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Fluidized Bed

A theoretical model for mean bubble size and frequency based on the collision theory with random spatial bubble
distribution in freely bubbling gas-fluidized beds was developed. A hemispherical bubble velocity diagram was
constructed to determine the average bubble collision frequency. The resulting theoretical equation for predicting
bubble

sizeis
(U-

Umf)(Db-Db0)

+OA14g1

2(Dll2

-Dl02)

= 1.132(U-

Umf)h

Bubble characteristics such as pierced bubble length, velocity and point frequency were measured in a square
(30 x 30-cm) fluidized bed by means of an electroresistivity
probe.
The gradient of bubble size increased linearly with bubble voidage. The bubble Froude number also increased
along the bed height with bubble voidage. The bubble Froude number represents approximately a linear relationship
with the average fractional change of square root of the static energy of bubble rise along the bed height. The
present model of bubble size was found to represent well the data in the literature.

Introduction

In freely bubbling fluidized beds, the hydrodynamic

behaviour

is mainly

governed by bubble

properties

such as bubble velocity, voidage, and frequency. This
information is essential in the analysis of fluidized bed
behaviour. Also, it may indicate whether a fluidized
bed is operated in the slugging or bubbling state.
The bubble

properties

in three-dimensional

the bed surface, and by an X-ray photographic
method.
A semiempirical
correlation
for predicting
the
frontal diameter of a bubble has been presented by

Rowe,9) using a correlation of the number-density of
bubbles determined by Rowe and Goldsmith.12) Based
on the literature data on bubble diameter, Darton et
al.3) have proposed

a semiempirical

correlation

for

beds

predicting the equivalent spherical bubble diameter.
It has been reported that bubbles tend to rise along
have been measured by means of electrical probes, by
certain preferred paths and that coalescence may take
photographing the bubbles which are erupting from
place with a considerable lateral movementof bubbles
Received June 22, 1987. Correspondence concerning this article should be addressed
which
toS.D.Kim. maybe slow enough to determine the overall
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growth rate of bubbles.3)

In the present study a theoretical model of bubble
coalescence is proposed, based on the modified collision theory with random spatial bubble distribution.
It is assumed that bubbles are movingrandomly at

equal speed along the preferred paths. Coalescence of
bubbles can occur as a result of two bubbles colliding

with each other in the bed. The existing correlations
of bubble

size are discussed

in the context

of the

present model.
1.

Theory

Bubbles may grow in size due to coalescence with
other bubbles while they rise randomly from the
distributor plate to the surface of the bed.
To describe such behaviour, it is assumed that 1)
the bed is in freely bubbling state, 2) the bubble shape
is spherical, 3) the bubble is rising uniformly across
the bed without wall effect, 4) the two-phase theory
holds, 5) coalescence is the only means of bubble
growth, and 6) coalescence occurs between pairs of

colliding bubbles. In addition, bubble breakage is not
considered as in the cases of Geldart group B and D
particles in the present model.

The number balance of bubbles over a bed layer of
a thickness Ah is shown in Fig. l(a). The inlet flow
rate across the surface at the height h-Ah/2 is
Nf \h-Ah/iand the outlet flow rate across the surface at
the height h+Ah/2 is Nf\h+Ah/2.
The flow difference between the inlet and outlet
must be equal to the number of coalescences or
collisions in the given volume per unit time:
Nf |h-Ah/2-NIh+Ah/2=

{No. ofcoalescences in the given volume}/s (1)
According to the collision theory,8) accounting for

the motion of all the bubbles, the collision frequency
can be expressed as %D\Vrn in which Vr is an average
value of the relative speed of a pair of colliding
bubbles.

Bubbles may move toward a preferred path, and

their ascents are not always in the vertical direction
but may be at an arbitrary angle relative to the

vertical direction. For gas-fluidized beds, information
on
vertical However,
bubble velocity
and its onpoint
frequency is
available.
information
the angular velocity profiles and frequency are relatively sparse.
The most important bubble growth region is just
above the distributor

plate.

In this

region,

random

bubble movementcan be resonably assumed. Then
the time-averaged instantaneous bubble movementat
a point of the distributor
can be considered to be
regular in angular frequency above the cross section.
Therefore,

an artificial

bubble-velocity

diagram

is

made in order to determine the average relative speed,
172

Fig. 1. (a): Number flow rate of bubble; (b): Mean angular
bubble velocity diagram

Vr, as shown in Fig. l(b). In the figure, it is assumed

that all the bubbles have the same speed,
a regular angular frequency.

Ub, with

Whenwe consider a reference velocity vector having an angle, 9X, against the base plane and let 9 be the

angle between the reference vector and one of the
vectors surrounding it, the relative velocity is the

difference of the two velocity vectors. This is given by
the thrid side of the triangle formed from the velocity
vectors laid out from a commonpoint. Since the
triangle is isosceles, the relative speed, Vr, can be

readily expressed as
Vr = 2 Ub sin(0/2)

(2)

To determine the average relative

speed in all the

directions, it is necessary to know the probability of
occurrence of an angle between 9 and 9+d9, which
can be denoted as P(9)d9. If the angle between the two
vectors lies between 9 and 9+d9, the terminus of the
second vector will be situated on a thin band between
the latitude circles, which is defined by the angle 9 and
9+d9.

The probability

of occurrence

of an angle

between 9 and 9+d9 is the ratio of the area of the thin
band to the total hemisphere. Then the average
relative speed, Vr, over the total surface can be
represented as
Vr = 2Ub sin(9/2)

in which sin(0/2)
O<0<01.

is 4/3sin3^/^)

(3)

and 9 lines within

Since the thin band is not a complete circle
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0! <0<7c-0l9 the term sin(0/2)
M2 f|~

sin(0/2)=

<\1

subject to the initial
two-phase theory, the
Nf, can be expressed
The number-based
butor plate, Nf0, can

is expressed as

i

"1

cos"1(tan01/tan0)

Joi (1

n

J

x sin(0/2)sin0+^-^|

cos-(6

^l}

the initial mean bubble diameter at the disributor,

ZTT

+sin1

~ '[.

d8

(4)

determined by the following relations.1}
sb=k(U-

Hence, the collision

frequency

of a bubble

moving

Ub=(U-

with an angle, 0x, above the plane is given by
Fcs = nDl Vrn = 2nD2b Uhn sin(0/2)
where

sin(^/2)

(5)

dDb/dh=2.264

1 -cos"1(tan

^1/tan

x sin(0/2)sin9
2tt|_ +sin
V 2
'0-0,Yl

^)

(U-

Based

OJtan Oj]

d6

(6)

To calculate the number of bubbles per unit volume

undergoing collision per unit time, Eq. (5) should be
multiplied by the local probability for 61 and bubble
and then integrated

over the hemisphere

2nD2h Ubn sin(<9/2)

for

in which the probability
angle
tegral

cos 6t dO.

of an arbitrary

(7)

bubble in an

0.5658.

The number of collisions, Fcv, per unit time per unit
volume is given by one-half ofNcv since the number of
collisions is one-half the number of identical bubbles
density,

n, can be expressed

as 6sb/

(nDl). Therefore, the bubble balance of Eq. (1) is
given by the limiting case of Ah approaching zero:
dN,/dh=
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20.37

AUh&\

(12)

on previous

findings,1'2'5'n'17'20)

the

mean

(12)
gives Nf values along the height
above the
distributor.
The point bubble frequency has been determined
by
(1

3)

In the present study, the ratio offrontal to equiva-

between 6l and 0l+d0l
is cos^rf^.
The inin Eq. (7) can be evaluated
numerically
as

colliding.
The bubble

Umf)h

value ofk was found to be 0.5. Therefore, bubble size
can be determined from Eq. (ll) with k value of0.5 at
the given gas velocity as a function of bed height and
type of distributor within the freely bubbling state in
fluidized beds. Combining bubble flow rate and Eq.

lent

sin(0/2)

Jo

-DH2)

Np = nNfD2bf/4A

ncos 0. d6.

/2

=2nD2h Ubn2

(ll)

°i

008(0-0!)COS"1

N =

Umf)(Db-Db0)+0.47VW2
=2.264k(U-

+^1\cosf0

xå [tan(8-

8b=2264k(U-Umf)/Ub

subject to the initial condition, Db=Db0 at h=0. Then
the solution of Eq. (ll) can be expressed as

[å

density

Umf)+0JU(gDby'2

function of an excess gas velocity (U- Umf) can be
obtained by combining Eqs. (8), (9) and (10).

fn/2

-y-^-j

Umf)/Ub

where Ub is related as half of Ub in Fig. l(b).
The variation of bubble size along the height as a

- y sin3(^/2)
+

Db0

for Db.
The initial bubble diameter can be calculated by
using the correlation of Darton et al?)
The bubble voidage and rising velocity have been

008(0-0!)cos"1

x [tan^-ejtanflj

condition,
Nf=Nf0. From the
number-based bubble flow rate,
as 6k(U~ Umf)A/nD3b.
bubble flow rate at the distribe determined by substituting

spherical

bubble

diameters

used was 1.10

ac-

counting for the mean wake fraction of 0.25.13) The
eruption to frontal bubble diameters used was 1.5.2'5)
2.

Experimental

Experiments were carried out in a relatively large
square column of 30 x 30cm cross section and 4.0m
height, as shown in Fig. 2. The main section of the
column was constructed by flanging together two

pieces of 30x30cmx2mhigh plexiglas plate. The
solid particles were supported on a perforated plate
which contained 314 evenly spaced holes of 2mm
diameter

and served as the gas distributor.

The air

flow rate was measured with a flow cell (Nippon Flow
Cell Co.) and regulated by means of globe valves on

(8)
the feed and bypass lines. Nine pressure taps were

~
Dt
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Fig. 3. Typical output signals from probe: (a), lower tip;
(b), upper tip

Fig. 2.

Experimental

apparatus

mounted on the wall of the column.
The solid particles have surface-mean diameters of
340, 490, or 620 fim. They were pulverized anthracite
coal with apparent and bulk densities of2.3 and 1.0g/
cm3, respectively.
To measure the bubble

resistivity

properties,

an electro-

probe was constructed by using a K-type

thermocouple

with a diameter

of 0.85mm

(Fig.

2).

The clearance between the two tips was 0.95 cm.
Air with the desired

superficial

velocity

was in-

troduced into the bed formed by a known weight of
solids.

When steady

state

had

been reached,

the

pressure profile along the entire height of the column
was measuredusing water manometers.At the same
time bubble properties were measured by using the
resistivity probe at four bed heights (10, 22, 30 and
40cm)

above the distributor

sitions

(0,

bubbles
dition.
stored
via an
length

were analysed at each experimental conThe output signals from the bubble probe were
in a microcomputer (Cromemco CS3HD5E)
oscilloscope and an A/D converter. The bubble
and frequency were determined from the stored

2.4,

5.0,

7.5,

and at six radial

10.0

and

12.5cm).

About

po-

600

signals. The average number of signals per unit time
at both tips was assumed to represent bubble
frequency.
A typical

signal

is shown

in Fig.

3. The average

bubble rising velocity was calculated from the relation
2

U^^

l

N /

lj^)

S

\

d4)

where N, 5, ta and td are total pairs of the lower and
upper signals, clearance between the probe tips and
time delay at both ends of a signal, respectively.
The average bubble length was obtained from

-mm -

where Bt and Bu are the times for a bubble to occupy
174

Fig. 4. Bubble length along bed height. (U- Umf): (O) 4.7;
(à") 7.8; (å¡) 10.9; (å ) 17.1; ( ) model

the lower and upper tips.
3. Results and Discussion
The variation of mean pierced bubble length along
the height with gas velocity and particle size is shown
in Fig. 4. As can be seen, the pierced bubble length
increased with increase in bed height and gas velocity.
In the figure, the solid lines are values calculated from
Eq. (12), which predicts somewhat higher values than
the experimental values since the probe measurement
may give rather elongated values. However, the mean
pierced bubble length was unaffected by particle size
at the same excess gas velocity and height from the
distributor.

The point bubble frequencies along the height as a
function of gas velocity is shown in Fig. 5. The bubble

frequency

increased

with

gas velocity

due to the

increase in bubble flow rate. It decreased with bed
height

because

of bubble

coalescence.

In the figure,

solid lines represent the values calculated from Eq.
(13). As can be seen, the calculated values accord well
with the experimental values. In general, particle size
did not affect the point bubble frequency at the same
excess gas velocity and height from the distributor in
JOURNAL
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Fig. 5. Point bubble frequency along bed height (dp=
0.344mm).
t/(cm/s):
(O) 12.4; (A) 15.5; (å¡) 18.6; (#) 24.8;

( ) model

Fig. 6. Radial distribution of point bubble frequency and
bubble length (£/= 18.6cm/s, dp=0.344mm). h (cm): (å¡) 30;

this study.
The point bubble frequency and pierced bubble
length in the radial direction are shown in Figs. 6(a)
and (b), resepctively.
As can be seen, the point bubble
frequency and the bubble length are nearly constant

(A)22;

(O)

10

in the radial direction except near the column wall at
lower bed height. Therefore, assumption (3) of the

present study may be a reasonable one.
The bubble rising velocity along the bed height as a
function of excess gas velocity is shown in Fig. 7. As
expected,

the bubble

rising

velocity

increased

with

excess gas velocity and bed height due to the increase

in bubble size from the coalescence. The solid lines

Fig.

7.

0.492;
0.619;

Bubble

rising

U-Umf (cm/s):
U-Umf (cm/s):

velocity

along

bed height.

dp (mm),

(O) 7.8; (A) 10.9; (å¡) 17.1. dp (mm),
(à") 7.8; (A) 10.9; (å ) 17.1

represent the bubble velocities from Eq. (10) with the
bubble size from Eq. (12). Ascan be seen, Eq. (10) can
predict well the present experimental data.
Good agreement can also be seen in Fig.

8(a)

between the bubble size measurementof Hatate et
al.6) and the values from the present model equation.
In general, the values of the present model lie between
the values predicted from the correlation of Darton et
al?) and that of Mori and Wen.7)
The eruption bubble diameter along the bed height
in the 22.9cm-ID fluidized bed ofFryer and Potter4) is
shown in Fig.

8(b)

as a function

of gas velocity

in

which solid lines represent the model Eq. (12). This
agreement is far better than that in the correlation of
Darton et al?)

Also, the data of eruption bubble diameter in the
30.8 cm-ID of Geldart5) were well represented by Eq.

(12) with the k value of0.5, as shown in Fig. 9. In the
model calculation, the expanded bed height was de-

termined1} and the bubble size was estimated at the
given height.
The data of eruption bubble diameters in the 0.61 x
0.61 m square and 1.22 x 1.22m square fluidized beds

with multi-tuyeres of Whitehead and Young17) are
compared with the present model equation in Fig. 10.
It has been assumed that the numberof tuyeres was
the numberof orifices of the distributor plate in the
estimation
VOL
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bubble

size. The bubble

size

Fig. 8.

Comparison

between calculated

bubble

size along

bed
height
and measured (#),bubblethis sizestudyof [a]:[</,=0.344,
(O), Hatate
et
alb)
[dp=0.521mm];
0.492,
0.619mm];

[b]:

Fryer and Potter4)

[dp=0.117mm];

( )

present
model; ( ) Mori and Wen;7) ( ) Darton et
ai3)

was determined at the expanded bed height. As can be
seen in the figure, the predicted bubble size agrees well
with the measured values over the entire experimental
175

5

U-Umf [cm/s]
Fig.

9.

Comparison

between

measured

bubble

size as a

function of excess gas velocity of Geldart.5) [dp=0.128mm]
and present model. /*wJ (cm): (O) 20; (å¡) 30; (#) 40; (A) 50;
(å )60

Fig. ll. Comparison between measuredbubble size of
Zhang et al.20) [(a): rfp=0.922-1.2mm] and Rowe et ai;n)
[(b): dp =0.45 mm]as a function of excess gas velocity and bed
pressure and calculated values of model equations. ( )
present model; (- ) Darton et al.;3) (--) Mori and
Wen;7) ( ) Cranfield
and Geldart2)

and Geldart2) predict steeper increase in bubble size
with excess gas velocity. As can be seen in the figure,
the present correlation represents the bubble diameter
well over a wide range of excess gas velocity.
Therefore, it may be claimed that the present correlation can be utilized
in the higher gas velocity
ranges.

The effect of bed pressure on bubble size has been
reported by Roweet al.ll) The variation of bubble size
with bed pressure as a function of excess gas velocity

Fig. 10. Comparison between eruption bubble diameter of
Whitehead and Young17) [dp=0A66mm]as a function of Uj
Umf and calculated values. 15.2cm tuyere spacing: (O) bed
area of61x61cm;

(#)

bed

area

of 122x122cm;

(

is shown in Fig. 1l(b),

)

present model.
30.5cm tuyere spacing: (å¡) bed area of61 x61cm; (å ) bed
area of 122x 122cm; ( ) present model
range. The present agreement is better than
predicted values of Rowe9) and Darton et al.3)
The effect of excess gas velocity
(U-Umf)

in which the solid line repre-

sents the model calculation. In their experiments, it

was observed that the solid particles
behave as a
group B powder in the Geldart classification
at

the
on

atmospheric
pressure but as a group A powder at
pressures above 2 bar. As can be seen, bubble size
decreased slowly with bed pressure due to the increase
in minimum bubbling

velocity.

Also,

the present

bubble diameter reported by Zhang et al.20) is shown
in Fig. ll(a). Their data were obtained in a bed of
0.92-1.2mm particles at room temperature and in a

model equation fits the measured values well.
In addition, the present correlation values were

increased with excess gas velocity. Bubble sizes from

sizes were well represented by the present model
equation within a standard deviation of 1.7cm.
Therefore, it may be claimed that the present

coal combustor.

As can be expected,

bubble

size

the correlations of the present and previous studies2'3'7* were compared with the experimental data of
Zhang et al.20) as shown in Fig. 1 l(a). The correlation
values from Mori and Wen7) and Darton et al.3)
predict rather smaller bubble diameters than the
measured values except at lower excess gas velocity.
However, the values from the correlation of Cranfield
176

comparedwith
the measured values
from
the previous
studies.2'4"6'10'11'14'15'17'19'20*
The
measured
bubble

correlation covers experimental variables in the particle size range of 0.041-1.760mm,
10-122cm, fluidizing
gas velocities

bed diameters of
of 0.91-214cm/s,

bed temperatures of 20-1000°C and bed pressures of
1-71

bar.
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4. Comparison of Correlations
Rearranging Eq. (12) in a dimensionless form, we
have

(U- U-A 0.474{l

(VPo-1)
0.474

The above Eq. (18)

form to the cor-

(18) can be rearranged as

where Po is the number of initial bubbles gathered to
grow to a bubble size Db. In Eq. (16), the left-hand
side indicates the Froude number based on the bubble
movement. Thus, the equation

represents

approx-

of the bubble's kinetic to its static energies and the
average fractional
change of square root of static

energy
during ofbubble
rise in Db height. The previous
correlations
Rowe9) and Darton et al.3) are of
form to Eq. (16).

However,

they

have a

different physical meaning as explained below.
The Froude number in Eq. (16) has a maximum
value at the distributor (h =0) for a given condition at
which the following relation can be obtained.
'mf
0.7118,
fgD.o

k-e,
'bO

(17)

lJ87(U

Dh

- Umf)2'3h213

(19)

Tl/3

which is similar to the correlation of Yacono.18)
Near the distributor
plate (DbO/Db^ \.0), Eq. (12)
with k value of 0.5 can be rearranged as
U-Umf

imately a linear relationship between the square root

U-Umf

is of similar

bO

(16)

similar

(18)

height. Under the lower excess gas velocity range, Eq.

Dh
2.264kh-Db+Dt

/p~

+ Db0/l.l32)2'3
,1/3

relations of Rowe9) and of Darton et al.3) The dependency of bubble size on excess gas velocity is
somewhathigher but is somewhat lower on the bed

-(Db0/Db)^}Db

2.264kh-Dh+Dh

'gvb

U87(U ~ Umf)^(h

Dh

QAlA{l-(DJDb)

3/2\

(20)

'gDb

U 32h/Db

Then the bubble
following relation:

size can be represented

pb=
n
This

by the

,1/3

Eq. (21)

is also

similar

to the correlations

(21)
of

Rowe9) and Darton et al.3) However, it is somewhat
different
from Eq.the(18).published
As can becorrelations3'9'18*
seen from the above
Eqs. (18)-(21),
of

à"bO

As can be seen, the Froude number increases with
bubble voidage. This relation holds below the bubble
voidage of k. It indicates that the k value is the

maximumbubble voidage in the bubbling fluidized
bed. Also,

it may be inferred

that

the bubble

flow

fraction of excess gas velocity is equal to the maximuminitial bubble voidage at the distributor plate.
The bubble

fluidizing

voidage

velocity.

in Eq.
0Jl\yJgDb

(10)

increases

with

increase

The increase of fluidizing

reduces
compared

the relative
to (U-Umf).

in

velocity

magnitude
of
In a relatively

large fluidized bed without wall effect, the increase in

fluidizing
velocity
may approach a condition
of
(U~ Umf)>0J\l[/gDb
and the bubble voidage be-

comes k value in Eq. (9). If the bubbles are in a cubic
array just

touching

each other,

sb0 and k can be

represented by ti/6.16) This value is very similar to the
k value of 0.5 which has been used in the present

bubble size are the specific conditions of the present
correlation.

C onclusions
In the freely bubbling
gas-fluidized
bed, mean
bubble growth can be interpreted
by bubble coalescing behavior through the collision
theory. The
gradient
of bubble size along the bed height has
been correlated
linearly
with bubble voidage, as-

suming random spatial distribution of bubbles. The
froude number based on the bubble movementcan
be represented approximately
by a linear relationship with the average fractional
change of square

root of bubble static energy during their rise in Db
height. The axial gradient of bubble size and Froude
number increased with bubble voidage.
Experimental data on bubble size in the present and
previous studies are well represented by the present
model equation.

study.

Most of the reported

correlations

on bubble size

have been measured in the lower ranges of excess gas
velocity.
Under this condition,
if the height
of
measurement is far apart from the distributor,
the
(y/Po -l)/yJP0 term approaches unity. Then, Eq.
(12) with k value of 0.5 can be simplified
with
moderate error as

Nomenclature
A
B

bed area
[cm2]
time for a bubble occupying the probe [s]
equivalent

spherical

21
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diameter

eruption bubble diameter
frontal bubble diameter
initial

bubble

diameter

particle diameter
VOL

bubble

same volume as that of bubble
at distributor

having

[cm]
[cm]
[cm]
[cm]
[cm]
177

Fcs
Fcv
9
h
hmf
K
k
I
N
n
Ncv
N,
Nf0

*P
P

collision frequency of a bubble
number of collisions per unit time
per unit volume
gravitational acceleration

height from distributor
minimum fluidizing bed height
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