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Abstract—A unified computation method of vector and elementary functions is proposed for handheld 3D graphics systems. It unifies

vector operations like vector multiply, multiply-and-add, divide, divide-by-square-root, and dot product and elementary functions like

trigonometric, inverse trigonometric, hyperbolic, inverse hyperbolic, power (xy with two variables), and logarithm to an arbitrary base

into a single four-way arithmetic platform. A number system called the fixed-point hybrid number system (FXP-HNS), which combines

the fixed-point number system (FXP) and the logarithmic number system (LNS), is proposed for the power and area-efficient

unification. Power and area-efficient logarithmic and antilogarithmic conversion schemes are also proposed for the data conversions

between fixed-point and logarithmic numbers in the FXP-HNS and achieve 0.41 percent and 0.08 percent maximum conversion errors,

respectively. The unified arithmetic unit based on the proposed schemes is presented with less than 6.3 percent operation error. Its

fully pipelined architecture achieves single-cycle throughput with maximum four-cycle latency for all of the supported operations.

Comparison results show that the proposed arithmetic unit achieves 30 percent power and 10.9 percent area reductions and runs two

times faster than the previous approach.

Index Terms—Computer arithmetic, unified arithmetic unit, vector operations, elementary functions, logarithmic number system,

3D computer graphics, handheld systems.

Ç

1 INTRODUCTION

AS mobile electronics advances, handheld devices such
as cell phones and personal digital assistants (PDAs)

are evolving from text-based applications to various multi-
media applications including real-time three-dimensional
(3D) computer graphics. The realization of 3D graphics in
handheld systems has been a challenging issue since
3D graphics applications inherently require huge computa-
tion power, whereas handheld devices can provide only a
limited amount of area and power budgets. Recently,
mobile 3D graphics standards like OpenGL-ES are introdu-
cing programmability to the graphics pipeline [1] and
handheld 3D graphics processors like RamP [2] are
adopting programmable processors, that is, vertex and
pixel shaders, into their pipeline stages to support various
graphics effects. These shaders are responsible for proces-
sing graphics kernels and their instruction sets include
complicated vector and elementary functions like vector
multiply-and-add, divide, dot-product, power, logarithm,
and trigonometric functions. The common instruction cycle
counts required for the OpenGL transformation and light-
ing (TnL) kernel with a standard ambient, diffuse, and
specular lighting model [3] are shown in Fig. 1. It is

estimated based on the cycle count reports from a
commercial DSP [4]. As shown in this figure, about half of
the cycle counts are used for the multiplication and the
addition, which perform vector operations like dot product
and MAD, and the other half are consumed by running
elementary functions. Moreover, other kinds of elementary
functions, such as trigonometric, hyperbolic, and their
inverse functions, are also required for running graphics
kernels using more advanced lighting models than that of
OpenGL. Thus, the efficient design of the vector and the
elementary functions becomes an important issue for the
handheld graphics systems.

In this work, we propose a scheme for the unification of
the vector and elementary operations into a single four-way
arithmetic platform [5], [6]. It uses the logarithmic number
system (LNS) [7] at the arithmetic core for the power and
area-efficient unification of these operations. It achieves
30 percent power and 10.9 percent area reductions and runs
two times faster than the previous approach [8].

There have been studies on a unified arithmetic scheme
to deal with various elementary functions in [9], [10], [11],
[12], [13]. One of the early approaches in unified arithmetic
was the CORDIC algorithm [9]. It enabled elementary
function evaluation on handheld calculators. However, due
to its iterative nature, the limited speed of the CORDIC is
not suitable for high-performance real-time signal proces-
sing environments. In [10], a table-based approximation
algorithm using rectangular multipliers was proposed for
fast execution time and it unified division, logarithm,
reciprocal square-root, arctangent, sine, and cosine func-
tions. However, this approach requires a fairly large
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memory size of 1 Mbit. Recently, a function approximation
scheme based on a minimax quadratic interpolation
algorithm is proposed for programmable shaders in
3D graphics systems [11]. It supports reciprocal, square-
root, reciprocal square-root, logarithm ðlog2 xÞ, exponential
ð2xÞ, and sine functions. This approach requires quite a
small table size of 38 Kbits and achieves an area-efficient
implementation. There have also been studies based on the
LNS arithmetic [12], [13]. In [12], the trigonometric and
inverse trigonometric functions are approximated using a
power series. This work also took into account the
implementation of exponential and logarithmic functions.
In [13], the implementation of a power function ðxyÞ using
the LNS arithmetic is presented. However, these works did
not take into account the method that unifies all of these
elementary functions or elementary functions with vector
arithmetic functions, the fundamental operations in
3D graphics.

This paper is organized as follows: Section 2 presents a
number system called the fixed-point hybrid number
system (FXP-HNS) proposed for this work. In Section 3,
the logarithmic and antilogarithmic conversion schemes
used for FXP-HNS are proposed. Based on these, the
architecture of the unified arithmetic unit in FXP-HNS is
described in Section 4. The simulation and synthesis results
for the proposed arithmetic unit are presented in Section 5.
Finally, we conclude in Section 6.

2 FIXED-POINT HYBRID NUMBER SYSTEM

LNS is well known for simplifying various arithmetic
operations [7]. In LNS, multiplication, division, and square
root are reduced to addition, subtraction, and right shift,
respectively. However, its number format is incompatible
with popular number formats like fixed-point number or
the IEEE 754 floating-point standard [14]. Moreover, the
addition and subtraction become more complicated in LNS,
where they require nonlinear function evaluation. There-
fore, a hybrid approach of LNS and the floating-point
number system (FLP) was introduced in [15], where the
input and output number format is FLP and the internal

computation is performed in LNS except for the addition
and subtraction, which are performed in FLP.

Even though the hybrid number system (HNS) in [16]
suggests an elegant way for the fusion of FLP and LNS, the
addition and subtraction in FLP that require denormaliza-
tion for exponent alignment and normalization of the final
result are still complicated. Therefore, we propose FXP-
HNS, where the input and output number format is the
fixed-point number (FXP) and the internal complicated
arithmetic is done in the LNS except for the simple addition
and subtraction, which are carried out in the FXP.

Although FXP system has a limited dynamic range
compared to the FLP system, there have been studies that
show the efficiency of the fixed-point arithmetic in handheld
3D graphics systems [16], [17]. The conversion between the
fixed-point and logarithmic numbers carries a little computa-
tion error. However, FXP-HNS can be useful for handheld 3D
graphics systems that have a small screen. In this section, the
format of fixed-point numbers and logarithmic numbers
defined for FXP-HNS will be introduced.

2.1 Fixed-Point Number in the Fixed-Point Hybrid
Number System

In FXP-HNS, fixed-point numbers are represented as
2’s complement representation with fraction point. As
shown in Fig. 2, a fixed-point number x has the format of
Qm:n, where m and n represent the number of bits for
integer and fraction parts, respectively. The precision of the
fixed-point data is made to be programmable to cope with
the different precision requirements of the shader pro-
grams. For example, applications covering a wide world
space may require a large dynamic range, whereas the ones
with repeated zoom ins and outs may require high
precision to preserve the significant bits. The precision for
this fixed-point number can be programmed from Q32.0 to
Q1.31. The range of values covered by this format is
�2�31; 231 � 1½ �.

2.2 Logarithmic Number in FXP-HNS

In FXP-HNS, the format of the 32-bit logarithmic number is
composed of 1-bit sign and zero encodings and 6-bit integer
and 24-bit fraction parts for the logarithm of the original
fixed-point value, as shown in Fig. 3. Since the logarithm of
zero and a negative value is not defined mathematically, the
logarithm of the absolute value is used and the zero and
sign bits encode this information.

The 6 bits of 2’s complement encoding for the integer
part are chosen to cover the entire range of the fixed-point
number with variable precision control. The remaining
24 bits are used for the encoding of the fractional part of a
logarithmic number.
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Fig. 1. Common cycle counts for OpenGL TnL running on a conventional

DSP.

Fig. 2. Fixed-point number in FXP-HNS.



3 LOGARITHMIC AND ANTILOGARITHMIC

CONVERTERS

To deal with the conversion between the fixed-point and
logarithmic numbers in FXP-HNS, the logarithmic and
antilogarithmic converters are proposed. These are based
on a piecewise linear approximation scheme for the power
and area-efficient design. Moreover, the best trade-off
points between the conversion error and the hardware cost
for these converters are investigated in this section.

3.1 Logarithmic Converter

There have been several studies on the logarithmic
converters. Mitchell presented a straight-line approxima-
tion scheme to find the value of the binary logarithm for
power-of-two intervals [7]. However, the straight-line
approximation limits the conversion accuracy significantly.
Although more elaborate algorithms using large lookup
tables (LUTs) or polynomial approximations produce the
exactly rounded value, the large area and power consump-
tion limit them to being used for handheld systems [10],
[18]. In [19], [20], [21], a simple piecewise linear approxima-
tion scheme was proposed to improve the conversion
accuracy with little increase in area and power consumption
compared to the straight-line method. They used a small
LUT for the coefficients for each approximation region.

Although these converters reduced the conversion error
for integer inputs quite well, they revealed a quite large
relative error for real inputs around 1. Therefore, we
propose a logarithmic converter with an error control
scheme to improve the conversion accuracy. The proposed
logarithmic converter also adopts the piecewise linear
approximation scheme for the power and area-efficient
design. However, it successively divides the input range
around 1 and results in 15 approximation regions.

According to [7], the binary logarithm of a 32-
bit FXP input x can be represented as follows: x ¼
zk . . . z2z1z0:z�1z�2z�3 . . . zj and it can be expressed as

x ¼
Xk
i¼j

2izi; ð1Þ

where zi ¼ 00000 or 00100. The MSB zk can be assumed to be 00100

and x can be expressed as

x ¼ 2kð1þ fÞ; where f ¼
Xk�1

i¼j
2i�kzi; 0 � f < 1; ð2Þ

and its logarithm can be represented as

log2 x ¼ kþ log2ð1þ fÞ: ð3Þ

k is the characteristic or the integer part of the logarithm
and log2ð1þ fÞ is the fractional part in the range of [0, 1). In
piecewise linear approximation, the nonlinear term log2ð1þ
fÞ is approximated as

log2ð1þ fÞ ffi ai � f þ bi; ð4Þ

where ai and bi are the approximation coefficients defined
for each approximation region i in the range of
1 � ð1þ fÞ < 2. We divide ð1þ fÞ into finer subdivisions
around the input 1 since the error increases as the input
value gets closer to 1.

Since the ai � f in (4) requires a multiplication, it is
approximated using only shifts and additions to reduce the
hardware complexity. Therefore, the logarithmic converter
can be composed of the LUT for the approximation
coefficients and the adder tree for the shifted terms. The
optimal number of approximation regions in the LUT and
that of shifted terms requiring the adder tree are deter-
mined from the cost function defined as

Costðe; r; tÞ ¼ e � ðrþ tÞ2; ð5Þ

where e is the relative error, r is the number of approxima-
tion regions, and r is the number of shifted terms. In order
to find the best trade-off point between the error and the
hardware cost, the cost function should be defined as a
function of the conversion error, area, and power consump-
tion, where the area and the power consumption are the
factors related to the hardware cost. In (5), the area and the
power consumption are modeled as ðrþ tÞ2 since both of
them are linearly proportional to rþ t. Fig. 4 shows the cost
values according to these parameters. As shown here, the
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Fig. 3. Logarithmic number in FXP-HNS.

Fig. 4. Cost function for the logarithmic converter.



design with 15 approximation regions with three shifted

terms shows the minimum cost value and is optimal.
Based on this optimal point, (4) is computed as

ai � f þ bi ffi f þ ½inv0
i ðfÞ � pi� þ ½inv1

i ðfÞ � qi�

þ ½inv2
i ðfÞ � ri� þ bi ¼� dlog2ð1þ fÞ;

ð6Þ

where ai is computed as the sum of shifts, invji is the bit-

inversion function, and pi, qi, and ri are the shift amounts

defined for each approximation region i. Since ð1þ fÞ is

divided into 15 approximation regions, the coefficients for

each approximation region are listed in Table 1.
Therefore, the approximation function of log2 x can be

denoted as follows:

dlog2 x ¼ kþ dlog2ð1þ fÞ: ð7Þ

This logarithmic conversion scheme is illustrated in

Fig. 5a and its maximum conversion error for the real

numbers is less than 0.41 percent. Fig. 5b shows the error

graph for the logarithmic conversion.
The logarithmic converter based on this scheme is shown

in Fig. 6.
The ABS block computes the 2’s complement ofxwhen the

MSB of x indicates negative. The LOD block computes the

characteristic value k0 by detecting the leading 1 bit based on

the scheme in [22]. It takes the bits following the leading one

as the fraction value f . The upper 6 bits of f are used for

addressing the LUT for approximating the nonlinear frac-

tional part log2ð1þ fÞ. The required LUT size is 15� ð3þ 4þ
4þ 23Þ ¼ 510 bits. Since this converter receives input values

with variable precision of Qm:n, the actual characteristic

value k is computed as k0 � n. The final conversion result

can be obtained by concatenating the characteristic value

and the approximated fractional part. The zero and sign bits

are also appended to comply with the proposed logarithmic

number format in FXP-HNS.

3.2 Antilogarithmic Converter

The antilogarithmic converters are used to convert the

computation results in the logarithmic number domain to

fixed-point numbers, the final computation results. There

have also been several studies about antilogarithmic

converters based on the straight-line and piecewise linear

approximation schemes [7], [20], [23]. In this paper, we

propose an antilogarithmic converter also based on the

piecewise linear approximation scheme and find the best

trade-off point between the conversion error and the

hardware cost.
When x is a logarithmic number, the LNS representation

of the x can be represented as follows:

x ¼ kþ f; 0 � f < 1; ð8Þ

where k and f are integer and fractional parts, respectively.

Thus, the antilogarithmic conversion of x is given as

follows:

2x ¼ 2k � 2f : ð9Þ

In (9), 2k is just a shift operation and the nonlinear term 2f

can be approximated by piecewise linear approximation as
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TABLE 1
The Coefficient Lookup Table for Logarithmic Conversion



2f ffi ai � f þ bi; ð10Þ

where ai and bi are the approximation coefficients defined

for each approximation region i in the range of 0 � f < 1.

Since the error for the antilogarithmic conversion is evenly

spread over the entire region, we divide f into even

approximation regions.
The ai � f in (10) is also approximated using shifts and

additions. Therefore, the antilogarithmic converter can also

be composed of the LUT and the adder tree. The optimal

design regarding the LUT and the adder tree is also

determined based on the cost function of (5). Fig. 7 shows

the cost values according to these parameters. In this figure,

the design with eight approximation regions with two

shifted terms has the minimum cost value.
Based on the optimal point, (10) is approximated as

ai � f þ bi ffi f þ ½inv0
i ðfÞ � pi� þ ½inv1

i ðfÞ � qi� þ bi ¼� b2f ;
ð11Þ

where ai is also computed as the sum of shifts, invji is the

bit-inversion function, and pi and qi are the shift amounts

defined for each approximation region i. Since f is divided

into eight approximation regions, the coefficients for each

approximation region are listed in Table 2.
Therefore, the approximation function of the 2x can be

denoted as follows:

b2x ¼ 2k � b2f : ð12Þ

This antilogarithmic conversion scheme is shown in

Fig. 8a and its maximum conversion error is less than

0.08 percent. Fig. 8b shows the error graph for the

antilogarithmic conversion.
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Fig. 5. The proposed logarithmic conversion scheme. (a) Logarithmic conversion scheme. (b) Error graph.

Fig. 6. Block diagram of the logarithmic converter. Fig. 7. Cost function for the antilogarithmic converter.



The antilogarithmic converter based on this scheme is
shown in Fig. 9.

The input is divided into the characteristic value k and
fractional value f . The upper 3 bits of f are used to address
the LUT for approximating the nonlinear part 2f . The
required LUT size is 8� ð3þ 3þ 14Þ ¼ 160 bits. The shift
amount is computed as n� 24þ k since the final result
should be adjusted to the format with input precision, that
is, Qm:n. The enabled sign bit negates the b2f and the zero bit
makes an output of zero.

4 FXP-HNS MULTIFUNCTION UNIT

In this section, a multifunction unit in FXP-HNS is
proposed. It unifies the vector arithmetic operations with
elementary functions like power, logarithm, and trigono-
metric functions in a single four-way arithmetic unit, the
standard arithmetic platform for modern programmable
shaders [24]. These operations include various combina-
tions of multiplication, division, and square root, trigono-
metric functions, power ðxyÞ, and logarithm to an arbitrary
base ðlogb xÞ. The overall architecture has four arithmetic
channels and is pipelined with four pipeline stages, as

shown in Fig. 10. In this architecture, the input operands in

FXP are converted into the logarithmic number domain,

where operations are reduced into simpler ones, and the

results are restored into the fixed-point number domain,

where linear additions and subtractions are carried out.

4.1 Vector Operations

The vector multiplication, division, square root, and multi-

ply-and-add (MAD) can be represented by a single generic

operation defined as

V EC ¼ xi 	 ypi 
 zi
� �

i2f0;1;2;3g

where 	 2 f�;�g;
 2 fþ;�g; p 2 f0:5; 1g:
ð13Þ

Expression (13) can be converted into FXP-HNS as

V EC ¼ 2ðlog2 xiÞ
ðlog2 yi�qÞ 
 zi
� �

i2f0;1;2;3g

where 
 2 fþ;�g; q 2 f0; 1g:
ð14Þ

NAM ET AL.: POWER AND AREA-EFFICIENT UNIFIED COMPUTATION OF VECTOR AND ELEMENTARY FUNCTIONS FOR HANDHELD 3D... 495

TABLE 2
The Coefficient Lookup Table for Antilogarithmic Conversion

Fig. 8. Proposed antilogarithmic conversion scheme. (a) Antilogarithmic conversion scheme. (b) Error graph.



Here, the complicated operations 	 and the raise to the

power of p are converted into 
 and shift of q in the

logarithmic number domain, while 
 remains in the fixed-

point number domain. These can be implemented as shown

in Fig. 11.
The error for the vector operations in FXP-HNS can be

calculated as

"VEC ¼ xi 	 ysi 
 zi�
�

2Xið1þ�xi Þ
sYið1þ�yi Þ
� �

ð1þ �iÞ 
 zi
� ��

i2f0;1;2;3g

¼ xi 	 ysi � 2Xi
sYi � 2Xi�xi
sYi�yi ð1þ �iÞ
� �

i2f0;1;2;3g

¼ xi 	 ysi ð1� x
�xi
i 	 y

s�yi
i ð1þ �iÞÞ

� �
i2f0;1;2;3g

;

"V ECrelj j ¼ xi 	 ysi ð1� x
�xi
i 	 y

s�yi
i ð1þ �iÞÞ

xi 	 ysi 
 zi

�����
�����

 !
i2f0;1;2;3g

¼ 1� x�xii 	 y
s�yi
i ð1þ �iÞ

1
 z0i

�����
�����

 !
i2f0;1;2;3g

;

ð15Þ

where Xi ¼ log2 xi, Yi ¼ log2 yi, �x is the relative error from

logarithmic conversion of x, �i is the relative error from

antilogarithmic conversion of Xið1þ �xiÞ 
 sYið1þ �yiÞ, and

the z0i is normalized zi by xi 	 ysi .

The dot product can be unified with the VEC operation

in FXP-HNS. The definition of the dot product can be

converted into FXP-HNS as

DOT ¼
Xi¼3

i¼0

xi � yi ¼
Xi¼3

i¼0

2log2 xiþlog2 yi : ð16Þ

Since the dot product shares the vector multiplication

and final addition with vector MAD, it can be unified with

the other vector operations by making the four-way carry

propagation adder (CPA) in the fixed-point number domain

a programmable CPA tree. This CPA tree can be pro-

grammed into a four-way two-input adder for the vector

MAD or a single CPA tree for the dot product, as shown in

Fig. 12.
The error for the dot product in FXP-HNS can be

calculated as
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Fig. 9. Block diagram of the antilogarithmic converter.

Fig. 10. FXP-HNS multifunction unit.

Fig. 11. Vector arithmetic unit.



"DOT ¼
X3

i¼0

xiyi �
X3

i¼0

2Xið1þ�xi ÞþYið1þ�yi Þð1þ �iÞ

¼
X3

i¼0

ðxiyi � xiyi � x
�xi
i y

�yi
i ð1þ �iÞÞ

¼
X3

i¼0

xiyi � ð1� x
�xi
i y

�yi
i ð1þ �iÞÞ;

"DOT relj j ¼

P3
i¼0

xiyi � ð1� x
�xi
i y

�yi
i ð1þ �iÞÞP3

i¼0

xiyi

���������

���������;

ð17Þ

where Xi ¼ log2 xi, Yi ¼ log2 yi, �x is the relative error

from the logarithmic conversion of x, and �i is the

relative error from the antilogarithmic conversion of

Xið1þ �xiÞ þ Yið1þ �yiÞ.

4.2 Trigonometric Functions

The Taylor series expansions of trigonometric functions

enable the unification of trigonometric, hyperbolic, and

their inverse functions with the V EC and DOT operations.

A new generic operation is defined in this architecture to

incorporate all of these Taylor series expansions as

TRG ¼ c0x
k0 
 c1x

k1 
 c2x
k2 
 c3x

k3 
 c4x
k4 ; ð18Þ

where 
 2 fþ;�g and ci and ki are positive real and integer
constants, respectively. This operation approximates a
Taylor series by using the first five terms of the target
Taylor series. Expression (18) can be converted into FXP-
HNS operation as

TRG ¼ c0x
k0 
 2ðlog2 c1þk1�log2 xÞ 
 2ðlog2 c2þk2�log2 xÞ


 2ðlog2 c3þk3�log2 xÞ 
 2ðlog2 c4þk4�log2 xÞ;
ð19Þ

where 
 2 fþ;�g, log2 ci and ki are real and positive integer

constants, respectively. Here, the first term c0x
k0 is not

converted into the logarithmic number domain because the

first term of the Taylor series expansion is usually just a

constant or the same as input x. The other terms

2ðlog2 ciþki�log2 xÞ require MAD in the logarithmic number

domain and a 30 bit � 8 bit radix-4 Booth multiplier, as

shown in Fig. 13, is sufficient for this multiplication since

the ki is a small integer that can be represented within 8 bits.

In Fig. 13, the 30 bit � 8 bit multiplier in each channel has an

extra input port to make a four-way 30 bit � 8 bit + 30 bit

MAD unit for the addition of log2 ci. The final 38-bit CPA in

each channel of a MAD unit is also used for the adder in the

logarithmic number domain for the VEC introduced in the

previous section. The results are converted into a fixed-

point format through an antilogarithm converter.
The final summation for 
 operations in (19) can be

computed using a five-input summation tree. For this, the
programmable CPA tree used for the vector operations is
augmented with a bias port, as shown in Fig. 14, and the
first term of the Taylor series is directly given through this
port. Hence, a trigonometric function can be approximated
with five terms of its Taylor series.

The error for the trigonometric functions in FXP-HNS
can be calculated as
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Fig. 12. Programmable CPA tree in the fixed-point number domain.

Fig. 13. Four-way 30 bit � 8 bit + 30 bit MAD in the logarithmic number domain.



"TRG ¼
X1
i¼1

½
iðcixkiÞ� �
X4

i¼1

½
i2CiþkiXð1þ�xÞð1þ �iÞ�

¼
X4

i¼1

½
iðcixki � 2CiþkiXð1þ�xÞð1þ �iÞÞ� þ
X1
i¼5

½
iðcixkiÞ�

¼
X4

i¼1

½
iðcixki � cixki � xki�xð1þ �iÞÞ� þ
X1
i¼5

½
iðcixkiÞ�

¼
X4

i¼1

½
iðcixkið1� xki�xð1þ �iÞÞÞ� þ
X1
i¼5

½
iðcixkiÞ�;

"TRGrelj j ¼

P4
i¼1

½
iðcixkið1� xki�xð1þ �iÞÞÞ� þ
P1
i¼5

½
iðcixkiÞ�P1
i¼0

½
iðcixkiÞ�

���������

���������;
ð20Þ

where 
i 2 fþ;�g, Ci ¼ log2 ci, X ¼ log2 x, �x is the relative

error from the logarithmic conversion of x, and �i is the

relative error from the antilogarithmic conversion of

Ci þ kiXð1þ �xÞ.

4.3 Power and Logarithm

The proposed unit also supports the power with two

variables ðxyÞ and the logarithm to arbitrary base ðlogb xÞ.
The power function can be converted into multiplication in

the logarithmic number domain according to

POW ¼ xy ¼ 2 y�log2 xð Þ: ð21Þ

x is converted into the logarithmic number and y has the

format of Q8.24 since y in 3D graphics is in the range of

½0; 128� for specular lighting, for which the power function is

mainly used [3]. In (21), a 30 bit � 32 bit multiplier is

required in the logarithmic number domain and it can be

obtained by making the four-way 30 bit � 8 bit + 30 bit

MAD unit used for the TRG a programmable multiplier by

adopting the scheme shown in Fig. 15.

The multiplier is programmable into a four-way 30 bit �
8 bit multiplier for the TRG or a single 30 bit � 32 bit

multiplier for the POW , as shown in Fig. 16. It computes

only 38 MSBs of Q14.24 and truncates the 24 LSBs of the

fractional part. Finally, the result is saturated into Q8.24 for

antilogarithmic conversion.
The error for the power in FXP-HNS can be calculated as

"POW ¼ xy � 2yXð1þ�xÞð1��Þð1þ �Þ
¼ xy � xyð1þ�xÞð1��Þð1þ �Þ
¼ xyð1� xð�x����x�Þyð1þ �ÞÞ;

"POWrelj j ¼ 1� xð�x����x�Þyð1þ �Þ
�� ��;

ð22Þ

where X ¼ log2 x, �x is the relative error from the

logarithmic conversion of x, � is the relative error from

the antilogarithmic conversion of yXð1þ �xÞð1� �Þ, and

0 � � � 1 is the relative error caused by the truncation of

the 24 LSBs of yXð1þ �xÞ.
The logarithm to an arbitrary base is computed by the

multiplication of the binary logarithm log2 x with a constant

k related with the base b, according to

LOG ¼ logb x ¼ k� log2 x where k ¼ 1= log2 b: ð23Þ

A 30 bit � 32 bit multiplier is required in (23) and it can

be obtained with the 30 bit � 32 bit multiplier used for

POW . The binary logarithm log2 x in (23) can be obtained

from the existing logarithmic converter.
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Fig. 14. Programmable CPA tree in the fixed-point number domain.



The error for the logarithm can be calculated as

"LOG ¼ k �X � k �Xð1þ �xÞð1� �Þ
¼ k �X � ð1� ð1� �Þð1þ �xÞÞ
¼ k �X � ð�� �x þ �x�Þ;

"LOGrelj j ¼ �� �x þ �x�j j;

ð24Þ

where X ¼ log2 x, �x is the relative error from the

logarithmic conversion of x, 0 � � � 1 is the relative error

caused by truncating 24 LSBs of k �Xð1þ �xÞ.

5 EVALUATION AND COMPARISON

5.1 Evaluations

The C models for the FXP and the FXP-HNS operations
supported by the proposed arithmetic unit were established
to test the error effects. Each operation of these libraries was
tested with 10,000 random input vectors in the range of
½1; 2Þ without loss of generality. Table 3 shows the
maximum and average error rates for each operation. Here,
the results from the FXP library are assumed for the
reference values to evaluate the error rate. The arctangent
shows a higher error rate due to the limited number of
terms approximating the Taylor series expansion rather
than the conversion errors from the number converters.
Thus, increasing approximation terms can mitigate this
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Fig. 15. Dot diagram for a programmable multiplication scheme.



error by iterating this operation with updated coefficients,

which degrades pipeline throughput.

In order to show the dynamic effects of the errors from the

proposed arithmetic unit, two test 3D graphics scenes are

drawn from the FXP and FXP-HNS libraries, respectively, as

in Fig. 17, where the test screen size is 512� 512. The OpenGL

TnL operation [3] including the model-view transformation,

ambient, diffusion, and specular lighting model is tested to

show the dynamic error effects for a vertex shader kernel.

This kernel includes multiplication, division, square-root,

dot-product, and power functions. The small difference

between the two images in Fig. 17 can be unnoticeable from

the small screens of handheld systems.
The area cost is analyzed in terms of the area of a full

adder ðfaÞ, following [25]. Although the actual area cost

depends on the employed technology, this approach gives

relative area analysis information for the components in the

proposed arithmetic unit in a technology-independent way.

The area estimates for individual components are reported

in Table 4. The area cost of each module is estimated as
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Fig. 16. Programmable multiplier in the logarithmic number domain.

TABLE 3
Error Rate for Each Operation



LOGC ¼ 32bABS þ 32b LODþ 6bCPAþ LUT 510b

þ 24bMUXesSHIFT þ 24b 4 : 2CSAþ 24b 3 : 2CSA

þ 24bCPA

¼ 11 faþ 88 faþ 4 faþ 18 faþ 78 faþ 48 faþ 24 fa

þ 16 fa ¼ 287 fa;

PMUL ¼ BOOTH ENC þ 8� 38b 4 : 2CSAþ 4

� 38bCPAþMUXesUNIFY

¼ 320 faþ 8� 76 faþ 4� 25 faþ 304 fa ¼ 1; 332 fa;

ALOGC ¼ 2� 6bCPAþ LUT 160bþ 24bMUXesSHIFT

þ 24b 4 : 2CSAþ 24bCPAþ 32b SHIFT

¼ 2� 4 faþ 6 faþ 42 faþ 48 faþ 16 faþ 96 fa ¼ 216 fa;

PADD ¼ 4� 32bCPAþMUXesUNIFY

¼ 4� 21 faþ 48 fa ¼ 132 fa:

ð25Þ

Based on the area of each module, the entire area of the

proposed arithmetic unit is estimated as

Area ¼ 8� LOGC þ PMULþ 4�ALOGC þ PADD
¼ 8� 287 faþ 1; 332 faþ 4� 216 faþ 132 fa ¼ 4; 624 fa:

ð26Þ

The overhead of the MUXes inserted for the unification

takes 7.6 percent of the entire area. The LOGCs make up the

largest part in the proposed arithmetic unit and take about

49.7 percent of the total area.

5.2 Comparison

The FXP-HNS unified arithmetic unit was modeled at a

structural level using Verilog HDL. It was synthesized using

the Synopsys Design Compiler. We used the Artisan TSMC

0.18�m 1.8-volt standard cell library with “typical corner”

operating condition. The synthesized design takes about

0.785 mm2 in total. The proposed unit supports maximum

four-cycle latency with single-cycle throughput for all of the

supported operations. The cycle time of the pipeline stages is

4.3 ns, which is equivalent to the operating frequency of

232 MHz. The critical path is found in the programmable
multiplier in the second stage. It is shown with the full view of
the proposed arithmetic unit in Fig. 18.

Each operation has a different latency and power
consumption since the blocks required to be activated are
different for each operation. Therefore, the pipeline regis-
ters are fully clock gated according to the control of each
operation to reduce the switching power consumption. The
latency, throughput, and power consumption of each
operation are summarized in Table 5.

The area, power, speed, and error of our arithmetic unit
are compared with those of the CORDIC unit proposed in
[8], which is based on the fixed-point number. This
CORDIC unit is designed with a modified CORDIC
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Fig. 17. Comparison of test scenes. (a) Scene from the FXP arithmetic. (b) Scene from the FXP-HNS arithmetic.

TABLE 4
Area Estimates of Each Component in the Proposed Unit



algorithm that introduces an approximation in Taylor series
expansion and eliminates the scaling factor correction. This
scheme avoids using multipliers and increases power and
area efficiency significantly at the cost of an increased error
rate. The compared CORDIC units also achieve single-cycle
throughput since they are implemented as an unfolded
architecture. Table 6 shows a comparison of the results of

our arithmetic unit with those of the conventional CORDIC
and the CORDIC proposed in [8], based on the data
reported in [8]. All of the data are synthesis results using
0.18�m CMOS technologies. The power consumption and
error values are compared with those of the sine function,
which is the common operation among the compared works
and one of the functions that maximally use the compo-
nents, LOGC, programmable multiplier, ALOGC, and
programmable CPA tree in our arithmetic unit.

As shown in Table 6, our unit shows 30 percent power and
10.9 percent area reductions and runs two times faster than
the modified CORDIC unit with a similar maximum error
value. Moreover, it achieves throughput of four data per cycle
since it is based on the four-way SIMD architecture. It also
supports important operations for 3D graphics like dot
product, divide-by-square-root, power, and logarithm as
operations with single-cycle throughput, which are not
directly supported in the CORDIC-based units.

6 CONCLUSION

This paper described a power and area-efficient unified
computation of vector and elementary functions for
handheld 3D graphics systems. A number system called
FXP-HNS, an HNS of the fixed-point and logarithmic
number systems, is proposed to reduce the complexities
of vector and elementary functions. Based on the cost
function analysis, area and power-efficient logarithmic and
antilogarithmic converters are proposed for number con-
version between fixed-point and logarithmic numbers. The
maximum conversion errors are 0.41 percent and 0.08 per-
cent for the logarithmic and antilogarithmic converters,
respectively. The proposed functional unit based on these
schemes achieves power and area-efficient unification of the
vector and elementary functions into a single four-way
arithmetic platform. All of these functions can be imple-
mented by properly programming the multiplier logic in
the logarithmic number domain and the adder logic in the
fixed-point number domain. The proposed pipeline archi-
tecture achieves single-cycle throughput with maximum
four-cycle latency. Comparison results show that our unit
shows 30 percent power and 10.9 percent area reductions
and runs two times faster than the previous approach with
a similar error rate.
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Fig. 18. Full view and critical path of the proposed unit.

TABLE 5
Latency, Throughput, and Power Consumption of Each Operation
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