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1. INTRODUCTION                  

where {q(t)}

The aircrafts can have aeroelastic problems in flight 
due to the aerodynamic forces. Aeroelasticity is the 
term concerned with the interacting phenomena 
between the elastic motions of structures and the 
resulting aerodynamic forces. In aeroelastic 
phenomena, there are many categories according to the 
physical features; flutter, divergence, gust response, 
buffeting, limit cycle oscillations, and so on. All of 
these should be carefully considered for aircraft design. 
Among them, flutter is the most dangerous problem, 
because it can result in total structural failure in just a 
few seconds. Modern aircrafts are usually designed to 
cover a wide flight envelope, and they experience 
intense flow characteristic change while they are 
passing through the transonic flow region. The flutter 
instability is usually aggravated in the transonic and 
low supersonic regions and it is closely related with 
the unstable movement of shock waves 1). 

In this study, the nonlinear aeroelastic analysis 
systems that can be applied to the full configuration 
aircraft and the helicopter rotor system have been 
developed. In this program, the unsteady aerodynamic 
load can be determined using the two-dimensional 
quasi-steady strip and Loewy theories, the transonic 
small disturbance (TSD), Euler or Navier-Stokes (N-S) 
solvers. Selection of unsteady aerodynamic solvers 
depends on the purpose of a given analysis. If a precise 
examination is required and viscous effect is not 
negligible, then the Navier-Stokes code with the 
turbulent model should be applied to the aeroelastic 
analysis. Buzz, stall flutter, and buffeting problems are 
examples of such cases. In this aeroelastic analysis, 
three separate approaches are presented; the first is a 
practical analysis for a high performance aircraft using 
the TSD solver, the second is a precise investigation of 
aeroelastic phenomena using the Navier-Stokes 
equations with an accurate turbulent model, and the 
last is a aeroelastic analysis for the rotor system using 
the quasi-steady strip and Loewy theories with the 
large deflection-type beam theory. 
 
2. EQUATION OF MOTION  

The aeroelastic oscillations of an aircraft can be 
determined by solving the equation of motion, which 
can be written in matrix form as follows: 

   (1) ( ) ( ) ( ) ( )t t t+ + =g g g[M ]{q } [C ]{q } [K ]{q } {Q }t

T=[q(t)1, q(t)2, …, q(t)n] is the generalized 
displacement vector and [Mg], [Cg], and [Kg] express 
the generalized mass, damping, and stiffness matrices 
respectively. {Q(t)} is the generalized aerodynamic 

forces and is obtained from the aerodynamic analysis. 
Ordinary differential equations, such as Equation (1) 
can be reduced to the state vector forms for efficient 
numerical computation. For the nonlinear structural 
system, a typical numerical scheme is used to solve the 
equation of motion. In present study, a fifth-order 
Runge-Kutta method is used 1). 
 
3. AEROELASTIC ANALYSIS OF FULL 

AIRCRAFT MODEL                  
Although the Navier-Stokes equations are the most 

accurate, it is nearly impossible to apply the 
Navier-Stokes code to a practical case involving an 
oscillating control surface, a complex geometry, and a 
whole body configuration because of the excessive 
amount of computing time and weak numerical 
robustness. In practical cases, on the other hand, the 
TSD has several advantages: The TSD scheme can 
easily reflect the aerodynamic effects of control 
surface motion, because the aerodynamic grids are 
actually fixed and the motions are expressed by the 
change of slope. This peculiar feature of the TSD grids 
prevents a large skewness problem when the control 
surface is rotated independently with other wing parts. 
This scheme also requires less computing time and 
memory capacity comparing the Euler and NS 
schemes. The TSD code is widely recognized as one of 
the most efficient and robust tools among conventional 
CFD-based approaches. 

A conservative form of the TSD equation is as 
follows: 

    0 1 2 0f ff f
t x y z

3∂ ∂∂ ∂
+ + + =

∂ ∂ ∂ ∂
  (2) 

where 

  0 t xf A Bφ φ= − − , 2 2
1 x x yf E F Gφ φ φ= + + ,  

  ( )2 1y xf Hφ φ= + , 3 zf φ=   

The above equations are expressed in a physical 
coordinate system (x, y, z, t). The term φ  is the 
disturbance velocity potential. The coefficients A, B, 
and E are defined as 

   2A M= , 22B M= , 21E M= −  

Several choices are available for the definitions of F, G, 
and H depending on how the TSD equation is derived. 
The coefficients used in this study are 



  ( ) 21 1
2

F Mγ= − + , ( ) 21 3
2

G Mγ= − , 

( ) 21H Mγ= − −  

where M is the free stream Mach number and γ is the 
ratio of specific heats. 

 

 
 

Fig.1 Supersonic jet trainer 
 
 

 
 

Fig.2 Aerodynamic surface grid 
 

The developed aeroelastic analysis system has been 
verified in many researches 2) - 3). In the present study, 
aeroelastic analyses are performed for the supersonic 
jet trainer shown in Figure 1. Figure 2 shows a 
full-span grid for the jet trainer. The airfoil of the main 
wing has the shape of NACA 64 series. Each of the 
horizontal and vertical tails has a biconvex airfoil. 

Steady aerodynamic pressure was computed by the 
TSD equation. Figure 3 shows the steady pressure 
contours of upper and lower surfaces at M = 0.9 and 
the angle of attack, α  = 0°. As shown here, the 
normal shock waves on the upper wing surface are 
stronger than those on the lower wing surface because 
of the airfoil camber. 

Aeroelastic solutions are obtained by solving the 
aeroelastic equation of motion and can be represented 
by the superposition of mode shapes. The mode shapes 
and natural frequencies of the aircraft model have been 
obtained via free vibration analysis, using 
MSC/NASTRANTM, and 28 elastic modes are applied 
to the aeroelastic analysis. 

Generally, multi-disciplinary problems, including 
aeroelastic analysis, require a data transfer stage 
between mismatched points, such as the structural grid 
and the aerodynamic grid because those points have 
been subject to different engineering considerations. 
For example, the aerodynamic load is usually 
subjected to the external surface, whereas the 
load-carrying components are placed inside the wing 
or fuselage. This gives rise to the necessity of data 
transfer between the two different systems. In the 

present aeroelastic analysis, the displacements of the 
structural grid are interpolated to the aerodynamic grid 
based on the Infinite Plate Spline (IPS) method. 

 

 
(a) Upper surface 

 

 
(b) Lower surface 

 
Fig.3 Steady pressure contour of supersonic jet trainer 

 
 

 
(a) Symmetric bending mode 

 

 
(b) Anti-symmetric bending mode 

 
Fig.4 Structural mode shapes of the aircraft model 

 
Figure 4 shows the interpolated mode shapes of the 

first symmetric and anti-symmetric bending modes. If 
there is a discontinuity, such as flap, then the wing 
structure is divided into parts: the control surface and 
the remaining part of the wing. Therefore, each part 
must be transferred independently and then 
superposed. 

In the time-domain approach, the aeroelastic 
instabilities can be predicted by simulating whether the 
response is decaying or diverging. Figure 5 shows 



aeroelastic responses above and below the flutter speed. 
A flutter boundary exists between the two dynamic 
pressures corresponding to these responses. It is 
sometimes difficult to obtain a neutral response which 
indicates flutter boundary. Hence, the aeroelastic 
analysis should be repeated several times or else an 
additional signal processing technique will be required 
to estimate the neutral point. In this study, damping 
ratio and frequency are calculated using the Moving 
Block Method (MBM), and the flutter boundaries are 
predicted by an interpolation of damping ratios. 
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(a) Modal response w flutter speed belo
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(b) Modal response above flutter speed 

 
Fig.5 Aeroelastic simulation results at M = 0.9 

 
4. PRECISE AEROELASTIC ANALYSYS 

UNSING N/S SOLVER                  
The most precise aerodynamic governing equations 

are known as Navier-Stokes equations, and they are 
incorporated into various schemes, such as the Direct 
Numerical Simulation (DNS), the Large Eddy 
Simulation (LES), the Reynolds Averaged 
Navier-Stokes (RANS) and others. Of these schemes, 
the DNS yields the most exact solutions for unsteady 
aerodynamics; however, it is premature to apply this 
scheme to the three dimensional aeroelastic problems, 
because the current computers are not so fast as needed. 
Hence, the N-S equations should be applied to the 
aeroelastic problem after simplifying with empirical 
information. A traditional way for the simplification is 
to represent the instantaneous flow quantities by the 
sum of a mean value and a time dependent fluctuating 
value. Through this process, the N-S equations become 
RANS equations, and the details of the RANS 
equations can be found in Ref. 4. 

The equations of fluid motion include conservation 
of mass, momentum, and energy. These equations in a 
differential form are known as the N-S equations. The 
most exact scheme to solve the N-S equations is 
known as the DNS, which solves the flow fields 
directly without any artificial assumption. However, 
the DNS requires tremendous amount of computation 
time and the equations should be simplified by using 
an appropriate turbulence model with the aid of 
empirical information. A traditional modification is 
accomplished by representing the instantaneous flow 
quantities by the sum of a mean value and a 
time-dependent fluctuating value. 
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The time interval, ∆t, used here must be larger than 
the period of fluctuating quantities but smaller than the 
time interval associated with the unsteady flow. This 
approach is named as RANS equations and the flow 
quantities can be expressed in the larger scale. 
However, by the time averaging of governing 
equations, six independent unknowns are generated 
because u'iu'j terms are not zero. Hence, some 
additional relations must be introduced to make a 
closure problem. The relations are dependent on 
turbulent models. 

The conservative form of 3-dimensional, 
compressible RANS equations with k-ω turbulent 
model are: 

 
Conservation of mass, 
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Conservation of mean energy, 
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Turbulent mixing energy, 

  

( ) ( )

     ( )

j
j

i
ij k T

j j j

k u k
t x

u kk
x x x

ρ ρ

τ β ρω µ σ µ

∂ ∂
+ =

∂ ∂

⎡ ⎤∂ ∂ ∂′− + +⎢ ⎥
∂ ∂ ⎢ ⎥⎣ ⎦∂

  (7) 

Specific dissipation rate, 
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where "–" means the Favre averaged flow properties, k 
is turbulent mixing energy and ω is the specific 
dissipation rate. The total energy and enthalpy are 

2/iiuukeE ++=  and 2/iiuukhH ++= . The 
other quantities are defined as follows: 
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where PrL and PrT are the laminar and turbulent Prandtl 
numbers, respectively. The resulting equations 
introduce an additional unknown: the Reynolds stress, 
τij. This term describes the influence of the turbulence 
on the mean flow and is defined by the Boussinesq 
approximation that assumes the Reynolds stress tensor 
as the product of eddy viscosity and mean strain-rate 
tensor. In equations (7) and (8), the turbulent source 
terms are function of turbulent kinetic energy, k, and 
specific dissipation rate, ω. The closure coefficients 
and more information for the k-ω model are described 
in Ref. 4. 

In this study, a time-accurate Euler/Navier-Stokes 
aeroelastic solver has been developed using KFLOW 
developed by Park and Kwon4), which embeds k-ω 
turbulent models. The developed program adopts 
various numerical schemes to guarantee the accuracy 
and stability of the aeroelastic solution: an improved 
Harten-Lax-van Leer-Einfeldt (HLLE+) is applied to 
simultaneously satisfy the robustness and accuracy of 
the solution in a supersonic viscous flow, and Van Leer 
MUSCL provides high-resolution results near shock 
waves by means of higher-order extrapolation of flux 
at the cell boundaries. A dual-time stepping method 
based on the diagonalized-ADI algorithm is applied to 
improve the time accuracy. A second-order staggered 
algorithm is also employed to reduce the lagging errors 
between the fluid and structural solvers. The largest 
drawback of the Euler/Navier-Stokes aeroelastic 
program is the excessive amount of computing time 
required to implement it. The use of parallel processing 
ba ed on the multi-grid system alleviates this problem. s 
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Fig.6 Planform of AGRAD 445.6 wing 

 
The AGARD 445.6 wing (Fig.6) to be computed 

here has a sweptback angle of 45o at the 1/4 chord line, 
a taper ratio of 0.6576, and an aspect ratio of 1.6525. 
The wing section has the shape of the 65A004 airfoil. 
The structured aerodynamic grid for the Navier-Stokes 
solver is shown in Fig.13. In this study, two types of 
grids, coarse and fine grids, are used for the viscous 
and inviscid aeroelastic analysis. In the respective 
directions of i, j and k, the coarse grid is 177 × 33 × 41 
and the fine grid is 209 × 41 × 65. 

Figure 8 shows the steady aerodynamic analysis 

results of the Naiver-Stokes solver with the k-ω 
turbulent model at Mach 1.072 and Mach 1.141. A 
shock wave is observed along the entire wingspan at 
Mach 1.072. Interestingly, at Mach 1.141, shock waves 
become concentrated around wing tip area. Typically, a 
shock wave is pushed to the trailing edge at Mach 
1.141 especially with a thin airfoil. This flow pattern is 
caused by the sweptback shape of the wing, and it can 
affect aeroelastic behavior. 

 
X

Y

Z

 
 

Fig.7 C-H type structural grid 
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(b) M = 1.141 

 
Fig.8 Steady aerodynamic analysis results 

 
In this study, four structural modes are applied for 

the flutter analysis. The mode shapes are transferred to 
the aerodynamic mesh by the Thin Plate Spline (TPS) 
method. In this scheme, a set of discrete structural grid 
points is distributed within the finite plate domain and 
the vertical positions of the deformed plate are defined 
at each structural grid point only. 

To obtain the aeroelastic responses, the first modal 
velocity is initially disturbed with an amplitude of 1.5. 
The level of aerodynamic load can be expressed by the 
flutter speed index (FSI), which is a 
non-dimensionalized quantity, as follows: 

    
µωαb

U
FSI f=  (9) 



In Equation (9), Uf is the flutter speed, b is the half root 
chord, ωα is the primary torsional frequency (second 
mode), and µ is the mass ratio. 

In this study, aeroelastic computations of the wing 
are carried out for two Mach numbers: M  = 0.960 and 
M  = 1.141. In each case, the original k-ω turbulent 
model is implemented to account for the turbulent 
effects. The wing flutter analyses are repeated with 
various time steps to confirm whether the applied 
time-step is suitable, and the results show that a time 
step smaller than 0.01 is required for the viscous 
transonic flutter analysis. However, use of a time-step 
value smaller than 0.005 is not realistic because of the 
large amount of computing time. The applied Reynolds 
numbers are Re = 6.5×105 and Re = 8.7×105 for Mach 
0.96 and Mach 1.141, respectively. Ascertaining the 
exact Reynolds number is difficult, because both the 
air density and the air speed can change the dynamic 
pressure. This implies that a various Reynolds numbers 
can be applied without any dynamic pressure change. 
Fortunately, the aeroelastic responses are not sensitive 
to a change of the Reynolds number in Ref. 5. 
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(b) M = 1.141 

 
Fig.9 Decaying and diverging responses according to 

the increase of FSI 
 
The variation of dynamic responses corresponding 

to the increase of the FSI is presented in Figure 9. 
Figure 9(a) shows that the response at FSI = 0.283 is 
decaying but that at FSI = 0.298 is slightly diverging. 
This means that the flutter boundary at Mach 0.96 is 
located between the two FSIs corresponding to each 
response. The decaying and diverging flutter responses 
are clearer at Mach 1.141. The flutter boundary at this 
Mach number is between FSI = 0.452 and FSI = 0.476. 
 
5. AEROELASTIC A YSIS OF HELICOPTER NAL

ROTOR SYSTEM   
The field of rotary-wing aeroelasticity has been the 

most active area in aeroelasticity during the last three 
decades. Rotary-wing problems, particularly those 
pertaining to unsteady aerodynamics and structural 
geometrical nonlinearity, are still not well understood 
(Fig.10). In the present study, the finite element 
approach using the large deflection-type beam theory 

is presented for the aeroelastic analysis of isotropic and 
composite rotor blades. Nonlinear, periodic blade 
steady response solutions are obtained using the time 
finite element method from full finite element 
equations in forward flight condition.  

 

 
Fig.10 Various sources of a helicopter vibration 

 
Aeroelastic responses are calculated by a 

time-marching solution procedure, and then the 
stability analysis is performed by using a moving block 
analysis. The full finite element results using the large 
deflection-type beam theory are compared with the 
results obtained by modal approach using the moderate 
deflection-type beam theory. 
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Fig.11 Geometry and coordinate systems of a rotor  

blade before and after deformation 
 
Consider the naturally curved and twisted beam 

rotating with angular velocity Ω as depicted in Fig.11. 
Assuming that initial curvatures are small and shearing 
strains are much smaller than unity in the Green- 
Lagrangian strain components, strain-displacement 
relations are represented as those in Ref. 6. The 
geometrical nonlinearities are described by coordinate 
transformation matrices using the Euler angles in the 
present large deflection-type beam theory. 

    1
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        (10) 

where the triad ii is fixed in a reference frame that 
rotates at a constant angular velocity with respect to 
the inertia frame; the triad ei is attached to a reference 
line along the axis of the undeformed blade; and the 
triad ei

∗  is attached to a reference line along the axis 



of the deformed blade. The transformation matrices te, 
tg, and T are functions of the curvilinear axial 
coordinate x1. Through a quasi- linear approximation, 
these three-dimensional kinematics are divided into 
two-dimensional cross-sectional analysis and 
one-dimensional global analysis. 

Although the cross-sectional analysis is coupled 
with the global analysis, effective sectional elastic 
constants including effects of general warping 
deformations in and out of plane are easily obtained 
from a linearization of governing equations about 
reference state (undeformed and unstressed state). In 
unloaded condition, effective elastic sectional stiffness 
matrix is obtained as follows: 

    
A B e

B D κ
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=⎨ ⎬ ⎨ ⎬⎢ ⎥
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T
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where F and M are the cross-sectional force and 
moment stress vectors in the deformed beam basis, 
respectively. e  and κ  vectors are defined as 
follows : { } { }11 12 132 2e e e e= T , { } { }1 2 3κ κ κ κ= T . The 
force strains 11 12 13( , 2 , 2 )e e e  and moment strains 

1 2 3  components are given in Ref. 7. The 
matrices A, B and D are  matrices that depend on 
the material properties and the geometry of the cross 
section. 

( , , )κ κ κ
3 3×

The two-dimensional, quasi-steady lift theory based 
on Greenberg’s extension of Theodorsen’s theory for a 
two-dimensional airfoil undergoing unsteady motion in 
an incompressible flow in hover and forward flight is 
considered in the present work. The expressions for the 
force components PS, parallel to the airfoil chord line, 
and PN, normal to the airfoil chord line, and pitching 
moment component Mθ acting on the deformed blade 
section can be written as : 
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  (12) 

where a = xA - 1/2 (xA : positive for the aerodynamic 
center ahead of the elastic axis), b is the semi-chord, a0 
is the lift curve slope, ρa is the air density, and 

0d  is 
the profile drag coefficient. 

c
( , , )C k hω′  is Loewy’s lift 

deficiency function for unsteady aerodynamics. 
The equations of motion for a rotor blade can be 

obtained using Hamilton’s principle : 

      (13) 
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where δUi, δTi and δWi are the variation of strain 
energy, the variation of kinetic energy and the virtual 
work of applied force, respectively. 

Figure 12 shows the results of the present aeroelastic 
stability analysis in hover compared with the existing 
solutions given in Ref. 8. The non- dimensional lag 
damping is calculated as a function of the blade’s root 
pitch angle. A good correlation between these two 

results is seen clearly in the plots. 
 

 
Fig.12 Non-dimensional lag damping for box beam 

 
Figure 13 shows flap tip deflections of the blade for 

one revolution at an advance ratio µ = 0.3. The present 
analysis is compared with the previous results given in 
Ref. 9 and a good correlation between these two results 
is shown in the Fig.13. 
 

 
Fig.13 Steady flap tip response for µ = 0.3, Cw/σ = 0.07 
 

Figure 14 shows the time histories for blade motions 
obtained from an initial perturbation about the known 
periodic equilibrium deflections under small 
perturbations assumption. To obtain the time histories 
of individual modes, the initial perturbation of the 
blade is given only in the particular mode of interest. 
However, there are some high frequency components 
in the perturbed lag tip deflections because the initial 
value is taken to be static deflection of individual 
modes. The results show that the lag mode damping is 
the smallest one and the flap mode damping is the 
biggest one. The lag mode stability is generally treated 
as an important factor of aeroelastic stability analysis 
of rotor blades because the aerodynamic damping of 
the lag mode is the mildest one. 

Figure 15 shows the variation of lag mode damping 
with advance ratio µ = 0.0, µ = 0.2, and µ = 0.35. The 
present results are obtained using the moving block 
analysis from time histories of perturbed deflections 



and Smith and Chopra’s results10) are obtained using 
the Floquet theory with the modal basis. The results of 
two models are very close in hover condition but the 
differences appear as the forward speed increases. 
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(a) Time history of perturbed lag tip deflection 
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(b) Time history of perturbed torsion tip deflection 
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(c) Time history of perturbed flap tip deflection 

 
Fig.14 Time histories of perturbed motions from initial 

perturbations 
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Fig.15 First lag mode damping of composite blade for 

baseline case with different advance ratio  
(CT/ σ = 0.07) 
 

6. DISSCUSIONS                  
This study has presented aeroelastic simulation 

results for the full aircraft model, the helicopter rotor 
system in hover and forward flight, and the clean wing. 
The research results have proved that a flutter analysis 
based on the TSD is well suited for practical 
applications, because such an analysis can consider the 
effects of the control surface, launcher, and tail wings. 
On the other hand, the Navier-Stokes solver is better 
suited for a precise aeroelastic analysis under the 
viscous effects. The quasi-steady lift theory with the 
large deflection-type beam theory is proper for the 
aeroelastic analysis of the rotor system. 
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