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i-CONVEXITY OF MANIFOLDS
WITH REAL PROJECTIVE STRUCTURES
SUHYOUNG CHOI
(Communicatedby ChristopherCroke)
ABSTRACT. We comparethe notion of higher-dimensionalconvexity, as defined
by Carriere,for real projective manifolds with the existence of hemispheres.
We show that if an i-convex real projective manifold M of dimension n
for an integer i with 0 < i < n has an i-dimensional hemisphere, then
M is projectively homeomorphic to Sn/r where r is a finite subgroupof
O(n + 1, R) acting freely on Sn .

A real projective structure (RPn-structure)on a smooth manifold of dimension n, n > 0, is given by an atlas of charts to the sphere Sn where transition
functions of the charts are restrictions of projective automorphismsof Sn . An
RPn-manifold is a manifold with an RPn-structure,and a projective map is
an immersion-preservingreal projective structureslocally. The Klein model of
hyperbolic geometry implies that n-dimensional hyperbolic manifolds provide
examples of RPn-manifolds. (See [2] and [3].)
Throughoutthis paper, let M be an RPn-manifold; let M denote the universal cover of M with the induced RPn-structure. M has a developing map
dev: M , Sn, a projective map. The sphere Sn has a standard Riemannian
metric u of curvature 1 and the associated distance metric d. Note that dev
induces a Riemannian metric u on M from Sn. Associated with u is the
induced distance metric d on M. The completion A of M is obtained by
completing d. Let a be the frontier set A - M. The sets A and a are
topologically independent of the choice of dev, and dev extends uniquely to a
distance decreasingmap on K. The extended map is also called a developing
map and is denoted by the same symbol dev.
Let i be an integer such that 0 < i < n holds. A great i-sphereis a totally
geodesic i-dimensional sphere imbedded in Sn; a subset of M for which the
restriction of dev is an imbedding onto a great i-sphere in Sn is also called a
great i-sphere. A great i-ball is a hemisphere of a great i-sphere Si in Sn; a
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subset of MAfor which the restriction of dev is an imbedding onto a great iball is also called a great i-ball. An n-dimensional open hemisphere of Sn has
a natural affine structure. An i-simplex is the convex hull of i + 1 independent
points in the hemisphere (under affine geometry). An i-simplex in MAis a
subset for which the restriction of dev is an imbedding onto an i-simplex in
an n-dimensional open hemisphere of Sn .
We introduce the definition given by Carrinre[ 1]. We say that M is i-convex
for an integer i with 0 < i < n if the following holds: Given an (i+ 1)-simplex
T in M,Aif F1 isafaceof T suchthat Tfnl=Fflna,then
(Note
TcM.
that the i-convexity of M implies the j-convexity of M where i < j < n.)
A subset A of MAis called convex if every two points of A are connected
by an imbedded arc ae such that dev Ica is an imbedding onto a segment of
d-length < Xr (see [2, ?1] for more detail). It is easy to see that given a convex
open subset A of M, the map dev IA is isometric with respect to the metrics
on M and Sn . Thus, dev ICl(A) is an imbedding onto Cl(dev(A)) where
Cl(A) is the closure of A in M.
We prove the following theorem in this paper.

Theorem.Supposethat M is i-convexwhere0 < i < n holds.Supposethat M
includesa great j-ball ora great j-spherefor i < j < n . ThenM is projectively
homeomorphicto sn.
The conclusion implies that M is projectively homeomorphic to Sn/rI
where r' is a subgroup of the projective automorphismgroup Aut(Sn) acting freely and properly discontinuously on Sn . It is a standardfact that r1 is
conjugate to a finite subgroupof O(n + 1, R), the group of isometries of Sn .
Thus, M is projectively homeomorphic to Sn/r where r is a finite subgroup
of O(n + 1, R) acting freely on Sn .
Proof of the Theorem. We give the proof of the theorem assuming that Lemma
1, which follows, holds. We can prove the theorem by using induction on j.
Suppose that j = n - 1. Then by Lemma 1 M includes a great sphere of
dimension n. Therefore, M is projectively homeomorphicto Sn .
Suppose that the conclusion is true for the case where j = k > i holds. We
verify the conclusion for the case where j = k - 1 > i holds. By Lemma 1,
M includes a great k-sphere. By the induction hypothesis, M is projectively
homeomorphic to Sn . This completes the proof.
Let us discuss Lemma 1. For an integer j with 0 < j < n, a (j + I)-bihedron
in Sn is a closed domain in a great (j + 1)-sphere SJ+I in Sn bounded by two
great j-balls with common boundary equal to a great (j - 1)-sphere or the set
of two points antipodal to each other; a (I + 1)-bihedronin MAis a subset for
which the restriction of dev is an imbedding onto a (j + 1)-bihedron in Sn .
The bounding great j-balls of a bihedron are calledfaces. A bihedron in Sn or
M is convex if and only if the interior angle between two faces of the bihedron
is less than or equal to 71.

Lemma1. Assumethat M is i-convexfor an integeri with0 < i < n. Suppose
that M includesa great j-ball Bo wherei < j < n. ThenM includesa great
(I + 1)-sphere.
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Proof. We choose a convex (j+1 )-bihedron To including Bo in a neighborhood
= 6Bb= 5Bo holds. (Assume that
of Bo with faces Ba and Bb such that B5Ba=
Bo is not a face of To.) Let us agree that bihedra in this proof are (j + 1)dimensional always. Let A+ be the set of convex bihedra with a face Bo and
including Ba, and let A- be the set of convex bihedra with a face Bo and
including Bb . Then there is a unique great (j+ 1)-sphere Si+ in Sn including
the images of elements of A+ and A- under dev.
We may parameterize A+ and A- by positive intervals. Given an element
T of A+ or A-, let 8(T) be the interior angle between Bo and the other face
of T. This defines a function 6 from the set of elements of A+ and A- to R.
Let Ta be the bihedron in To bounded by Bo and Ba; let Tb be the bihedron
in To bounded by Bo and Bb . Suppose that T' and T" are two bihedra in
A+ with 0(T') = O(T"). Then Lemma 2 implies that T' = T". Thus OIA+
is an injective map into [6(Ta), r]. Similarly, 61A- is an injective map into
[6(Tb),

i7].

If we have t < t' where t' E O(A+) and t e [6(Ta), 7r] hold, then t is
realized as the angle of a bihedron in A+ which is included in the bihedron
correspondingto t'. It follows that O(A+) is connected. Similarly, 6(A-) is
connected.
Let T E A+. Then dev T is an imbedding onto a convex bihedron dev(T).
Choose an open neighborhood N of T in M such that dev IN is an imbedding
onto an open subset of Sn. Then for every convex bihedron T' in dev(N)
the open subset N includes a convex bihedron T" such that dev(T") = T'.
This implies that [6(Ta), 7r] includes an open neighborhood of 0(T) whose
elements are realized by bihedra in A+. Hence, O(A+) is an open subset of
[O(T(Ta),
7i]. Similarly, O(A-) is an open subset of [e(Tb), 1]
We claim that 6(A+) is closed. (We use i-convexity now.) Suppose that it is
not closed. Then O(A+) is the half-open interval [6(Ta), t+) for a real number
t+ less than or equal to X . Let T1 = UTEA+TO. Since by Lemma 2, dev IT1
is injective, dev T, is an imbedding onto the interior of a convex bihedron
of angle t+. For the closure Cl(T1) of T1 in MA, the map dev ICl(T) is
an imbedding onto Cl(dev(T1)). Since CI(dev(T1)) is a convex bihedron, so is
Cl(T1). The bihedron Cl(TI) has two faces B0 and BCI(T,)where an Cl(TI) c
BOl(T). Since a nfBcl(T,) is compact, an BCl(T,)is a bounded subset of the open

great ball BC1(T,).Thus, the bihedron Cl(T1) includes a (j+ 1)-simplex K such
that a nCl(T1) c KO where K1 is a j-dimensional face of K and is included in
BcI(T,). The definition of i-convexity implies that K1nfa = 0 and Cl(T1) c Ml
hold. Since Cl(T1) D Ta, we have Cl(T1) E A+ and hence t+ E 6(A+). This is

absurd. Therefore, H(A+) and, similarly, H(A-) are closed.
We therefore have 6(A+) = [6(Ta), 7t] and 6(A-) = [6(Tb), 7t]. Let T+ be

the convex bihedron correspondingto Xt belongingto A+, and let T- be that
belonging to A- . We have T+, T- c M. The maps dev IT+ and dev IT
are imbeddings onto great (j + 1)-balls in the great (j + 1)-sphere S+' . Since
the intersection dev(T+) n dev(T-) is a great j-sphere and, hence, is pathconnected, Lemma 2 implies that dev IT+ U T- is an imbedding onto S+ I.
Therefore, T+ u T- is a great (j + 1)-spherein M . This completes the proof
of Lemma 1.
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Lemma2. Supposethat A and B are path-connected
compactsubsetsof A
suchthat dev IA and dev lB are imbeddings.Supposethat A n B # z and that
dev(A) n dev(B) is a path-connected
subsetof Sn.
Then dev IAu B is an imbeddingonto dev(A) U dev(B).
Proof. We only need to deduce the injectivity of dev IAUB from the fact that
given a path in Sn and an initial point in M there is at most one lift of the
path to M (see [1, Proposition 1.3.1]).
Let us end this paper with the following remark:Carrire conjecturedin 1988
that the homotopy groups in dimensions greaterthan or equal to i, i > 1, for
an i-convex affine manifold are trivial. This conjecture is still open. What we
did here may aid us in understandingsimilar questions for projectivemanifolds.
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