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ABSTRACT. Let Fy be the finite field with ¢ = p™ elements, where p is an odd
prime and m is a positive integer. For a positive integer t, let D C Ffl and let
Try, be the trace function from F,; onto F,. We define a p-ary linear code Cp
by

Cp = {C(al,(lg,. . .,at) 1a1,a2,...,at € Fpm},

where

c(ar,az, ..., a) = (Trm(a121 + ag@a + -+ @s@e)) () o0 vep

In this paper, we will present the weight enumerators of the linear codes Cp in
the following two cases:
1. D=A{(z1,22,...,3¢) € ]FZ\{(0,0,...,O)} : Trm(x%—ﬁ-x%—‘ru‘—&-x?) =0}
2. D={(z1,2,...,xt) €EF : Trym(a? + a3+ +}) = 1}.
It is shown that Cp is a two-weight code if ¢m is even and three-weight code
if tm is odd in both cases. The weight enumerators of Cp in the first case
generalize the results in [17] and [18]. The complete weight enumerators of Cp
are also investigated.

1. INTRODUCTION

Let ), be the finite field with p elements and let n be a positive integer, where
p is an odd prime. An [n, k,d] linear code C over F,, is a k-dimensional subspace of
[} with minimum distance d.
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Let A; be the number of codewords with the Hamming weight 4 in the code C of
length n. The weight enumerator of C is defined by

14+ Ajz + Agz® + -+ Apz™.

The sequence (1, Ay, Ao, ..., A,) is called the weight distribution of the code C. We
call C an e-weight code if {1 <i<mn:A; #0} =e.

Suppose that the elements of ), are 0,1,...,p — 1. The composition of a vector
v = (v0,v1,--.,V,-1) € F} is defined to be comp(v) = (to,?1,...,t,-1), where each
t; = t;(v) is the number of components v;(0 < j < n — 1) of v that are equal to i.
Clearly, we have

p—1
S
i=0
Definition 1.1. [23, 24]. Let C be a code over F, and let A(to,t1,...,t,—1) be the
number of codewords ¢ € C with comp(c) = (to,%1,...,tp—1). Then the complete
weight enumerator of C is the polynomial
We (20,21, -5 2p—1) = Z Z(t)o(c)z?(c) . Z;p_—ll(c)
ceC
= Z A(to,tl,...,tp,1)2602? "'Z;p__ll,
(to,tl,...ytp—l)eBn
p—1
where B,, = {(to,t1,...,tp—1) : 0<t; <n, > t; =n}.
i=0

Cyclic codes are a special class of linear codes and their weight enumerators have
been extensively investigated [10, 14, 19, 22, 26, 27, 28, 32]. In addition, some two-
weight and three-weight cyclic codes were presented. The weight enumerators of the
linear codes with a few weights were also given [6, 7, 11, 12, 16, 17, 25, 33] by using
exponential sums in some cases. There are two survey articles on two weight codes
[4] and three-weight cyclic codes [9]. In addition, linear codes with a few nonzero
weights are of special interest in association schemes [3], strongly regular graphs
[4], and secret sharing schemes [5, 31]. The complete weight enumerators of cyclic
codes or linear codes over finite fields were studied in [1, 15, 21, 29, 30], which can
be applied to compute the deception probabilities of certain authentication codes
constructed from linear codes [8, 13].

We begin to recall a class of two-weight and three-weight linear codes which was
proposed by K. Ding and C. Ding [17]. Let ¢ = p™ for a positive integer m and let
Tr,, denote the trace function from F, onto F,. Let D = {z € F} : Try,(2*) = 0}.
Then a linear code of length n = |D| over F,, can be defined by

Cp ={c(a) = (’I‘rm(cwc))mED ta €Ty}

It was proved that Cp is a two-weight code if m is even and a three-weight code if
m is odd.

Motivated by the results given in [17], for D C Fz, we define a p-ary linear code
CD by

(1) Cp ={c(ar,a2,...,a¢) s ar,a9,...,a; € Fpm},
where
(2) c(ar,az,...,ar) = (Trp(ar@1 + agwo + - + atxt))(zl,zQ,‘..,xt)eD'
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In this paper, we shall present the weight enumerators of the linear codes Cp in the
following two cases:

L. D ={(z1,22,...,2;) € FL\ {(0,0,...,0)} : Trp(a + a3 +--- +a7) = 0};

2. D={(x1,20,...,2) €F,: Trpp (2 + 23 + -+ 27) = 1}.

In both cases we show that Cp is a two-weight code if tm is even and a three-weight
code if tm is odd. It should be remarked that the weight enumerators of Cp were
presented when ¢t = 1 [17] and ¢ = 2 [18]. Thus the weight enumerators of Cp in the
first case generalize these results. If D = {(x1,x2,...,2¢) € FL : Trp (27 + 23+ -+
2?)=c}force [F7, we point out that the weight enumerators of Cp can be similarly
presented because D = {(z1,22,...,21) € Fl : Trpy (¢ 'af + ¢ tag + -+ ¢ 'af) =
1}. Moreover, the complete weight enumerators of Cp are also investigated.

The rest of this paper is organized as follows. In Section 2, we present some
preliminaries which are very useful to get our results. In Section 3, we present
the weight enumerators of the linear codes Cp in the first case. In Section 4, we
determine the weight enumerators of the linear codes Cp in the second case. In
Section 5, we investigate the complete weight enumerators of the linear codes Cp
in both cases. In Section 6, we conclude this paper.

2. PRELIMINARIES

Suppose that ¢ = p™ for an odd prime p and a positive integer m. For a € F,
an additive character of the finite field I, can be defined as follows:

Y i Fy = € hu(e) = ),

2my/—1
where (, = e » is a primitive p-th root of unity and Tr,, denotes the trace

function from F, onto F,. It is clear that io(x) = 1 for all z € F,. Then 1)y is

called the trivial additive character of F,. If a = 1, we call ¥ := 1)1 the canonical

additive character of F,. It is easy to see that ¥, (z) = ¢(az) for all a,z € F,. The

orthogonal property of additive characters which can be found in [20] is given by
q, if a =0;

D val@) = { 0, if a € F.

z€F,

Let A : F;, — C* be a multiplicative character of F;. Now we define the Gauss
sum over F, by

G =) Ma)i(x).

ace]F;
If X is the trivial character Ao which is defined by Ag(z) = 1 for all z € F}, then it
is clear that G(\g) = —1. In general, the explicit determination of Gauss sums is a

difficult problem. However, they can be explicitly evaluated in a few cases [2, 20].
For future use, we state the quadratic Gauss sums in the following lemma.

Lemma 2.1. [2, 20] Suppose that ¢ = p™ and n is the quadratic multiplicative
character of ¥y, where p is an odd prime and m > 1. Then

_ (_1\ym—1_ [/ % _ (_1)7"_1\/@ prEl (mOd 4)7
G(77) _( 1) (p ) - { (_1)77;—1(\/?1)77;\/67 ifp =3 (mod 4)’
where p* = (%)p = (—1)%1).
The following exponential sums will be employed later.
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Lemma 2.2. [20] If q is odd and f(x) = ax2® + a1x + ag € F,[x] with az # 0, then

T Trpm (ao—af (daz) ™"
3 (e e i

z€F,

where 1 is the quadratic character of Fy.

3. WEIGHT ENUMERATORS IN THE FIRST CASE

In this section, we present the weight enumerators of the linear codes Cp defined
by (1) and (2), where D = {(z1,x2,...,2;) € F,\ {(0,0,...,0)} : Trp (2] + 23 +
. 4a2)=0).

Let n, be the quadratic character of F; and let G(np) denote the quadratic
Gauss sum over F,,. For z € Fy, it is easy to check that 7(z) = 7,(2) if m is odd
and n(z) = 1 if m is even (also see [17]), where 7 is the quadratic character of .

We have the following lemma which is important to get our results.

Lemma 3.1. Denote n. = |{z1,22,...,24 € Fy: Trp (23 + 23+ - +2%) = c}| for
each c € F,. Then
ptm—1 if c =0 and tm is odd,
P ()G () G(ny)  if ¢ # 0 and tm is odd,
e =\ ptml 4 =l if ¢ =0 and tm is even,
ptm—1 — %G(n)t if ¢ # 0 and tm is even.

Proof. By the orthogonal property of additive characters, we have
1 Y Trwn($2+x2+"‘+x2)_c
o= X Lyl

T1,T2, -, €F, yeF,

_ f*; NS (Tomtad) 3 (o (w?)

yeFy z1€F, z1€Fy
t
¢ 1 —ye
= T4 GG (). (by Lemma 2.2)
PP

If tm is odd, then
q; + %G(n)t > G (y)
yG]F;
ptm—L, ife=0,
- { P S (=) G(n)'G(np),  if ¢ #0.
If tm is even, then

t tm—1 p—1 t : _
q 1 . B D + G(n)t, ifec=0,
Ne = — + 7G(77) § Cp ve = { tm—1 _ P t ;
p P et p Gn)',  ifc#0.

=

This completes the proof. O

We are ready to determine the length n = |D| of the code Cp. By Lemma 3.1
we have

[ optmt o if tm is odd;
n ptm—1 4 pp%lg(n)t —1, if tm is even.
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For a codeword c¢(az,...,a;) of Cp, let N := N(aq,...,a;) denote the number of
components Tr,,(a1z1 + - -+ + as22) of c(aq,...,a;) which are equal to 0, i.e.,
1 222 1

N+1 = Z ( Z CgTrm( ittt t)) ( Z C;Trm(alzﬁ +am)>

T1,y.eey x4 €F p yelF, p z€lF,

1 Tryn, a:2+"~+lf z a1x1+Farzt

-5 X (1 Z g (1 3 greene e
T1,...,2:€F, yeF; z€F}
1

(3) = pm P4 E(Ql + Q2 + Q3),
where

0 = Z ( Z C;I‘rm(ym?)) ( Z C}’)Prm(ym?))

yeF; “x1€F, 1 €Fy

Qy = Z Z Cgrm(mlfl)... Z Cg‘rm(mﬂt)

2€Fy z1€F, z€Fy
_ (p—1)qt, if (a1,...,a¢) =(0,...,0),
0, otherwise,

and

Tro, (yz24-za1x1) Tty (yz24zas )
D S e W

y,2€F; x1€F, T €Fy

Now we are going to compute the values of 21 and Q3. By the proof of Lemma
3.1, it is easy to see that

0 — 0, if tm is odd;
Y71 (p—=1G(n)t, if tm is even.

Moreover, by Lemma 2.2 we have
2_2

> (c;“m(aif)n@)c:(n)) (c;“’“(af‘z )n(y)G(n)>

y,2€F3

Q3

. . 7Tf7n(@%+"'+0«%)z2
= G)' > e "

y,zG]F;

Now we consider the case that tm is odd. If Tr,, (a2 +- - - +a?) = 0, then we have

Qs =Gn)" > mply) =0.

yeFy
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If Trp, (a2 + -
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+a?) # 0, then it follows from Lemma 2.2 that

7Trm(a%+»-»+a%)22

Qs = G)' Y mwe "
y,zGF;
_Trm<a%+-~-+a§>zz
= G ) Y ¢ w
yeFs, z€F
1
OB (np( — (Tl + -+ @) Gla) - 1)
yEFs

(= DG Gp)np( = Trm(af + -+ +a7)).
Suppose that tm is even. Note that 7*(y) = 1 for all y € F5. Then we have

. _Trm(a§+---+a§)22
4
G(n) Z Cp !

y,z€Fy

zQTrm a4 af(
G(n)t Z Z & (af+-+a?)y
if Try, (a2 + -+ - + a?) = 0;

z€F yeFs,
_ [ -G,
—(p—1G(), if Trp(a? +---+a?) #0.
Theorem 3.2. Let Cp be a linear code defined by (1) and (2), where D = {(x1, x2,
cox) € FEN{(0,0,...,0)) s Trpy (23 + 23 + - +27) = 0}
1. Iftm > 1 is odd, then Cp is a [p'™~! — 1,tm] three-weight linear code and its
weight enumerator is given by Table 1.
2. If tm is even, then Cp is a [p'™™ ' + (_1)(777;(271)4_1#(1) —1)p
two-weight linear code and its weight enumerator is given by Table 2.

Qs

2
1
2
1

tm—2
2

— 1,tm)

Table 1. Weight enumerators of Theorem 3.2 for odd tm
Weight Frequency
0
(p—1)p™2
p=DE™?=—p =)
(p— 1™ 2+p™F)

tm—3
2

Table 2. Weight enumerators of Theorem 3.2 for even tm
Weight
0
(p—1p"—2
(p— 1)(p 2 + (1) D

Frequency
1

P () 1)
m(p—1 tm—2
(p— D — ()T AT

tm—2

Proof. (1) If (a1,...,a¢) = (0,...,0), then by (3) we have
N =pim=t 1.
If (a1,...,a;) # (0,...,0) and Tr,,(a? + - - + a?) = 0, then by (3) we have
N =pm 2 1.

It follows from Lemma 3.1 that the frequency of this value is equal to the length
n=p™ 1 —1 of the code Cp.
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If (a1,...,a;) # (0,...,0) and Tr,,(a? + - - + a?) = ¢ # 0, then by (3) we have

N=pim? ]%(p )G Gy () — 1.

It follows from Lemma 3.1 that the frequency of this value is equal to p!™~! +
SG(0)'G(ny)np(—c).
(p—1)(tm+1) tm+1
4 p

By Lemma 2.1, it is easily checked that G(n)*G(n,) = (—1) = if tm
is odd. Note that the Hamming weight of c(aq, ..., a;) defined as (2) is equal to

Wr(c(al,...,at)) =n—N(ag,...,at).

It is easy to see that Wy (c(aq,...,a:)) =0 if and only if a; = --- = a; = 0, so the
dimension of Cp is tm. Then we can immediately obtain the desired results.

(2) By Lemma 2.1, we have G(n)! = (—1)(™% > +Dtp'8" if tm is even. The proof
of Part 2 is very similar to that of Part 1 and we omit the details. O

Example 1. (1) Let p = 3, m = 2, and ¢t = 3. Then ¢ = 9 and n = 260. By
Theorem 3.2, the code Cp is a [260, 6, 162] linear code and its weight enumerator is

1 + 260252 + 4682180,

which is consistent with numerical computation by Magma.
(2) Let p =3, m =3, and t = 3. Then ¢ = 27 and n = 6560. By Theorem 3.2,
the code Cp is a [6560,9,4320] linear code and its weight enumerator is

1+ 66422*32° + 65602437 4 648024428,
which is consistent with numerical computation by Magma.

It should be remarked that the weight enumerators of Cp were presented when
t =1[17] and ¢t = 2 [18]. Thus Theorem 3.2 generalizes these results. In Tables 1
and 2, we observe that the weights of Cp have a common divisor p — 1. Let D be a
subset of D such that

D =TF;D = {y(x1,...,2) = (yz1,...,y2:) : y € Fy, (21,...,2¢) € D}.

Then the weight enumerators of linear codes C5 can be obtained from Theorem 3.2
and more two-weight and three-weight linear codes can be presented.

In fact, if D = {(x1,22,...,2) € F,\ {(0,0,...,0)} : Trp(B127 + Boxs + -~ +
Bix?) = 0}, where B1,B2,...,58: € [, the weight enumerators can be similarly
determined and the details are omitted here.

4. WEIGHT ENUMERATORS IN THE SECOND CASE

In this section, we present the weight enumerators of the linear codes Cp defined
by (1) and (2), where D = {(x1,22,...,2;) € Ff : Trp (2 + 23 + -+ +27) = 1}

To this end, we begin to determine the length n of the code Cp. Note that
np(—1) = (—1)pr1. Then by Lemma 3.1 we have

v 1| P+ (1) G G(n,),  if tm s odd,
ptmt — gy, if tm is even.
p
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For a codeword c(ay,...,a;) of Cp, let N denote the number of components
Tr,,(a1z1 + -+ - + asxs) of c(aq,...,a;) which are equal to 0, i.e.,

N = Z (; Z Cg(Trm(mf+...+wf) 1 )< Z CzTI'm(alle,- +atm1)>

T1,..., e €Fy y€eF, z€F,

_ % Z ( Z CyTrm(ﬂcl+ +$t )(1+ Z C;Trm(alzl+~-+af,zt)>

p Z1,..., 2 €Fy yeFy z€Fy

_ 1
(4) = p™m 2+P(Ql+92+93),

where
=S Z ) (X e
yeFy z1€F, z€Fy
0, = Z Z C;I‘rm(zawm) . Z C;Frm(zatwt)
zE]F; x1€F, x4 €Fy
_ (p—1)¢*, if (a1,...,a¢) =(0,...,0),
0, otherwise,

and

Q3 = Z Cp_y Z Cg‘rm(yﬂﬂ?+za1z1)._. Z C;I‘rm(yr?-i,-zatmt).

y,2€Fy z1€F, 1 €Fy
By the proof of Lemma 3.1, it is easy to check that

0, — (1) = G(n)'G(n,), if tm is odd;
! —G(n)t, if tm is even.

Moreover, by Lemma 2.2 we have

oG o= Y c;y(ci‘“"(‘if)n<y>a<n>)~-~(<§”"(‘a§52)n<y>a<n>)

y,ze]F;

_Trmafttad) o

= G)' > ¢ '(y) o

y,zeF*

Now we consider the case that tm is odd. If Trm(a% +---+a?) = 0, then we have

Q=G Y Grny) = (=1 (p - G0 Cy).

y,2€F%

If Tr,, (a2 + - - + a?) # 0, then it follows from Lemma 2.2 that

Q3 = G)' > G Unply) (np( - %)np(ﬂm(a? +-o 4 a}))Glny) — 1)

yeF;
= G(n)tG(%)%( T (af + +at Z (O G(n)' Z C;ynp(y)
yeF* yEIF;;
= GO Cp)ip(— Trm(ad + - +a?)) — (=1)" % G(n)'G(n,)

- ()W) Cm,) (np (Tem(a + - +a)) + 1).
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Suppose that tm is even. If Try,(a? + - -+ + a?) = 0, then

Q3 =Gm)'(p—1) Y Y =—(p—1GMn)".
yE]F;
If Tr,, (a2 + -+ - + a?) # 0, then by Lemma 2.2 we have

Trm(a1+ +a?) 52

QG =G> Gy 6 "

yeFs: z€F%

- Zc( y)np(Trm(al+--~+af))G(np)—1>

y€eFy

= np(Trm(a%‘F"""at) G(np) ZCp 77p )+G()
yGIF*

= p(Trm(af + - +a7))G)'Glp) > G np(—y) + G(n)'
yeF;,

= p(Trm(al +---+a))G(n)'G(n,)* + G(n)".

Theorem 4.1. Let Cp be a linear code defined by (1) and (2), where D = {(x1, x2,
L) €FL T (e + 23 4 +a7) = 1}
(p=1)(tm+3) tm=1

1. Suppose that tm > 1 is odd. Then Cp is a [p™~t+(=1)" 1 p 2z ,tm]
three-weight linear code and its weight enumerator is given by Table 3.

2. Suppose that tm is even. Ift is odd and 8 | m(p — 1), then Cp is a [p"™ ™! +
ptmzfg, | two-weight linear code with weight enumerator given by Table 4;
otherwise, Cp is a [p™~! — pE
enumerator given by Table 5.

| two-weight linear code with weight

Table 3. Weight enumerators of Theorem 4.1 for odd tm

Weight Frequency
0 1
(p - l)ptm—Q ptm—l 1
— (p=1)(tm+3) tm—1 tm—3 _ U
(p—pm 24 (1) 7 | R )
— p—1)(tm tm—1 tm—3 _ tm—1
(pil)ptm 2+(*1) 1 p 2z —p 2 P21(ptm lip 5 )

Table 4. Weight enumerators of Theorem 4.1 for even tm
21 (™5 + 1)t

Weight Frequency
0 1
— 1)ptm—2 ptl, tm—-1 _ p—1 tm=2 1
(p tmjg tm—2 ? Pp 1/ tm—1 2 ptm 2
(p—L)pm—2 4+ 2p™5 (" )

Table 5. Weight enumerators of Theorem 4.1 for even tm
2] (2570 1 1);

Weight Frequency
0 1
-1 tm—2 p+1 tm*1+ﬁ %_1
(p tm_)g tmez | 2 Zfil 12 pM
(p—1p —2p = (p -p 2 )
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Proof. (1) If (a1, ...,a:) = (0,...,0), then by (4) we have

p—1

N =p" "+ =(=1)"F G(n)'G(np).

%&n%%mﬁm%»

N = ptm—2 +

It follows from Lemma 3.1 that the frequency of this value is equal to p™~! — 1.
If (a1,...,a;) # (0,...,0) and Tr,,(a? + - - + a?) = ¢ # 0, then by (4) we have

N=WH—§@U%%@QWmm.

It follows from Lemma 3.1 that the frequency of this value is equal to

p—1

pm*+%enﬁvmammwm»

(p—1)(tm+3) tm+1
4 p 2

By Lemma 2.1, it is easy to see that (—1)2 G(n)'G(n,) = (—1)
if tm is odd. Note that the Hamming weight of c(aq, ..., a;) defined as (2) is equal
to

Wg(e(al,...,ar)) =n— Nl(ay,...,a).

It is easy to see that Wy (c(ay,...,a;)) =0if and only if a1 = -+ = a; = 0, so the
dimension of Cp is tm. Then we can immediately obtain the desired results.

(2) The proof of Part 2 is very similar to that of Part 1 and we omit the details.

O

Example 2. (1) Let p = 3, m = 3, and t = 3. Then ¢ = 27 and n = 6642. By
Theorem 4.1, the code Cp is a [6642,9,4374] linear code and its weight enumerator
is

1+ 65602*37 + 648024428 4 664224452,

which is consistent with numerical computation by Magma.
(2) Let p=3, m =2, and t = 3. Then ¢ =9 and n = 234. By Theorem 4.1, the
code Cp is a [234, 6,144] linear code and its weight enumerator is

1+ 2342 + 4944162,

which is consistent with numerical computation by Magma.
(3) Let p =5, m =2, and t = 3. Then ¢ = 25 and n = 3150. By Theorem 4.1,
the code Cp is a [3150, 6, 2500] linear code and its weight enumerator is

1 + 9324259 + 630022559,
which is consistent with numerical computation by Magma.

In fact, if D = {(z1,22,...,2) € F, : Try, (B127 + foal + - - -+ Byxf) = ¢}, where
c € F, and B, B2,. .., B; € Fy, we can similarly present the weight enumerators of
Cp and we omit the details here.
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5. COMPLETE WEIGHT ENUMERATORS OF Cp

In this section, we investigate the complete weight enumerators of the linear

codes Cp in the two cases.
We begin to consider the first case. For a codeword ¢(ay, ..., a;) of Cp and p € Fy,

let N, :== Ny(a1,...,a;) be the number of components Try,(a121 + - - - + asxs) of
c(ay,...,a:) which are equal to p, where D = {(z1,xa,...,2¢) € ]Ffl\{(O, 0,...,0)}:
Tr,, (234234 - -+27) = 0}. Then by the orthogonal property of additive characters
we have

Np

_ Z (1 Z CgTr,,,L(z%erJrzf)) (1 Z C;(Tl"m(1119??1+'~'-‘rat90t)—/7))

z1,...,x¢ €Fg P yeFy P z€Fy,
(z1,22,...,2¢)#(0,0,...,0)

1 Trom z2+~-~+12 2Trm (a1 cedapxe)—2z
= Z <1+ch (=7 f,))(1+ch (ar1z14-Fatwt) p)

p

z1,...,xtEFq yE]F; zE]F;‘7

1
(6) = PP+ (U 4+ +0),

p
where

Trm(y£2) Trm(ymz,)
a=Y (@) (X g,
yely “z1€f, zt€Fy
Qy = Z ¢ Z C;Prm(zalm) . Z C;l“rm(zaﬂt)
ZGIF; r1€F, 4 €Fy
_ —qt,  if (a1,...,a;) = (0,...,0),
0, otherwise,

and

Q3 = Z Cp—zp Z C;Hm(ymerzalm)_“ Z Cgﬁrm(yforzawt)

y,ze]F;; x1€F, x4 €Fy
., — 2 Tr, (a2 4-+a?)
G)' DY G 'y T :
ZEF; yeF;‘)
Suppose that tm is odd. If Tr,,(a? + - -+ + a?) = 0, then
Q=G Y G Y mly) =0.

z€F%: yEF;

If Tr,, (a2 + - - + a?) # 0, then

Qs = G)' DG D mu)é

2 Trpy (a2 4--+a?)

z€F% yeF
t —zp L | —2%yTr, (a3 4-+a?)
= GO)' Y G Y ()G
2€F} yeFs, Yy
_ Yy —22 T a2+~»-+af
= G(n) Z G Z Up(—ﬁ)gp vom (@ )
z€F% yeF Yy
—z —22 Trp, af+---—|—a2
= G Y. G S (g T T Y
2€F} yeFs,

= _G(n)tG<77p)7]p( - Trmm% +eF a?)).
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Thus €3 is independent of p € IF;, when (ay, ...,a;) runs over Ffl
Suppose that tm is even. If Tr,, (a3 + - -+ + a?) = 0, then

Q3 =—(p—1)G(n)".

If Tr,,(af + -+ a?) # 0, then

0 = o' Y Gy g e

z€F> yeFs
Trm (a¥ 24 4+a? ) t
- e T T g gy
2€F yEFs:
Thus €3 is independent of p € F; when (ai,...,a;) runs over Ff].

It is clear that €2; and 25 both are independent of p € ]F; when (ai,...,a;) runs
over F!. Then by (5) we have

N, (a1,...,a:) = Ny, (a1,...,a¢)

for p1, pa € F. Then by Theorem 3.2 we can get directly the following theorem on
the complete weight enumerators of Cp.

Theorem 5.1. Let Cp be a linear code defined by (1) and (2), where D = {(x1, x2,
L, x) € IFZ \{(0,0,...,0)} : Ty (22 + 23+ - +22) = 0}.
1. Iftm > 1 is odd, then the complete weight enumerator of Cp is given by Table

6.
2. If tm is even, then the complete weight enumerator of Cp is given by Table 7.

Table 6. Complete weight enumerators of Theorem 5.1 for odd tm
NO =n — ZPGF; Np

Ny(p € F}) Frequency
0 1
ptm—2 ptm—l _ 1
_ tm—3 _ _ tm—1
Sl B A
ptm 2 -l-pi PT(ptmfl _ T)

Table 7. Complete weight enumerators of Theorem 5.1 for even tm
No=n— Z,,@F; Ny

Ny(p € Fy) Frequency
0 1
_ — m(p—1) tm—2
p'm? P ()T (p — 1)p T 1
PR (SRR | (it ()Rt
Now we are ready to consider the second case. For a codeword c(aq,...,a:) of
Cp and p € F, let N, := Ny(as,...,a;) be the number of components Tr,, (a1z1 +
-+ asxy) of c¢(ay,...,a;) which are equal to p, where D = {(z1,23,...,2¢) €

F! @ Trp (27 + 23 + -+ x7) = 1}. Then by the orthogonal property of additive
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characters we have

Ny
Z (1 Z Cy(Tl”m(w%-‘r”"wa)—l)) (l Z CZ(TFm(a1961+-~-+atwt)—P))
P P
LT1,.eeny zt€Fq pye]Fp sz]Fp
(z1,22,--, x¢)#(0,0,..., 0)
_ 1 yTrm(z2+~~+:vZ,)—y 2Trm (a1z14-tFatze)—2zp
I (ED S A [ (P O :
T1,een, Tt €Fg yGJFI*] ZG]F;;
(6)
1
=p'™=2 ¢ ol (A1 + A2+ Ag),
where
_ Ty, (yz?) Tro (yz2)
=T o X @) (3 g,
y€eF; z1€F, z¢€Fy
AQ — Z Cp—zp Z CpTrm(zalwl) . Z <‘;frm(zatwt)
z€Fy x1ER, x4 €Fg
_ —qt, if (a1,...,a;) = (0,...,0),
0, otherwise,
and

_ —z Tr,, 22+zarx Tro, 22 zZaix
By = X GG YD Gt g (et

y,2€Fy z1€F, z1€Fy

_ _ﬁTrm(az"F“"'r‘lf)_zP
= GG Y T :

yeFs, z€Fy

In Section 4, it is shown that

As — (=)= G()tG(n,), if tm is odd;
! —G(n)t, if tm is even.

Suppose that tm is odd. If Try,(a? + -+ + a?) = 0, then
As=Gm)' Y GUmp(y) Y G = —(=1)"7 G(n)'G(ny).
yeFs z€Fy,

If Tty (a2 + -+ a?) = ¢ # 0, then

As = G(n) y%(ﬁ%(@(np(%)épc G(np)1)
= (G C) 3 AT ()G Clny)
yGIFz*7
{ (=17 ()~ 1) = VGO Clny), i g = c;
(1% (= nylc) = 1)G(0)'G(,), if p2 £ c.

Theorem 5.2. Let Cp be a linear code defined by (1) and (2), where D = {(x1, x2,
L) € FL o Try(af + 23 + -+ 27) = 1}, If tm > 1 is odd, then the complete
weight enumerators of Cp is given as follows:

1. If (ay,...,a;) = (0,...,0), then
Ny = ptm—l + (_UMPW

—1
—_— _ *
= and N, =0 for p € F,.
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2. If (a1,...,a¢) # (0,...,0) and Trm(a1 + - +a?) =0, then

(p=1)(tm+3) tm—

No=p™ 2+ (1) p™ 5 and N, =p'™=? for p € F;.

The frequency of this composition is equal to ptm_1 —1.
3. Suppose that (a1,...,a;) # (0,...,0) and Tr,, (a3 + -+ +a?) =c#0.
o Ifn,(c) =1, let pi(c), p2(c) be two solutions of the equation p* = c, then
N() _ ptm,Q . (71) (p—l)gltm+3)ptm2—3 ’
_ (p—1)(tm+3) tm—3
Npl(c)aNpl(c):ptm 2+(_1) 4 (p_l)p 2,
— (p=1)(tm+3) tm-—3

and N, = p"™~2 — (-1)" 3 7 for p € Fy, p # pr(c), p2(c).

(p—1)(tm+43) tm-—1
2

The frequency of this composition is equal to p'™ 1 4(—1) 1 p
o Ifn,(c) =—1, then

(p—1)(tm+3) tm-—3

N, =p™ 2 +(-1) 1 p- 2z forpel,.

(p=1)(tm+3) tm—1
1 P2

The frequency of this composition is equal to p'™ 1 —(—1)

(p—1)(tm+3) tm+1
4 p 2

Proof. Note that (—1)"= G(n)'G(n,) = (—1) if tm is odd. By (6)
and the proof of Theorem 4.1, we can similarly get the desired results and we omit
the details here. O

Example 3. Let p =3, m = 3, and t = 3. Then ¢ = 27 and n = 6642. By Theorem
5.2, the code Cp is a [6642,9,4374] linear code and its complete weight enumerator
is

6642 + 656022268(2122)2187 4 6480(202122)2214 4 664222160 (Z 29 )22417
which is conmstent with numerical computation by Magma.

Suppose that tm is even. If Tr,, (a2 + - - - 4+ a?) = 0, then

As =G Y ¢V Y ¢ =G

yEFy z€F;

If Tr,(a? + - - + a?) = ¢ # 0, then we similarly have

Ay = GO)'Gmp)mp(—c) > mply 7_1)‘1’ +G(n)'
ZJE]F*
_ { G(n)", if p*> = ¢;
mp(c = p?)G()'G(mp)* + G(n)', if p* #c.

By (6) and Lemma 3.1, we can similarly get the following theorem on the com-
plete weight enumerators of Cp if tm is even.

Theorem 5.3. Let Cp be a linear code defined by (1) and (2), where D = {(x1, x2,
xy) € IFfI : Try, (22 + 22 + - + 22) = 1}. Suppose that tm is even. If t is odd
and 8 | m(p — 1), then the complete weight enumerators of Cp is given as follows:
1. If (a1,...,a¢) = (0,...,0), then
Ny =pt™m1t —|—ptm2_2 and N, =0 for p € F}.
2. If (a1, ... ,a¢) # (0,...,0) and Try,(a? + -+ +a?) =0, then

-2

Ny = pt™m=2 +ptm2 and N, = p'™ =2 for p € Fp.

tm—2

—(p-1p = —1L
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3. Suppose that (a1,...,a;) # (0,...,0) and Try, (a3 + -+ +a?) =c#0.
o Ifn,(c) =1, then
No=p™=2 = (-1)" 7 p™5,
N, =p'™ 2 for c — p* =0,

_ p—=1 tm-—2
N, =p"™ 2 —(=1)7p 7 formy(c—p°) =1,

p—1

and N, = p™ =2 + (=1)" % p™5 for (e — p?) = —1.

tm—2

The frequency of this composition is equal to p'™ 1 +p~ 2
o Ifn,(c) =—1, then

p—1 tm—2

No=p"+(-1)=p =,

o p—1 tm-—2
N,=p"m 2 —(=1)"7 p = formy(c—p*) =1,

-1 tm-—2

and N, = p"™ 2+ (=1)"T p™ % for ny(c—p*) = 1.

tm—2

The frequency of this composition is equal to p'™ ! +p~ 2

In other cases, the complete weight enumerators of Cp is given as follows:
1. If (a1,...,a;) = (0,...,0), then
Ny = pt™1! —pm272 and N, =0 for p € F},.
2. If (a1, ...,a¢) # (0,...,0) and Try,(a? + -+ +a?) =0, then

tm—2

No=p"™2—p 2 and N, = pi™ =2 for p € Fp.

tm—2

The frequency of this composition is equal to p'™ 1+ (p—1)p~ 2 —1.
3. Suppose that (a1,...,a;) # (0,...,0) and Try, (a3 + -+ +a?) =c#0.
o Ifn,(c) =1, then

Ny = ptm—Q + (=)= p =z,

N, =p"™ 2 for c — p* =0,

—1

_ p—1 tm-=2
N, =p"™ 2+ (=1)7p 7 formy(c—p°) =1,

p—1 tm-—2

and N, =p"™ 2 —(=1)"Z p 2 for ny(c— p*)

I
|
=

The frequency of this composition is equal to p™ ! — pm;z

o Ifn,(c) =—1, then

p—1 tm—2

No=p™m?—(-1)=p 7,

1

_ p—1l tm-2
N, =p™ 24 (=1)" 7 p" = forny(c—p?) =1,

p—1 tm—2

and N, =p"m 2 (-1)=zp = for np(c — p*) =—1.

tm—2

The frequency of this composition is equal to p'™ 1 —p~ 2

Note that ¢, p € F,. It is not difficult to compute ¢ — p? for small odd prime p.
For fixed ¢, the number of p such that n,(c — p?) = 1 or —1 can be determined by
cyclotomic numbers of order 2, we do not consider it here.
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Example 4. (1) Let p = 3, m = 2, and t = 3. Then ¢ = 9 and n = 234. By
Theorem 5.3, the code Cp is a [234,6,144] linear code and its complete weight
enumerator is

223 1234280 (2120) ™ + 494202 (21 22)%,

which is consistent with numerical computation by Magma.
(2) Let p =5, m =2, and t = 3. Then ¢ = 25 and n = 3150. By Theorem 5.3,
the code Cp is a [3150, 6,2500] linear code and its complete weight enumerator is

20 1 315028% (21.24)5%5 (2923)5%0 4 315028% (21.24) %0 (225625
+ 30242850(2122z3z4)625

+ 31502850(2124)600(,222’3)650 + 31502850(2124)650(,22,23)600,

which is consistent with numerical computation by Magma.

6. CONCLUDING REMARKS

In this paper, we employed exponential sums to present the weight enumerators
of the linear codes Cp in the two cases. It was proved that Cp is a two-weight code
if tm is even and three-weight code if tm is odd. It should be remarked that the
weight enumerators of Cp in the first case generalize the results in [17] and [18]. The
complete weight enumerators of the linear codes Cp were also investigated. Linear
codes with two and three weights are closely related to strongly regular graphs and
association schemes. It would be nice if more two-weight and three-weight linear
codes can be found.

ACKNOWLEDGMENTS

The authors are very grateful to the editor and the anonymous reviewers for their
valuable comments and suggestions that much improved the quality of this paper.

REFERENCES

(1] L. D. Baumert and R. J. McEliece, Weights of irreducible cyclic codes, Inf. Control, 20
(1972), 158-175.

[2] B. Berndt, R. Evans and K. Williams, Gauss and Jacobi Sums, John Wiley & Sons company,
New York, 1998.

[3] A. R. Calderbank and J. M. Goethals, Three-weight codes and association schemes, Philips
J. Res., 39 (1984), 143-152.

[4] A.R. Calderbank and W. M. Kantor, The geometry of two-weight codes, Bull. London Math.
Soc., 18 (1986), 97-122.

[5] C. Carlet, C. Ding and J. Yuan, Linear codes from perfect nonlinear mappings and their
secret sharing schemes, IEEE Trans. Inf. Theory, 51 (2005), 2089-2102.

[6] C. Ding, Codes from Difference Sets, World Scientific, Singapore, 2015.

[7] C. Ding, Linear codes from some 2-designs, IEEE Trans. Inf. Theory, 61 (2015), 3265-3275.

[8] C. Ding, T. Helleseth, T. Klgve and X. Wang, A general construction of authentication codes,
IEEE Trans. Inf. Theory, 53 (2007), 2229-2235.

[9] C. Ding, C. Li, N. Li and Z. Zhou, Three-weight cyclic codes and their weight distributions,
Discr. Math., 339 (2016), 415-427.

[10] C. Ding, Y. Liu, C. Ma and L. Zeng, The weight distributions of the duals of cyclic codes
with two zeros, IEEE Trans. Inf. Theory, 57 (2011), 8000-8006.

[11] C. Ding, J. Luo and H. Niederreiter, Two-weight codes punctured from irreducible cyclic
codes, in Proceedings of the First Worshop on Coding and Cryptography (eds. Y. Li, et al.),
World Scientific, Singapore, 4 (2008), 119-124.

[12] C. Ding and H. Niederreiter, Cyclotomic linear codes of order 3, IEEE Trans. Inf. Theory,
53 (2007), 2274-2277.

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoLuME 13, No. 1 (2019), 195-211


http://www.ams.org/mathscinet-getitem?mr=MR0497284&return=pdf
http://dx.doi.org/10.1016/S0019-9958(72)90354-3
http://www.ams.org/mathscinet-getitem?mr=MR1625181&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR775270&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR818812&return=pdf
http://dx.doi.org/10.1112/blms/18.2.97
http://www.ams.org/mathscinet-getitem?mr=MR2235283&return=pdf
http://dx.doi.org/10.1109/TIT.2005.847722
http://dx.doi.org/10.1109/TIT.2005.847722
http://www.ams.org/mathscinet-getitem?mr=MR3289983&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3352515&return=pdf
http://dx.doi.org/10.1109/TIT.2015.2420118
http://www.ams.org/mathscinet-getitem?mr=MR2321875&return=pdf
http://dx.doi.org/10.1109/TIT.2007.896872
http://www.ams.org/mathscinet-getitem?mr=MR3431350&return=pdf
http://dx.doi.org/10.1016/j.disc.2015.09.001
http://www.ams.org/mathscinet-getitem?mr=MR2895374&return=pdf
http://dx.doi.org/10.1109/TIT.2011.2165314
http://dx.doi.org/10.1109/TIT.2011.2165314
http://www.ams.org/mathscinet-getitem?mr=MR2482328&return=pdf
http://dx.doi.org/10.1142/9789812832245_0009
http://dx.doi.org/10.1142/9789812832245_0009
http://www.ams.org/mathscinet-getitem?mr=MR2321882&return=pdf
http://dx.doi.org/10.1109/TIT.2007.896886

LINEAR CODES 211

[13] C. Ding and X. Wang, A coding theory construction of new systematic authentication codes,
Theor. Comp. Sci., 330 (2005), 81-99.

[14] C. Ding and J. Yang, Hamming weights in irreducible cyclic codes, Discr. Math., 313 (2013),
434-446.

[15] C. Ding and J. Yin, Algebraic constructions of constant composition codes, IEEE Trans. Inf.
Theory, 51 (2005), 1585-1589.

[16] K. Ding and C. Ding, Binary linear codes with three weights, IEEE Comm. Letters, 18 (2014),
1879-1882.

[17] K. Ding and C. Ding, A class of two-weight and three-weight codes and their applications in
secret sharing, IEEE Trans. Inf. Theory, 61 (2015), 5835-5842.

[18] C. Li, Q. Yue, and F. W. Fu, A construction of several classes of two-weight and three-weight
linear codes, Appl. Alg. Eng. Comm. Comp., 28 (2017), 11-30.

[19] S. Li, T. Feng and G. Ge, On the weight distribution of cyclic codes with Niho exponents,
IEEE Trans. Inf. Theory, 60 (2014), 3903-3912.

[20] R. Lidl and H. Niederreiter, Finite Fields, Addison-Wesley Publishing Inc., 1983.

[21] J. Luo and T. Helleseth, Constant composition codes as subcodes of cyclic codes, IEEE Trans.
Inf. Theory, 57 (2011), 7482-7488.

[22] C. Ma, L. Zeng, Y. Liu, D. Feng and C. Ding, The weight enumerator of a class of cyclic
codes, IEEE Trans. Inf. Theory, 57 (2011), 397-402.

[23] F. J. MacWilliams, C. L. Mallows and N. J. A. Sloane, Generalizations of Gleason’s theorem
on weight enumerators of self-dual codes, IEEE Trans. Inf. Theory, 18 (1972), 794-805.

[24] F. J. MacWilliams and N. J. A. Sloane, The Theory of Error-Correcting Codes, North-
Holland, Amsterdam, 1977.

[25] C. Tang, N. Li, Y. Qi, Z. Zhou and T. Helleseth, Linear codes with two or three weights from
weakly regular bent functions, IEEE Trans. Inf. Theory, 62 (2016), 1166-1176.

[26] G. Vega, The weight distribution of an extended class of reducible cyclic codes, IEEE Trans.
Inf. Theory, 58 (2012), 4862-4869.

[27] M. Xiong, The weight distributions of a class of cyclic codes, Finite Fields Appl., 18 (2012),
933-945.

[28] J. Yang, M. Xiong, C. Ding and J. Luo, Weight distribution of a class of cyclic codes with
arbitrary number of zeros, IEEE Trans. Inf. Theory, 59 (2013), 5985-5993.

[29] S. Yang and Z. Yao, Complete weight enumerators of a class of linear codes, Discr. Math.,
340 (2017), 729-739.

[30] S. Yang, X. Kong and C. Tang, A construction of linear codes and their complete weight
enumerators, Finite Fields Appl., 48 (2017), 196-226.

[31] J. Yuan and C. Ding, Secret sharing schemes from three classes of linear codes, IEEE Trans.
Inf. Theory, 52 (2006), 206—212.

[32] X. Zeng, L. Hu, W. Jiang, Q. Yue and X. Cao, The weight distribution of a class of p-ary
cyclic codes, Finite Fields Appl., 16 (2010), 56-73.

[33] Z.Zhou, N. Li, C. Fan and T. Helleseth, Linear codes with two or three weights from quadratic
Bent functions, Des. Codes Cryptogr., 81 (2016), 283-295.

Received for publication August 2018.

E-mail address: lichengjul987@163.com
E-mail address: shbae@kaist.ac.kr
E-mail address: yangshudi7902@126.com

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoLuME 13, No. 1 (2019), 195-211


http://www.ams.org/mathscinet-getitem?mr=MR2112767&return=pdf
http://dx.doi.org/10.1016/j.tcs.2004.09.011
http://www.ams.org/mathscinet-getitem?mr=MR3004477&return=pdf
http://dx.doi.org/10.1016/j.disc.2012.11.009
http://www.ams.org/mathscinet-getitem?mr=MR2241518&return=pdf
http://dx.doi.org/10.1109/TIT.2005.844087
http://www.ams.org/mathscinet-getitem?mr=MR3418938&return=pdf
http://dx.doi.org/10.1109/TIT.2015.2473861
http://dx.doi.org/10.1109/TIT.2015.2473861
http://www.ams.org/mathscinet-getitem?mr=MR3592742&return=pdf
http://dx.doi.org/10.1007/s00200-016-0297-4
http://dx.doi.org/10.1007/s00200-016-0297-4
http://www.ams.org/mathscinet-getitem?mr=MR3225940&return=pdf
http://dx.doi.org/10.1109/TIT.2014.2318297
http://www.ams.org/mathscinet-getitem?mr=MR746963&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2883563&return=pdf
http://dx.doi.org/10.1109/TIT.2011.2161631
http://www.ams.org/mathscinet-getitem?mr=MR2814060&return=pdf
http://dx.doi.org/10.1109/TIT.2010.2090272
http://dx.doi.org/10.1109/TIT.2010.2090272
http://www.ams.org/mathscinet-getitem?mr=MR0398664&return=pdf
http://dx.doi.org/10.1109/tit.1972.1054898
http://dx.doi.org/10.1109/tit.1972.1054898
http://www.ams.org/mathscinet-getitem?mr=MR0465509&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3472242&return=pdf
http://dx.doi.org/10.1109/TIT.2016.2518678
http://dx.doi.org/10.1109/TIT.2016.2518678
http://www.ams.org/mathscinet-getitem?mr=MR2949856&return=pdf
http://dx.doi.org/10.1109/TIT.2012.2193376
http://www.ams.org/mathscinet-getitem?mr=MR2964734&return=pdf
http://dx.doi.org/10.1016/j.ffa.2012.06.001
http://www.ams.org/mathscinet-getitem?mr=MR3096972&return=pdf
http://dx.doi.org/10.1109/TIT.2013.2266731
http://dx.doi.org/10.1109/TIT.2013.2266731
http://www.ams.org/mathscinet-getitem?mr=MR3603553&return=pdf
http://dx.doi.org/10.1016/j.disc.2016.11.029
http://www.ams.org/mathscinet-getitem?mr=MR3705743&return=pdf
http://dx.doi.org/10.1016/j.ffa.2017.08.001
http://dx.doi.org/10.1016/j.ffa.2017.08.001
http://www.ams.org/mathscinet-getitem?mr=MR2237344&return=pdf
http://dx.doi.org/10.1109/TIT.2005.860412
http://www.ams.org/mathscinet-getitem?mr=MR2588126&return=pdf
http://dx.doi.org/10.1016/j.ffa.2009.12.001
http://dx.doi.org/10.1016/j.ffa.2009.12.001
http://www.ams.org/mathscinet-getitem?mr=MR3535431&return=pdf
http://dx.doi.org/10.1007/s10623-015-0144-9
http://dx.doi.org/10.1007/s10623-015-0144-9

	1. Introduction
	2. Preliminaries
	3. Weight enumerators in the first case
	4. Weight enumerators in the second case
	5. Complete weight enumerators of CD
	6. Concluding remarks
	Acknowledgments
	References

