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A theoretical model to predict the low-frequency sound
absorption of a Helmholtz resonator array (L)
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A theoretical method based on mutual radiation impedance is proposed to compute the sound
absorption performance of a Helmholtz resonator array in the low-frequency range. Any
configuration of resonator arrangement can be allowed in the method, while all the resonators may
or may not be identical. Comparisons of the theoretical predictions with those done by the past
studies or experiments show that the present method can accurately predict the absorption
performance in more general cases.
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I. INTRODUCTION

An array of Helmholtz resonators is often used to reduce
low-frequency noise because of its resonance characteris-
tics.1,2 Differently tuned resonators also have been employed
to decrease broadband noise.3 One of the popular shapes of
resonator array is a plane-type array illustrated in Fig. 1�a�;
hereafter, we call it the Helmholtz resonator array panel �for
convenience, array panel�. However, it has not been well
understood how and how much the panel really absorbs
sound energy. For instances, Zwikker et al.4 regarded the top
surface of the panel as a homogeneous surface and utilized
Bolt’s concept5 of spatially averaged impedance to calculate
normal-incidence absorption coefficient of the surface. Al-
lard et al.6,7 presented a more generalized theory considering
oblique incidence for an identical-resonator array panel, and
recently Kim et al.8,9 applied the mutual radiation impedance
between resonator orifices to evaluating absorption coeffi-
cient of a rectangular array panel with identical resonators.
But the conventional methods are valid only when the cell
size is very small compared to the wavelength.

In this paper, we propose a theoretical method that con-
siders the radiation impedance of the array panel. The panel
is composed of a group of resonators which may or may not
be identical. Any size of the panel or cell can be allowed in
the method, and there is no restriction on the resonator dis-
position. For numerical examples, we consider array panels
with identical and differently tuned resonators and predict
their absorption coefficients, which are also compared with
experimental results.
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II. THEORETICAL ANALYSIS

A. Description of system

As shown in Fig. 1�b�, we consider an infinite array
panel that is periodically arranged with a rectangular cell
containing a group of resonators, which are not necessarily
identical. The size of the cell is Lx by Ly, and its top surface
is assumed to be acoustically rigid, except for the circular
holes that correspond to the entrances of respective resona-
tors. We can place the resonators or orifices at arbitrary po-
sitions within the cell area. Here we assume that the radii of
orifices are very small compared to the wavelength of inter-
est and that the air layer in the opening moves with uniform
velocity so that it can be regarded as a plane piston.

B. Absorption coefficient of Helmholtz resonator
array panel

When the top surface of the panel is positioned in the xy
plane, a plane wave pe incident on the plane �see Fig. 1�b��
can be written as

Pe = Pee
−j�kxx+kyy−kzz�, �1�

The time factor ej�t is suppressed for simplicity. Using the
Green’s function �GN� for a semi-infinite space bounded by a
rigid plane, we can describe the sound pressure p on the xy
plane in terms of the Kirchhoff-Helmholtz integral equation
�for example, see Ref. 10�. That is,

p = 2pe + jk�c �
i=−�

�

ui�
Si

GNdSi with GN =
e−jkR

2�R
. �2�

The subscript i in Eq. �2� represents the index of orifice, Si is
the orifice area, ui is the orifice velocity, counted positive

into the external space �z direction�, � is the density of air, c
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is the speed of sound, and R=��x−x0�2+ �y−y0�2.
If we average both sides of Eq. �2� over the area of

orifice i� �Si��, the left-hand side and the first term of the
right-hand side become the pressures at the center of the
orifice, denoted by pi� and 2pe,i�, respectively, since the ra-
dius of orifice is assumed to be very small compared with the
wavelength of interest. In this case, the second term can be
replaced by the mutual radiation impedance11,12 �c�i�i be-
tween orifices i� and i, that is,

�c�i�i =
jk�c

Si�
�

Si�

�
Si

GNdSidSi�. �3�

Implying the boundary condition on the orifice i�, pi�=
−�c�i�ui�, where �c�i� is the surface impedance on the ori-
fice, we can obtain an infinite set of simultaneous equations

�
i=−�

�

��i�i + �i�i�i��cui = − 2pe,i� for i� = 0, ± 1, . . . , ± � .

�4�

where �i�i=1 for i�= i and �i�i=0 for i�� i.
Consider two identical orifices i and i� that are located at

the same position in their respective cells �see Fig. 1�c��: not
only the radii of orifices but also their surface impedances
are the same. Since the surface of the panel is periodic and
infinite, the acoustic behaviors in front of the orifices i and i�

FIG. 1. Helmholtz resonator array panel and its theoretical model. �a� Helm-
holtz resonator array panel; �b� plane wave pe incident on the theoretical
model �kx=k sin �e cos �e, ky =k sin �e sin �e, kz=k cos �e, and k is the wave
number�; and �c� xy coordinates of orifice centers. For a theoretical model,
the top surface of the panel is regarded as an infinite plane periodically
arranged with a rectangular cell, which corresponds to a part bordered by
dotted lines in this figure.
must be the same except for an excitation by the incident
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plane wave �for example, see Ref. 13�. Thus the ratio be-
tween orifice velocities can be expressed as ui /ui�= pe,i / pe,i�.
Substituting the ratio into Eq. �4� and rearranging the result
lead to a finite set of simultaneous equations:

�
i=1

N

��̄i�i + �i�i�i��cui = − 2pe,i� for i� = 1,2, . . . ,N , �5�

where N is the number of orifices in a cell, and

�̄i�i = �
m�=−�

i�=i+m�N

�

�i�i�

pe,i�

pe,i
. �6�

The final expression of �̄i�i is derived in the Appendix .
The absorption coefficient of the array panel can be cal-

culated by the ratio of the absorbed effective power to the
incident sound power. Because the total power absorbed on a
cell area is equal to the sum of power dissipated by indi-
vidual resonators and the incident power on a cell is
�LxLy /2�c� � Pe�2 cos �e, the absorption coefficient � can be
expressed as

� = �
i=1

N
�ai

2

LxLy

Re��i�
cos �e

	�cui

Pe
	2

, �7�

where ai is the radius of orifice. If the surface impedances
�c�i are determined, then the absorption coefficient can be
obtained by solving Eq. �5� for the unknown velocity ui and
by substituting them into Eq. �7�.

III. EXPERIMENTAL VERIFICATIONS

A. Experimental setup to measure the absorption
coefficient

In order to examine the accuracy of the proposed
method, the normal-incidence absorption coefficients of sev-
eral array panels were measured by using the transfer-
function method14 with the instrumentations that are illus-
trated in Fig. 2�a�.

Figure 2�b� shows the dimensions of two test samples
made of a PVC plate. Each specimen can be regarded as a
part of a corresponding array-panel with an infinite size be-
cause the four walls of the rectangular tube are rigid and a
plane wave is perpendicularly incident on the surface of the
specimen.

B. Theoretical model of surface impedance

From the previous study,15,16 the surface impedance
��c�� on the opening of the resonator that has a cylindrical
cavity with a concentric neck of cylindrical type can be writ-
ten as

� = k�	�2 + l/a� + j
k�l + �in + �	�2 + l/a�� −
�a2

�ac
2 cot klc ,

�8�

where �	=�2	 /�, 	 is the kinematical viscosity of air �	
�15
10−6 m2/s�, � is the angular frequency, �in is the

internal end correction of resonator, a is the inner radius
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of neck, l is the neck length, and ac and lc represent the
radius of air cavity and its depth, respectively. For the
internal end correction, there have been numerous studies,
but, for simplicity, we employ the approximated expres-
sion suggested by Selamet et al.,17

�in = 0.82a�1 − 1.33a/ac� for a/ac � 0.4. �9�

C. Theoretical and experimental results

First of all, we consider an array panel that has one
resonator in a cell: we will call such a panel an ‘N=1’ array
panel. In this case, the absorption coefficient can be obtained
from Eqs. �5� and �7� as

� =
�a1

2

LxLy

1

cos �e

4 Re��1�

��̄11 + �1�2
, �10�

and �̄11 represents the net radiation impedance11,12 �rad,1 on
the orifice:

�rad,1 = �̄11 =
�a1

2

LxLy
·

1

cos �e

+
�a1

2

LxLy
�

m=−�
m,n�0,0

�

�
n=−�

�
jk

�mn
2 − k2

�2J1�a1mn�
a1mn

�2

,

�11�

where mn=��2�m /Lx−kx�2+ �2�n /Ly −ky�2. If all mn ex-

FIG. 2. �a� Experimental setup and �b� specimens to measure the normal-
incidence absorption coefficient. All the dimensions of the resonators except
the cavity depth lc are the same �a= l=5, ac=25, tp=110, L=60 �unit: mm��.
In the case of specimen A, lc=64 mm and the cavity depths of nine resona-
tors in the specimen B are 100, 91, 82, 73, 64, 55, 46, 37, and 28 mm,
respectively.
cept 00 are larger than k, i.e.,
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�m�/Lx − sin �e cos �e�2 + �n�/Ly − sin �e sin �e�2 � 1

for �m,n� � �0,0� , �12�

where �=2� /k is the wavelength, the double summation
term of Eq. �11� becomes purely imaginary, and so the use of
external end correction �ex,1, which equals the imaginary part
of net radiation impedance divided by k, gives

� =
4Re��1� cos �e/�1

�1 + �jk�ex,1 + �1� cos �e/�1�2
with �1 =

�a1
2

LxLy
. �13�

The above equation is identical to those used in the past
studies4,7,8 except that in the present method, �ex,1 can be
calculated for all angles of incidence. It is also found that in
the case of Lx=Ly, the proposed formula of �ex,1 becomes
equal to that done by Allard7 at the special incidence angle
that he considered. It is noteworthy that the expressions such
as Eq. �13� can be adopted for all angles only if
max�Lx ,Ly� /��0.5 because the allowed range of Lx and Ly

in Eq. �12� varies with the angle of incidence.
Figure 3�a� illustrates the comparison between the theo-

retical and measured results for an N=1 array panel �speci-
men A in Fig. 2�b��, whose cell area is equal to the cross-
section area of the impedance tube �Lx=Ly =198 mm�. The
theoretical results in the figure were obtained by using re-
spectively the proposed method and the conventional one4

based on the spatially averaged impedance and �ex,1

=8a /3�: the value 8a /3�, which is widely used in many
applications, is an approximate external-end-correction of a
single resonator with infinite baffle. As mentioned above,
Allard’s formula is equal to the proposed one in this case.
Figure 3�b� shows the results for the specimen B in Fig. 2�b�.
The corresponding array panel has 36 resonators �nine dif-
ferently tuned resonators� within a cell, whose size is Lx

=Ly =396 mm because the period of the panel become
doubled to take into account the mirror imaging effect of the
side wall; Allard et al.6,7 did not present any way to deal with
such a panel. The comparisons shown in Figs. 3�a� and 3�b�
represent that the theoretical prediction agrees better with the

FIG. 3. Comparison of predicted and measured absorption coefficients for
the specimens �a� A and �b� B shown in Fig. 2�b�. Theoretical predictions are
obtained by using the proposed method �graph I� and the conventional one
�graph II�; graph III represents the experimental result.
measurement in the case of the proposed method than the
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other theory,4 particularly in respect to the resonance fre-
quency at which the maximum absorption occurs. These re-
sults certainly confirm that the model, which we have pro-
posed, is capable of predicting the absorption coefficients of
array panels with more various resonator arrangment.

IV. CONCLUSIONS

We have presented a method that can compute absorp-
tion coefficients of Helmholtz resonator array panels. Any
size cell can be allowed in the method, and the number of
resonators and their disposition in the cell can be also se-
lected without restriction. Comparisons of the theoretical
predictions with the measurements have confirmed that the
present method can more accurately predict the absorption
coefficient in general cases than the conventional method
does.
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APPENDIX: DERIVATION OF RADIATION IMPEDANCE
ON ORIFICE

In Eq. �3�, the use of spatial Fourier transform of the
Green’s function GN �for example, see Ref. 18�, and Bessel’s
integral19 leads to

�i�i =
ai

ai�
�

0

� jk
�2 − k2

·
2J1�ai��J1�ai�J0�Ri�i�


d , �A1�

where Ri�i=��xc,i�−xc,i�2+ �yc,i�−yc,i�2, Jn represents the
Bessel function of the first kind of order n, and xc and yc

are respectively the x and y coordinates at the center of
orifice area. Substituting Eqs. �1� and �A1� and the iden-
tities of ai�=ai, xc,i�−xc,i�=m�Lx, and yc,i�−yc,i�=n�Ly �see
Fig. 1�c�� into Eq. �6� gives

�i�i =
ai

ai�
�

0

�

d ·
jk

�2 − k2
·

2J1�ai��J1�ai�



· �
m�=−�

�

�
n�=−�

�

J0�Ri�i� · e−j�m�kxLx+n�kyLy�. �A2�

Here, the double summation can be rewritten from Fourier
series expansion as

�
m�=−�

�

�
n�=−�

�

J0�Ri�i��e−j�m�kxLx+n�kyLy�

= �
m=−�

�

�
n=−�

�
2�

LxLy
ej��2�m/Lx−kx��xc,i�−xc,i�+�2�n/Ly−ky��yc,i�−yc,i��


��

J0�R�J0�Rmn�RdR �A3�

0

1936 J. Acoust. Soc. Am., Vol. 119, No. 4, April 2006

 14 Apr 2011 to 143.248.233.201. Redistribution subject to ASA licens
where mn=��2�m /Lx−kx�2+ �2�n /Ly −ky�2, and so the uti-
lization of Fourier-Bessel integral20 produces the final ex-

pression of �̄i�i

�i�i =
�ai

2

LxLy
�

m=−�

�

�
n=−�

�
jk

�mn
2 − k2

·
2J1�ai�mn�

ai�mn
·

2J1�aimn�
aimn

· ej��2�m/Lx−kx��xc,i�−xc,i�+�2�n/Ly−ky��yc,i�−yc,i��. �A4�
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