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ABSTRACT

This paper investigates the use of filtering techniques such as the Low-pass and Kalman filter in combination
with the quasi-static strain-displacement transformation in order to estimate dynamic structural displacement
based on noisy strain measurements. Numerical simulations and vibration experiments were performed on simple
beam structures under various dynamic loading cases to determine the sensitivity of estimation procedures against
model errors and noise disturbance. In the experimental setup the multiplexing ability of fiber Bragg grating
(FBG) sensors was used to obtain strain data with high accuracy and low noise level. Estimated displacements in
the experiment were verified against laser displacement readings. Depending on the load case the noise-sensitive,
quasi-static shape estimation results could be highly improved by applying recursive filtering methods which
allow an application of the simple approach even for complex, vibrating structures.

Keywords: Fiber Bragg grating (FBG), shape estimation, modal approach, strain-displacement transformation,
filtering, Kalman filter

1. INTRODUCTION

For modern high-precision applications such as space antenna and health monitoring the dynamic structural
displacement and global shape information is necessary to evaluate performances of the system and to implement
an active control mechanism.1 However, the dynamic shape determination is restricted by various parameters
such as the simple sensing effort or the environmental test condition in space applications where temperature
and radiation as well as maximum weight restrictions limit the operation of standard displacement sensors.2 Foss
and Haugse (1995) found a solution by introducing a quasi-static strain-displacement transformation, based on
structural strain and deflection mode shapes of the modal approach, which showed to be capable to translate a
discrete number of strain signals into the dynamic global displacement of simple beam structures, but also more
complex cantilever plates.3, 4 The modal approach is based on the combination of uncorrelated basis functions,
the mode shapes, to represent any dynamic state of a structure.5, 6 One of the main disadvantages of the quasi-
static method showed to be noise and error components in signal and structural model data. Lively et al. (2001)
proposed for the special case of random excitation the use of temporal filtering techniques as the Kalman filter to
filter noise and model errors in a recursive filtering step.7 Another approach to minimize the effect of noise and
sensor corruption is the application of modern optical fibers with multiplexed fiber Bragg gratings (FBG) which
can be used as large sensing arrays with minimal number of required optical fibers.5, 8 The small fiber diameter
and high strain sensitivity allow the direct implementation of the sensor into modern composite material.

This investigation combines the quasi-static strain-displacement approach with temporal filtering methods
and fiber optical strain sensors in order to maximize the dynamic shape estimation quality for various loading
conditions under minimal computational effort.
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2. GENERAL METHODOLOGY

2.1 Strain-displacement transformation

The dynamic behavior of a structure can be described using the static modal approach. Any dynamic transverse
deflection at a given time step tj of a structure under dynamic loading can be determined using a linear combi-
nation of infinite typical transverse mode shapes of the structure.9 The time and spatial dependent deformation
function for the deflection w(x, t) and the strain ε(x, t) can be represented using an infinite number of the intro-
duced deflection and strain mode shapes Φi(x) and Ψi(x) as the spatial function and the modal amplitude qi(t)
as the time dependent variable acting as weighting factor of the linearly combined mode shapes. In reality, a
discrete number N of modal variables is sufficient to describe the dynamic behavior of M discrete points along
the structure, as long as the modal variables represent the frequency range of structural excitation.

{wM (t)} = [ΦMN ] {qN (t)} (1)

{εN (t)} = [ΨNN ] {qN (t)} (2)

For one-dimensional structures such as a simply supported beam (SSB) or cantilever beam (CB) simple
analytical equations are available to obtain the according mode shapes.5, 9 For more complex structures a finite
element program can be used.

By transforming equation 2, the modal amplitudes can be expressed as

{qN (t)} =
(
[ΨNN ]T [ΨNN ]

)−1

[ΨNN ]T {εN (t)} (3)

By substituting equation 3 into 1 the following relation between measured strain ε(t) and estimated deflection
ŵ(t) can be obtained

{ŵM (t)} = [ΦMN ]
(
[ΨNN ]T [ΨNN ]

)−1

[ΨNN ]T {εN (t)} (4)

The relating matrix
(
[ΨNN ]T [ΨNN ]

)−1

[ΨNN ]T cannot exceed the number of used strain sensors in its rank.3

Hence, the limiting factor to the quality of estimating the dynamic structural displacement is the possible number
of independent strain sensors at the structure.

Main advantage of the static modal approach in comparison to integration methods is the short computation
time which is necessary to determine the shape at each discrete time step.

2.2 Filtering techniques

The application of the static transformation of N discrete strain signals into M discrete deflection values is
corrupted by three major error sources: noise in the measured strain signal due to measurement equipment,
truncated strain components which are misinterpreted in the strain-displacement transformation, and model
errors in the obtained structural mode shapes.

Noise in the strain signal can be cause by electrical measurement equipment or by amplification of the signal.
Its value is defined by the Signal-to-Noise ration (SNR) and is typically in a range of up to 5% of the actual
strain signal for standard strain gauges. Strain signal components outside the frequency range of the regarded
mode shapes in the strain-displacement transformation cannot be transferred into the appropriate structural
displacement because its referring mode shapes are missing in the SDT matrix. Hence, the signal components
are misinterpreted as a combination of the existing mode shapes leading to very high estimation errors of up to
1000%.7 In control theory this effect is known as signal aliasing. Variation in material thickness and stiffness
leads to errors in the obtained mode shapes and therefore, in the shape estimation performances.

In order to minimize the influence of the presented error sources two types of filter were applied to the
measured strain signal: the simple low-pass filter and the Kalman filter as complex state estimator. As dynamic
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method the simple low-pass filter (LPF) can be applied at several points along the strain transformation to filter
higher frequent noise and signal partitions above the highest regarded natural frequency fnat in the SDT matrix.
If applied directly to the strain signals the cut-off frequency fcut is set between the highest natural frequency
fnat,n in the transformation matrix and the first truncated mode shape in order to filter aliased strain mode
shapes and noise signal contents (equation 5).

fcut,LPF =
fnat,n + fnat,n+1

2
(5)

fcut,MF =
fnat,i + fnat,i+1

2
(6)

However, noise signal contents in the frequency range of the chosen SDT matrix corrupt still the estimation
results. Hence, a variation of the low-pass filter can be applied directly to each transferred modal amplitude by
separating the strain transformation into two steps of equation 3 and 1. For each modal amplitude the cut-off
frequency of the referring low-pass filter, further on called modal filter (MF), can be set just above its natural
frequency fnat,i (equation 6).

The more powerful Kalman filter in its discrete form as derivation of the Luenberger observer represents a
stochastic, recursive state estimator for linear, time-invariant dynamic systems in state-space description, which
are corrupted by system disturbance w and signal noise v. It minimizes the least squares of the occurring state
estimation error by using the statistical properties of the existing signal noise and possible model error.10

zk+1 = Fkzk + Gkuk + wk (7)

yk = Ckzk + vk (8)

Based on the knowledge of the initial state z0 and the system matrix F of the linear dynamic system the
Kalman filter estimates the actual state ẑk+1 of time step tk+1 in the recursive process of prediction and update
step.11

In the prediction step the a-priori state ẑ−k+1 is obtained using the last estimated value ẑk and the excitation
uk without the actual sensor reading. The a-priori state error covariance P−

k is the autocorrelation function of
the state error e−k = zk − ẑ−k at time step tk.

In the update step the predicted state is corrected into the a-posterior estimate zk+1 using the actual sensor
reading. The new, a-posterior estimate is built as averaged combination of weighed, propagated previous estimate
and actual noisy signal reading. The gain matrix K determines the average of actual signal reading and predicted
value by its noise level and model error.12 Error covariance P and gain matrix K are obtained from an initial
value of P0 and the noise and model error covariance matrices R and Q. Signal noise v and system disturbance
w of the discrete state-space formulation are assumed to be white, i.e. random with a Gaussian distribution.
However, later investigations will show sufficient estimation result even for non-white noise and model error.
Further information and equations on Kalman filtering can be found in Brown (1997).11

vk ∼ N(0, Rk) wk ∼ N(0, Qk) (9)

E[wkwT
k ] = Qk E[vkvT

k ] = Rk E[wkvT
k ] = 0 (10)

Two variations of Kalman filter are investigated based on the numerical model of the system and sensor
readings overlaid with white noise. Truncated mode shapes are treated as part of the sensor noise. The first
variation of the Kalman filter, further on called optimal Kalman filter (OKF), is based on the knowledge of
excitation for each time step. The second Kalman filter, further on called suboptimal Kalman filter (SKF),
assumes the unknown excitation to be a system disturbance. Hence, for optimal estimation results the excitation
must be white and the system error covariance must contain both, model error and excitation level.
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2.3 Fiber optic strain sensing

Besides its passive use as light and signal transmitter optical fibers have found more and more application
in modern non-destructive structural sensing and health monitoring as temperature, strain, pressure or even
damage sensors.13 Its insensitivity against electromagnetic radiation and small diameter of only 250 µm make it
an ideal sensor which can be embedded directly into complex composite structures. In order to measure strain,
a single-mode optical fiber is modulated with so called fiber Bragg gratings (FBG), periodic modulations of the
refractive index in the fiber core with perpendicular phase front to the fiber’s longitudinal axis.

If a broadband light source of constant intensity is sent through the fiber the gratings reflect a specific Bragg
wavelength λB depending on the effective refractive index neff of the fiber and the spacing Λ between each
grating.

λB = 2neffΛ (11)

If strain or temperature is applied to the optical fiber its refractive index changes slightly causing a wavelength
change ∆λB of the reflected signal. This wavelength change can be decoded for each signal by a tunable Fiber
Fabry-Perot filter (FFP). The following equation defines the influence of temperature ∆T and strain ε on the
wavelength shift in the reflected spectrum.13

∆λB

λB0
= (1 − pe)ε + (αΛ + αn)∆T (12)

where pe, αΛ and αn represent the effective strain-optic, thermal and thermo-optic coefficient respectively.
For the following investigations germanium-boron doped silicate fibers Fibercore PS1250/1500 were used with
the values pe = 0.213, αΛ = 0.55 · 10−6 and αn = 8.6 · 10−6.13

Main reasons for the application of FBG strain sensors in this investigation were its ability of multiplex-
ing, which reduces the critical, additional weight of the sensing equipment by implementing only one single
optical fiber with several gratings, and the low noise level of 1µε in optical strain sensors due to optical signal
transmission.

3. NUMERICAL SIMULATION

Numerical simulations were performed on a simply supported beam in state space description in order to show
the applicability of the introduced estimation method and filtering techniques and to determine the influence of
parameter variations in excitation, noise, model error and the Kalman variables on the final estimation results.
The Bernoulli-beam was divided in M = 240 elements and measured a total length of L = 1200mm, width of
W = 40mm and thickness of th = 8mm. Acrylic served as beam material with a Young’s modulus of E = 3.9GPa
and density of ρ = 1.16 · 10−6kg/mm2.

A total of N = 90 mode shapes was used to simulate the ’real’ structural deflection and strain distribution
in a linear, time-independent state-space description. Strain and deflection mode shapes were determined using
available analytical solutions for the simply supported beam structure. As modal damping a value of ζ = 0.02
was chosen. Table 1 presents the low-order natural frequencies, which are of main interest for the later analysis.

Table 1. Natural frequencies of numerical beam structure

Mode no. Natural frequency (Hz) Mode no. Natural frequency (Hz)

1 4.62 5 115.48
2 18.48 6 166.29
3 41.57 7 226.34
4 73.91 8 295.62

In order to analyze the effect of available mode shapes in the strain-displacement transformation between 2
and 8 strain sensors were placed on different element nodes along the structure. For the simplicity, the strain
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sensors were positioned in even spacing on the beam. A dynamic nodal force was applied to the structure at
Lex = 430mm, a point with high modal amplitudes of low-frequent mode shapes to prevent collocation of loading
point and modal nodes. To investigate the full range of possible excitation three different excitation cases were
implemented in the simulation model: harmonic resonant excitation in accordance with the beam’s low-order
natural frequencies, off-resonant excitation at the geometric mean frequency between two consecutive natural
frequencies, and random loading with a Gaussian, band-limited distribution between 0 and 500 Hz.

In addition to the basic strain-displacement transformation the four introduced filtering techniques have been
applied to the strain data or derived modal amplitudes in order to determine the effect of sensor noise, model
errors and the possible filtering capability on the displacement estimation for each excitation case. Low-pass
and modal filter were implemented as recursive, infinite-impulse response Butterworth filters (IIR) with filter
order nf = 5. The low-pass filter was applied directly to the N strain signals; N individual low-pass filters were
applied as modal filter to the transformed modal amplitudes before determining the spatial deflection of the M
discrete structural elements. The optimal and suboptimal Kalman filters used a system of equivalent N mode
shapes in its system estimation matrix F according to the number of strain signals. Necessary parameters such
as the error covariances Q and R were determined using equation 10 based on the applied level of sensor noise
and system disturbance (in case of the suboptimal Kalman filter, the system disturbance covariance includes the
level of excitation even for non-random excitation).

Signal noise as main disturbance of the determined strain signals was implemented in the simulation as
percent value of random, band-limited variation of the strain signal with range between 0 and 10% SNR. In
order to analyze the sensitivity of the deflection estimation against model errors the material thickness was varied
between 1 and 10% of its original value without acknowledging it in the strain-displacement transformation and
the Kalman state estimator.

Based on the given structural parameters and system variables strain and real displacement were calculated
for each time step and compared to estimated and filtered-estimated deflection data under the influence of
external and internal disturbances of variable intensity. Each sensitivity is compared using the a global, time
discrete Euclidean error definition which normalizes the global root mean square (RMS) value of the deflection
mismatch ∆wi(t) at a given time step t with the RMS value of the real deflection ∆wi(t) of all discrete structural
points i.

e =

√∑M
i=1(ŵi(t) − wi(t))2√∑M

i=1(wi(t))2
· 100% [%] (13)

with e - error in percent, ŵi(t) - estimated deflection at structural point i and time step t, wi(t) - real
structural deflection.6
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Figure 1. Estimation error for (a) variable resonant/off-resonant excitation and (b) variable sensor number and random
excitation
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Figure 1 shows the estimation error depending on the type of excitation frequency for resonant and off-resonant
excitation. The strain-displacement transformation is highly capable to estimate the structural displacement
in the presence of harmonic excitation and strain signals without noise corruption. However, for increasing
complexity of higher mode shapes and off-resonant excitation the estimation error is increasing to an unacceptable
level of above 50%.

With regard to the applied filtering methods the missing improvement of the low-pass filter (LPF) and modal
filter (MF) are clear for strain signals without noise corruption and excitation within the implemented mode
shapes. The decreasing estimation quality within the first mode shapes is a result of the increasing complexity of
the modal response. In contrary, the MF causes even higher estimation errors due to the unwanted truncation of
necessary components of the modal response caused by the coincidence of modal cut-off and excitation frequency.
As expected the optimal Kalman filter is able to estimate very accurately the dynamic shape of the beam structure
for both, resonant and off-resonant excitation. However, the suboptimal Kalman filter is also capable of improving
the noise-free global displacement even for non-random excitation, which is treated as system disturbance. In
case of random excitation the quasi-static SDT shows high sensitivity against truncated strain signal components
which cannot be translated by the low number of integrated mode shapes in the SDT. In contrary to resonant/off-
resonant excitation the LPF and MF are capable of filtering the truncated strain components of higher order
resulting in a obvious improvement of the estimation result of the SDT especially for small number of mode
shapes. The small improvement of the MF with increasing mode shape number is based on the contrary effect
of lower truncation components in the strain signal but higher unwanted truncation of required strain data due
to the low cut-off frequency of the modal filter. Better results are even accomplished by using the sub-optimal
and optimal Kalman filter due to the random character of truncated strain signals, which are treated as signal
noise component.

An increase in the number of strain sensors and corresponding mode shapes in the basic SDT matrix as well
as the Kalman state estimator results in improved estimation results due to lower truncation effects and higher
order representation of the dynamic system, as shown in figure 1b.
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Figure 2. (a) Sensor noise on 3rdfnat (b) Model error on random excitation

Main disadvantage of the Kalman filter techniques is presented in the adjoining figure 2b. Unlike the basic
filtering techniques and quasi-static strain transformation the Kalman filter reacts highly sensitive to model
errors in the prediction model if not considered in the related system disturbance covariance. Filtered shape
estimates of the optimal Kalman filter show for only 1% thickness variation already a tenfold increased deviation
from the real shape. The suboptimal Kalman filter shows lower sensitivity due to its generally high value of the
system disturbance covariance which is required to take into account the unknown excitation.

The influence of the most important corruption on the quasi-static shape estimation is presented in figure 2a.
Every sensor, even the modern optical strain sensor, encounters noise based on either the use of amplification or
environmental disturbances. Such noise has the most adverse effect on the quasi-static SDT shape estimation
technique. Due to the missing recursive analysis as given in the Kalman filter, the SDT matrix misinterprets
even small level of noise up to three percent as strain signal component and translates it into displacement as
combination of the integrated mode shapes resulting in a tenfold increase of the original estimation error. The
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low-pass filtered transformation error follows the trend of the unfiltered SDT but with half the error level showing
the effective filtering of noise components above the cut-off frequency. The main reason for the application of the
modal filter as modification of the low-pass filter against all presented disadvantages can be seen clearly in the
presence of signal noise. In contrast to the limited quality of the low-pass filter, the modal filter is able to filter
noise of the full spectrum by analyzing each modal amplitude separately with the according cut-off frequency.
An increase in the signal noise level leads only to minimal increase of the estimation errors. However, best results
are achieved with the Kalman filtered solution. The suboptimal Kalman filter shows only small increase in the
noise level and the optimal Kalman filter is able to fully compensate the corruption in the strain data due to
consideration in the noise error covariance.

4. EXPERIMENT

A schematic diagram of the experimental setup is shown in figure 3. Main purpose of the experimental setup
was to verify the capability of strain-displacement transformation in combination with filtering techniques in a
real-time application. In contrast to the numerical analysis an acrylic cantilever beam structure was used to
simplify the correct clamping of the structure which has a high impact on the correct modal structural response.
The cantilever beam with the dimensions 1200× 40× 8 mm3 (see table 2) was clamped on one side and excited
with a modal shaker MB Dynamics Modal 50A in combination with a modal amplifier MB Dynamics SS250VCF
at Lex = 185mm from the fixation. The first three natural frequencies, accordant center off-resonant frequencies
and a random, band-limited spectrum between 0 and 100 Hz were used as forcing function on the beam controlled
by a Simulink function generator. The bandwidth of excitation and general specimen dimensions were limited by
the available strain recording equipment for the FBG strain sensors which had a maximum sampling frequency
of fs = 200Hz.

Table 2. Properties of experimental beam structure

Property Acrylic beam

Length (L) (mm) 1200
Width (W) (mm) 40
Thickness (th) (mm) 8
Young’s modulus (E) ( N

mm2 ) 3900
Density (ρ) ( kg

mm3 ) 1.16 · 10−6

Four innovative fiber Bragg gratings with variable Bragg wavelength were written in a single optical fiber and
glued as strain sensors on the acrylic beam at Lss = [20, 295, 600, 900]mm from the base. The sensor positions
were selected with regard to the local strain response for each excited mode shape in order to maximize the strain
response of each strain sensor without hitting a modal node. To determine the local strain level of each FBG
a Fiberpro IS7000 interrogation system was connected to the single optical fiber. The required real structural
displacement was measured with four Keyence laser displacement sensors (two LK-031, one LK-081 and one
LB-301) at Lls = [240, 485, 830, 1195]mm and recorded using a D-A/A-D signal converter in combination with
a real-time Simulink tool which contained the SDT matrix, the low-pass and modal filter, and the suboptimal
Kalman state estimator. The use of the optimal Kalman filter was refused due to the assumption that in a real
test environment the excitation signal is not available. Filter cut-off and Kalman parameters, as error covariances
Q and R, were determined in the same way as for the the numerical simulation. The noise covariance R was
obtained using the noise level which could be measured in each unstressed FBG sensor before applying a dynamic
load to the structure.

The required mode shapes for the SDT matrix were computed using the finite element tool MSC Pa-
tran/Nastran. The numerical model for computation of the mode shapes was adjusted to the experimental
setup using the first four natural frequencies and modal damping coefficients of the real structure measured by
means of a Polytec FV303 laser doppler-vibrometer and the modal analysis software tool Star Modal.
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Figure 3. Schematic of test setup

Table 3 presents the estimation results for each excitation case with regard to the different filtering techniques.
The quasi-static estimation method shows sufficient results for resonant and random excitation, which is mainly
possible due to the small noise level. The experimental test revealed the same tendency for increasing estimation
errors with higher excitation frequencies as the numerical simulation. Due to the small level of noise the basic
filtering techniques of LPF and MF achieve only small improvements, especially for the resonant excitations.
However, in the off-resonant case the Modal filter clearly improved the estimation error against the basic Low-
pass filter and SDT method due to the broader filtering spectrum. The unwanted filtering of necessary strain
components as presented in the simulation was avoided by an offset between filter cut-off and off-resonant
excitation frequency. With exception of the first resonant excitation the suboptimal Kalman filter showed the
best general estimation quality improvement by filtering noise and model disturbances. Especially for off-resonant
excitation the Kalman filter decreases the total estimation error from unacceptable 200% below 7%, which cannot
be achieved by either LPF or MF.

Table 3. Experimental estimation errors for different filtering techniques

Excitation Estimation error (%) Sensor noise
(Hz) SDT LPF MF SKF (%)

0.80 16.9 17.0 17.3 8.1 4.76
1.80 1stfnat 2.9 2.9 2.9 16.8 0.57
6.00 75.9 75.7 65.7 16.4 0.66

11.43 2ndfnat 12.3 12.2 3.3 7.9 0.79
20.00 201.1 202.0 29.8 6.4 0.18
31.34 3rdfnat 3.1 2.5 3.0 5.0 0.87

random 16.0 13.7 11.0 15.4 0.38

The application of modern FBG strain sensors showed to be an apparent success. Not only was the sensor
influence on the dynamic structural behavior minimized by using a small diameter optical fiber, but the FBG
also offered a minimal noise level for the measured strain range. To investigate still the influence of noise level
on real experimental shape estimation the amplitude of excitation was varied causing an increasing noise level
in the strain signal. An increase of the sensor noise level from 0.66% to 2.06 % resulted in a 10% increase of the
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unfiltered and low-pass filtered estimation mismatch, but constant or even decreasing error values for the MF
and SKF method.

5. CONCLUSION

As already presented in previous investigations the quasi-static shape estimation method based on the modal
approach offers a simple, but reliable method to determine even the shape of complex structures with minimal
computational effort as long as the transformation matrix is not corrupted by model errors and signal noise. In
case of of a noisy test environment the simple estimation methods showed to be only limited applicable highly
depending on the type of frequency and noise spectrum. However, the use of the more complex temporal Kalman
filtering technique is able to highly improve the static shape estimation approach for both random and harmonic
structural response and therefore, allows the use of the static approach even in dynamic applications under real
test conditions with uncertainties in the obtained model parameters and noise in the measured strain signals.
The use of a suboptimal Kalman variant induces some loss in estimation quality but broadens the area of use of
the Kalman for application without the time-discrete knowledge about the loading disturbance. For experimental
applications the FBG strain sensors offer a successful alternative to standard strain measurement equipment in
order to minimize structural disturbance of the sensor and occurring noise level in the signal.
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