequality relaxation of the average cost
equation. The framework enables the modeling of multiclass queueing
networks and failure prone manufacturing systems under a rich class
of scheduling policies. The bounds are less afflicted by the curse of
dimensionality than exact dynamic programming approaches and re-
duced complexity bounds were obtained for linear switch curve poli-
cies. The use of piecewise quadratic surrogates will improve the tight-
ness of the bounds at the cost of increased computational complexity.
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Optimal Estimation in Networked Control Systems Subject
to Random Delay and Packet Drop

Luca Schenato

Abstract—In this note, we study optimal estimation design for sampled
linear systems where the sensors measurements are transmitted to the es-
timator site via a generic digital communication network. Sensor measure-
ments are subject to random delay or might even be completely lost. We
show that the minimum error covariance estimator is time-varying, sto-
chastic, and it does not converge to a steady state. Moreover, the architec-
ture of this estimator is independent of the communication protocol and can
be implemented using a finite memory buffer if the delivered packets have a
finite maximum delay. We also present two alternative estimator architec-
tures that are more computationally efficient and provide upper and lower
bounds for the performance of the time-varying estimator. The stability of
these estimators does not depend on packet delay but only on the overall
packet loss probability. Finally, algorithms to compute critical packet loss
probability and estimators performance in terms of their error covariance
are given and applied to some numerical examples.

Index Terms—Kalman filter, minimum variance estimator, networked
control systems, packet drop, random time delay.

I. INTRODUCTION

Recent technological advances are revolutionizing our ability to
build large scale distributed networked control systems (NCS). One of
the major problems associated with NSC is that measurements arrive
at the decision-making location with a nondeterministic delay or can
be totally lost along the way, therefore it is important to simultaneously
evaluate the impact of random packet delay and packet loss in the
overall system performance.

Recently several groups have looked at networked control systems
with large random delay or packet loss, an area that has been recently
surveyed in the context of packet-switched networks by Hespanha et
al. [1]. In particular, there has been considerable effort in analyzing
the effect of variable and random delay but no packet loss, such as in
[2]–[6], or the effect of packet loss but no delay such as in [7]–[10].
The aforementioned works are just a small fraction of all the avail-
able literature on the subject and we refer the interested reader to [1].
Nonetheless, very little work has been done to simultaneously take into
account packet drop and packet delay, leading to somewhat conserva-
tive results based on worst-case scenarios [11].

Motivated by these considerations, the goal of this work is to study
optimal estimator design for systems subject to random packet delay
and packet loss. We derive the minimum error covariance estimator
and we show that it is equivalent to a time-varying Kalman filter with
a buffer. We also present two alternative estimator architectures which
are computationally more efficient. In the first architecture, the esti-
mator gains are constrained to be constant rather than stochastic as in
the time-varying optimal estimator. In the second architecture, smart
sensors are used to preprocess data and to improve estimation perfor-
mance. Also necessary and sufficient conditions for stability for these
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