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Abstract

We present efficient all-to-all personalized commu-
nication algorithms for a 2D torus in wormhole-routed
networks. Our complete exchange algorithm adopts
divide-and-conquer approach to reduce the start-up
latency significantly, which is a good metric for net-
work performance in wormhole networks.

The first algorithm recursively divides the whole
network into 2�2 networks. After specially desig-
nated nodes called master nodes have collected mes-
sages, whose destinations are the rest of the basic
cells, only master nodes perform complete exchange
with reduced network size. Upon finishing this com-
plete exchange among master nodes, these nodes dis-
tribute messages to the rest of the master nodes, which
results in the desired complete exchange. The second
algorithm, which is more practical than the first one,
divides the network only once.

After we present these new algorithms, we analyze
time complexities and compare several algorithms. We
show that our practical algorithm is efficient by a fac-
tor of 2 in the required start-up time which means that
our algorithm is suitable for wormhole-routed net-
works.

1. Introduction

A multicomputer[1] consists of a number of proces-
sors that are interconnected in a certain topology. Each
processor has its own local memory, but there exists no
global shared-memory. Therefore, message passing is
needed for information exchange between processors.

Instead of storing a message completely at each
processor that it encounters and forwarding it from
there to the next processor as it is done in store-and-
forward routing, wormhole routing works by advanc-

ing the head of a message directly from incoming to
outgoing channels[5]. Commercial multicomputers
have supported only unicast message-passing. More
recently, multicomputers have begun to provide col-
lective communication services, where the same mes-
sage is delivered from a single source to an arbitrary
number of destination nodes. Theall-to-all personal-
ized communication, or simplycomplete exchange, is
an important communication pattern. Numerous ap-
plications, such as matrix transposition, fast Fourier
Transform(FFT), and distributed table lookup require
this operation. In this communication pattern, each
of theN processors in the network has a distinct, but
equal-size, message to be sent to each of the remaining
N � 1 processors.

Complete exchange algorithms can be classified as
a direct and an indirect. In adirect algorithm, the
complete exchange is performed in several contention-
free phases. In each phase, some of the messages are
delivered directly from source node to their destina-
tion nodes using disjoint paths. On the contrary, in
anindirect algorithm, intermediate nodes may be used
to buffer, re-arrange, and forward the messages. In
meshes or tori, the indirect solutions tend to be more
efficient than the direct ones[3].

Bokhari [2] and Sundar [7] proposed complete
exchange algorithms for 2D meshes using indirect
schemes. In Diagonal-Propagation scheme[10], all
nodes are grouped along diagonals to completely elim-
inate the link contention. The diagonal of a torus has
the property that any two of its nodes are located in dif-
ferent rows and columns. Recently, Suh[6] presented
more efficient algorithms that the network size does
not need to be power-of-two and square.

In this paper, we propose an efficient all-to-all per-
sonalized communication algorithm for 2D torus net-
work based on divide-and-conquer strategy to signif-
icantly reduce the message startup latency. As far as



the performance is concerned in wormhole-routed net-
works, reducing the number of startup latency is an im-
portant factor. And after comparing several algorithms
presented before, we show that our algorithm is more
efficient than the previous ones.

The rest of paper is organized as follows. In the
next section, we give an overview of complete ex-
change operations and present our complete exchange
algorithm. Complexity analysis and evaluation is
given in Section 3. Finally, conclusions are drawn in
Section 4.

2. Algorithms for Complete Exchange

In this section, we give some assumptions and de-
fine some terminologies concerning to our routing
scheme, and then explain our complete exchange al-
gorithms.

2.1. Preliminaries

First we assume the following conditions to explain
our algorithms : wormhole routing, indirect solution
and one-port communication are used. The nodes of
a 2D torus are denoted asPi;j , where0 � i; j < N .
A nodePi;j is connected toPi�1;j ; Pi+1;j ; Pi;j�1, and
Pi;j+1.

Definition 1 A Basic Cellis defined to be a 2�2 net-
work that divides the given network withM�M into
M=2�M=2 subnetworks. Note that when we divide
the given network into basic cells, each basic cell acts
as a mesh network.

Definition 2 Level i subnetworkj is a set of nodes
such thatSi

j = fP2iu+2i�1j;2iv+2i�1j j 0 � u; v <

N=2i; 1 � i < n� 1, andj = 0, 1g. Level 0 network
is the given torus network.

For example, Figure 1(a) shows 64 Basic Cells par-
titioned by thick lines and Fig. 1(b) shows Level 1
subnetwork0 and subnetwork1 in a 16�16 torus net-
work.

Definition 3 Two backward diagonal nodes in a basic
cell are calledMaster Nodesin a given subnetwork.
The other two nodes are calledSlave Nodes.

Consider an example of a basic cell consisting of
P0;0, P0;1, P1;0 andP1;1. P0;0 andP1;1 are master
nodes, whereasP0;1 andP1;0 are slave nodes of the
master nodesP1;0 andP1;1, respectively. In Fig. 1,
master nodes in subnetworks are shown as solid circles

Master nodes

Slave nodes Subnetwork1

(b) Subnetworks

Subnetwork0

(a) Basic Cell Division

Figure 1. Example of Basic cells and Mas-
ter nodes in a 16 �16 Torus

and shaded circles, respectively, and all slave nodes are
drawn as dotted circles.

Note that byvirtually connecting the upper left
and the lower right master nodes form two subnet-
works in a leveli subnetwork. These two subnetworks
do not overlap and are contention-free. For example in
Figure 1(b), we have two level 1 subnetworks, where
each subnetwork consists of sets of the upper left and
the lower right master nodes shown as thick solid lines
and thin solid lines, respectively. In the next section,
we describe our complete exchange algorithms for a
2D N � N;N = 2n torus using divide-and-conquer
strategy.

2.2. Routing Algorithm An�1

On a 2D torus withN�N , a lower bound on the
message startup time is known to be 2(logN )ts[10].
The startup time complexity of our complete exchange
routing algorithm is3(logN)ts. Routing algorithm
An�1 consists ofsplit, exchange, andmerge stage.
A high-level outline of the algorithm showing major
communication steps is presented in Figure 2. We ex-
plain algorithm An�1 using an exmaple of a 16�16
torus network shown in Figure 3.

Split stage consists ofn � 1 phases. In this stage,
each master node collects messages from its slave
node. Figure 3(a) shows the first phase of split stage
in a 16�16 torus network. In this phase, the entire
nodes are divided by 2�2 network. There exist 64
basic cells for a 16�16 torus network. Each upper
right(and lower left) slave node in each basic cell for-
wards all messages destined to even-numbered rows to
upper left(and lower right) master node in two steps in-
dependently. The routing patterns for 2�2 network is
illustrated in Figure 4(a) and (b). For example, nodes
P0;0, P0;1, P1;0 andP1;1 constitute a basic cell in the



Procedure:
—fSplit Stageg

for i = 1 to n� 1
Divide the network by 2�2 network.
Each master node collects messages from its slave node.
Exclude slave nodes from network for next phase.

endfor
—fExchange Stageg

Master nodes in Leveln � 1 perform complete exchange operation.
—fMerge Stageg

for i = n� 1 downto 1
Each master node distributes messages to its slave node.

endfor

Figure 2. Algorithm A n�1 for Complete
Exchange

level 1 subnetworks. In this basic cell, nodesP0;0 and
P1;1 are master nodes, whereas nodesP0;1 andP1;0
are slave nodes. Master nodes are shown in black and
shaded circles and slaves node are shown in dotted cir-
cles in Fig. 3(a).

Subnetwork   nodes1Subnetwork   nodes0
Subnetwork   nodes1Subnetwork   nodes0

(Only subnetworks for Level 1 Subnetwork   are shown for clarity.)0

(a) Level 2 Subnetworks

0(Only subnetworks for Level 2 Subnetwork   are shown for clarity.)

(b) Level 3 Subnetworks

Figure 3. Example of Subnetworks in a
16�16 Torus

Take an example of nodeP0;0 in the first basic
cell. All messages destined to odd rows(i:e: nodes
in subnetwork1 of this level) are transmitted to node
P0;1 and all messages destined to even rows(i:e: nodes
in subnetwork0 of this level) are received from node
P0;1 in step 1. And similar operations are performed
in nodesP1;0 andP1;1. In step 2, all messages are
received from nodeP1;0. Thus the message size in-
creases by a factor of 2. After forwarding messages to
the master nodes, all the slaves nodes in this phase are
excluded in the subsequent phases, because all mes-
sages in the slave nodes have forwarded to the master
nodes.

All the master nodes in the previous phase form the
underlying network for phase 2. This is shown in Fig-

ure 3(a). (Note that only level 2 subnetworks for level
1 subnetwork0 are shown for clarity.) For example,
nodesP0;0, P0;2, P2;0 andP2;2 constitute a basic cell
in the Level 2 subnetworks. In this basic cell, nodes
P0;0 andP2;2 are master nodes, whereas nodesP0;2
andP2;0 are slave nodes. Master nodes are shown in
black and shaded squares and slaves node are shown
in black circles in Fig. 3(a).

Again, take an example of nodeP0;0 in phase 2.
All messages destined to nodes in subnetwork1 of this
level are transmitted to nodeP0;2 and all messages
destined to nodes in subnetwork0 of this level are re-
ceived from nodeP0;2 in step 1. And similar opera-
tions are performed in nodesP2;0 andP2;2. In step
2, all messages are received from nodeP2;0. Thus the
message size increases by a factor of 2 comparing with
that of phase 1.

As in phase 1, each slave node in each basic cell
forwards all messages to master nodes independently.
In this phase, only 128 nodes are involved in receiv-
ing/transmitting messages. After forwarding messages
to master nodes, all slaves nodes in this phase are ex-
cluded in the subsequent phases as in phase 1.

In phase 3, all the master nodes in the previous
phase form the underlying network. This is shown in
Fig. 3(b). (Note that only level 3 subnetworks for level
2 subnetwork0 are shown for clarity.) For example,
nodesP0;0, P0;4, P4;0 andP4;4 constitutes a basic cell
in the Level 3 subnetworks. In this basic cell, nodes
P0;0 andP4;4 are master nodes, whereas nodesP0;4
andP4;0 are slave nodes. Master nodes are shown in
black and shaded ellipses and slaves node are shown
in black squares in Fig. 3(b). As in phase 2, each slave
node in each basic cell forwards all messages to mas-
ter nodes independently. In this phase, only 64 nodes
are involved in receiving/transmitting messages. This
phase 3(i:e: n� 1) concludes split stage.

In exchangestage, master nodes of leveln� 1 sub-
networks perform complete exchange among them-
selves in two steps. For example, in Fig. 3(b), there
exists 8 subnetworks that can be worked simultane-
ously. (Note that only 2 subnetworks are shown.) Ac-
tually, master nodes of level(n� 1) subnetworks per-
form complete exchange operations for all messages
received from the rest of nodes in the whole network.

Finally, mergestage follows. Merge stage consists
of n� 1 phases. Merge stage works in reverse way of
split stage in that master nodes distribute messages to
slave nodes. In phase 3(i:e: n� 1), for example, mas-
ter nodesP0;0 andP4;4 distribute messages to slave
nodesP0;4 andP4;0. Phase 2 and 1 work in the same
way except different size of subnetworks. For each
phase, each master node distributes messages to its



slave nodes. This phase finishes the desired complete
exchange operation.

As far as space needed for each phase is concerned,
Algorithm An�1 requires additional data buffer. In
split stage, space required at each phase is doubled.
Thus the space complexity is12N

3m, requiring more
than 1

2N times than other algorithms [10, 6]. Though
this algorithm significantly reduces the startup time,
space requirements should be carefully considered.

For example, consider that for a 16�16 torus with
m = 1024 bytes, the storage required is about 18 MB,
whereas most of current systems provide 16 MB or
more per node. So this algorithm becomes impracti-
cal with modest memory size. In addition, though the
startup time is small, the data transmission and rear-
rangement time is too high to be used in practical ap-
plications. Thus some compromising criteria should
be considered. In the next section, we present a prac-
tical algorithm based on divide-and-conquer strategy
idea with some limitations, but still reduces startup
time.

2.3. Routing Algorithm A1

Algorithm An�1 recursively divides the whole net-
work by 2�2 networksn � 1 times, whereas a new
algorithm called Algorithm A1 divides only once. (If
the memory size of a node permits, more divisions lead
to less startup time complexity.) Routing Algorithm
A1 consists of three stages. Each stage can be thought
of collecting, exchanging, and distributing messages
stage, respectively. The term ’stage’ used in algorithm
An�1 is different from A1.

Let P andP 0 be two nodes differing in eitherx
or y component of the coordinate. Then, sending a
message fromP toP 0 along that dimension is denoted

as a pathP
d
! P 0, whered 2 f+;�g. If d = ”+” (or ”-

”), the routing will proceed in the positive(or negative)
direction of that dimension.

In Stage 1, messages are collected at the master
nodes in each basic cell independently using Level
1 subnetworks. Routing patterns used are shown in
Figure 4. For example, in a basic cell consisting of
nodesP0;0, P0;1, P1;0 andP1;1, all messages destined
to even-numbered rows(and odd-numbered rows) are
collected to the master nodeP0;0(andP1;1). This stage
takes 2 steps. Master nodes act as representative nodes
of each row in a Basic cell when messages are col-
lected in Stage 1 and messages are distributed in Stage
3.

fStage 1g : // Collect messages at each Master Node.
fStep 1g : // Collect messages along Dimension 0.
parbegin

(b) Step 2

Slave Node

Pi,j+1Pi,j

Pi+1,jP

P

Master Node

i,j

i+1,j

i,j+1

Pi+1,j+1 Pi+1,j+1

P

(a) Step 1

Figure 4. Routing Patterns of Stage 1 in
each Basic Cell

If j mod 2 = 0, thenPi;j
+
! Pi;(j+1) mod N .

If j mod 2 = 1, thenPi;j
�

! Pi;(j�1) mod N .
parend
fStep 2g : // Collect messages along Dimension 1.
parbegin

If i mod 2 = 0, thenPi;j
+
! P(i+1) mod N;j .

If i mod 2 = 1, thenPi;j
�

! P(i�1) mod N;j .
parend

After finishing stage 1, messages to be transmit-
ted to the other basic cells are prepared in two master
nodes in every basic cell. Because the message of the
slave node are collected in the master node, the mes-
sage array size of the master node becomes to2N�N .

In Stage 2, the set of master nodes form two inde-
pendent torussubnetworks. Each torus performs the
complete exchange operation independently with re-
duced network size,i.e. N=2�N=2. In this stage,
complete exchange is performed using similar to Suh’s
algorithm[6] orDiagonal Propagation 2D algorithm[10].
This stage consists of 4 phases. Phase 1 and 2 trans-
mit messages to nodes 8 hops away along each dimen-
sion for(N=8� 1) steps. Phase 3 transmits messages
to nodes 4 hops away along each dimension for two
steps. Phase 4 transmits messages to nodes 2 hops
away along each dimension for two steps. In this stage,
subsequent operations involve the set of master nodes
only, i,e,, fPi;j j 0 � i � N � 1 andj = 2i + m,
where,m=0, 1g. Assumep = i=2 andq = j=2(’/’
denotes integer division.) in the following notations.
Routing patterns used are shown in Figure 5. Note
that only typical patterns of Phase 1 forsubnetwork0
is shown for clarity.

fStage 2g : //Perform complete exchange among Master Nodes.
fPhase 1g :
For Step=1to N=8� 1
parbegin

If (p + q)mod 4 = 0, thenPi;j
+
! Pi;(j+8) mod N .

If (p + q)mod 4 = 1, thenPi;j
+
! P(i+8) mod N;j .

If (p + q)mod 4 = 2, thenPi;j
�

! Pi;(j�8) mod N .

If (p + q)mod 4 = 3, thenPi;j
�

! P(i�8) mod N;j .
parend

End for
fPhase 2g :
For Step=1to N=8� 1
parbegin

If (p + q)mod 4 = 0, thenPi;j
+
! P(i+8) mod N;j .



0Subnetwork

Figure 5. Routing Patterns of Stage 2 in a
16�16 torus

If (p+ q)mod 4 = 1, thenPi;j
+
! Pi;(j+8) mod N .

If (p+ q)mod 4 = 2, thenPi;j
�

! P(i�8) mod N;j .

If (p+ q)mod 4 = 3, thenPi;j
�

! Pi;(j�8) mod N .
parend

End for
fPhase 3g :

parbegin fStep 1g :

If (p+ q)mod 4 = Even andq = 0 or 1, thenPi;j
+
! Pi;(j+4) mod N .

If (p+ q)mod 4 = Even andq = 2 or 3, thenPi;j
�

! Pi;(j�4) mod N .

If (p+ q)mod 4 = Odd andq = 0 or 1, thenPi;j
+
! P(i+4) mod N;j .

If (p+ q)mod 4 = Odd andq = 2 or 3, thenPi;j
�

! P(i�4) mod N;j .
parend
parbegin fStep 2g:

If (p+ q)mod 4 = Even andq = 0 or 1, thenPi;j
+
! P(i+4) mod N;j .

If (p+ q)mod 4 = Even andq = 2 or 3, thenPi;j
�

! P(i�4) mod N;j .

If (p+ q)mod 4 = Even andq = 0 or 1, thenPi;j
+
! Pi;(j+4) mod N .

If (p+ q)mod 4 = Even andq = 2 or 3, thenPi;j
�

! Pi;(j�4) mod N .
parend

fPhase 4g :
parbegin fStep 1g :

If (p+ q)mod 2 = 0, thenPi;j
+
! Pi;(j+2) mod N .

If (p+ q)mod 2 = 1, thenPi;j
�

! Pi;(j�2) mod N .
parend
parbegin fStep 2g :

If (p+ q)mod 2 = 0, thenPi;j
+
! P(i+2) mod N;j .

If (p+ q)mod 2 = 1, thenPi;j
�

! P(i�2) mod N;j .
parend

In Stage 3, each master node distributes messages to
its slave node in a basic cell. This stage takes only 1
step. Message routing pattern for this stage is shown
in Figure 6.

i,j

Pi+1,j Pi+1,j+1

PP

Pi+1,j

i,j+1 P i,j+1i,j

P
Master Node

i+1,j+1

P

Slave Node

Figure 6. Routing Patterns for Stage 3 in
each Basic Cell

fStage 3g : // Each Master Node distributes messages to its Slave Node.
parbegin

If i mod 2 = 0 andj mod 2 = 0, thenPi;j
+
! Pi;j+1 .

If i mod 2 = 1 andj mod 2 = 1, thenPi;j
�

! Pi;j�1 .
parend

3. Complexity Analysis and Evaluation

In this section, we analyze the time required by pro-
posed algorithms.

3.1. Complexity Analysis

We analyze the time required by algorithm A1 in
terms of the communication time including start-up
and data transmission time.

� Start-up Time: Stage 1 consists of 2 steps. In
Stage 2,N=8 � 1 steps are needed for Phase 1
and 2. Phase 3 and 4 in this stage have only 1
step each. So the number of start-ups in Stage 2
areN=4. Stage 3 requires only 1 step. Thus, the
total start-up time is(N=4+5)ts, wherets means
startup-time for a single message.

� Data Transmission Time:Stage 1 consists of 2
steps and at each step we have to transmitN2=2
andN2 messages, respectively At Stage 2, the
number of messages at the each Master node are
composed of2N2. In this stage, Phase 1 and 2
consist ofN=8� 1 steps and each step transmits
N2 messages. And in Phase 3 and 4, each step
transmitsN2 messages. At Stage 3,N2 mes-
sages are transmitted. So the total data transmis-
sion time is(N2(N + 10)=4)mtd, wheretd is
data transmission time for a single message.

� Rearrangement Cost:Stage 1 and 3 are required
to rearrange2N2 messages. Stage 2 needs to re-
arrange6N2 messages. Thus, the total rearrange-
ment cost is10N2mtr, where,tr is the time to
rearrange a byte in memory.

3.2. Comparison and Evaluation

The time complexities of the proposed and the pre-
vious studied algorithms are shown in Table 1. For
2D torus, Suh[6] and Tseng, et. al.[10] presented
complete exchange algorithms using indirect solution.
Though Algorithm A1 requires longer message trans-
mission and data rearrangement time, these factors
become insignificant for the shorter message length.
In addition, Algorithm A1 is superior in the point



of start-up time, which becomes significant factor in
wormhole-routed networks.

Suh’s algorithm[6] is better than Tseng et. al.’s[10]
in that it is more general in the network size. Though
Algorithm A1 assumes that the network size is in the
form of power-of-two, imaginary nodes can be added
to compensate the network size with slightly increased
start-up time if network size is not in the form of
power-of-two. Still, performance of our algorithm
shows better nearly all the time. When the network
size grows bigger(say, 512�512 or bigger), we can
modify the basic cell size to 4�4 for better perfor-
mance with increased memory space.

Table 1. Complexity Comparison among
Complete Exchange Algorithms

Startup Message Transmission Data Rearrangement

An�1 (3 logN � 1)ts (2N3
� 2N2)mtd 4N2 logN�

(logN � 1)mtr

A1 ( 1
4
N + 5)ts

1
4
(N3 + 10N2)mtd 10N2mtr

[10] ( 1
2
N + 2)ts

1
4
(N3 + 4N2)mtd

1
2
(N3 + 2N2)mtr

[6] ( 1
2
N + 2)ts

1
4
(N3 + 4N2)mtd 3N2mtr

4. Conclusions

In this paper, we have presented all-to-all personal-
ized communication algorithms in massively-parallel
torus computers. Our algorithms exploit the divide-
and-conquer strategy to reduce the number of start-up
time in wormhole-routed networks.

Algorithm An�1 recursively divides the whole net-
work by 2�2 network. Within each basic cells, spe-
cially designated nodes called master nodes collect
messages to transmit to the rest of basic cell. Only
master nodes perform complete exchange with re-
duced network size. After finishing complete ex-
change in master nodes, these nodes distribute mes-
sages to the rest of the master nodes, which results
in the desired complete exchange communication. A
more practical Algorithm A1 divides the network only
once to reduce the buffer space required.

We have presented complexity analysis comparing
several algorithms. And we have shown that our algo-
rithm is efficient by a factor of 2 in the required start-
up time, which means that our algorithm is suitable for
wormhole-routed networks. If more memory space is
available, we can divide networks further for shorter
start-up time. It can be shown that our algorithm is eas-
ily extendible to 3D torus case. Our future research is
to consider new complete exchange algorithms adopt-
ing this divide-and-conquer strategy for meshes.
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