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Piezoelectric energy harvesters of cantilevered beam type are studied in various fields due to simplicity. In general, these
systems obtain electrical energy from mechanical strain by bending of cantilevered beam. However, conventional systems have
disadvantages that they have low efficiency in frequency regions other than resonance frequency. To overcome the limitations,
various energy harvesters to apply performance enhancement strategies are proposed and investigated. In this paper, a frequency-
changeable L shape energy harvester which is form connected cantilever beam and rigid arm is proposed and investigated. The
conventional piezoelectric energy harvester exhibits the principal frequency in the simple bending mode whereas the proposed
system features the twistingmode resulting in a higher output voltage than the conventional system.The proposed energy harvester
is simplified to a two-degree-of-freedom model and its dynamics are described. How the length of a rigid bar affects its natural
frequencies is also studied. To evaluate the performance of the system, experiments by using a vertical shaker and numerical
simulation are carried out. As a result, it is shown that the natural frequency for a twisting mode decreases as the arm length
increased, and the higher output voltage is generated comparing with those of the conventional energy harvester.

1. Introduction

Energy harvesting technology has received strong interest
in the field of structural health monitoring (SHM) based
on wireless sensor networks (WSNs). Most WSNs do not
guarantee long lifetime with the conventional battery tech-
nology. Furthermore, the battery requires to be frequently
replaced or recharged, and connecting a sensor is difficult
due to wiring. There are many potentials to apply an energy
harvesting system for WSNs. The commercialized sensor
system is mainly mounted on or embedded inside objects
such as infrastructures and body. To ensure the implanted
sensors work properly, the energy harvesting device is alter-
native solution for battery replacement. Among the energy
sources, the vibrational energy harvester can convert ambient
vibration into electrical energy. These systems are mainly
operated by exploiting energy conversion mechanisms such
as piezoelectric [1–3], electromagnetic [4–6], and triboelec-
tric [7–10] effect. In comparison with the energy storage

density, the electromagnetic mechanism is the highest value
in the aggressive value that is theoretically possible, but
the piezoelectric energy harvesting is the best in practical
maximum case that is currently achievable value. In order
to apply the power source for sensor, the energy harvesters
of various scales are proposed and investigated. In general,
the energy harvesting devices can generate hundreds of
milli-Watt (mW). The output power generated from energy
harvesting system is sufficient to utilize the power supply for
WSNs because the power consumption of a micro sensor is
used less than 100mW.

In this study, the piezoelectric based energy harvester
is proposed due to their high energy density [11, 12]. A
variety of piezoelectric based vibrational energy harvesters
have been proposed and investigated by many researchers
for use of power supply in wireless applications. Typically,
the vibration-induced piezoelectric energy harvester is com-
posed of a cantilever beam with a tip mass and one or two
layers of piezoelectric material (simply called unimorph or
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bimorph, resp.). Conventional energy harvester has been
widely used due to its simplicity. However, these systems have
many difficulties to apply in practice because power efficiency
is sharply decreased except in the resonance frequency.

To overcome these limitations, many researchers pro-
posed various energy harvesters based on improved tech-
niques such as multimodal system, self-tuning, frequency
pumping, wide-bandwidth transducers, andmechanical tun-
ing [13–18]. The most advanced techniques are proposed to
effectively generate the output power at the various frequen-
cies of structures. Therefore, the most commonly used
method in the frequency tuning is the stiffness or mass con-
trol of system. However, these systems exhibit the enhanced
performance but somewhat complicated and difficult to
realize. To change the stiffness or the mass of the system
causes problems which are increasing static deflection and
overall volume. Therefore, the frequency tuning methods
through the slight structural modification are proposed and
investigated.

The improved piezoelectric energy harvester which uti-
lizes the torsional moment has been proposed. Li et al. [19]
investigated a bioinspired piezo-leaf energy harvester which
makes use of both bending and twisting deformations from
the cross-flow. The proposed energy harvester is fabricated
and experimentally investigated. In the experimental results,
the piezo-leaf energy harvester has a higher power density
than parallel-flow stalk-leaf system. Kim et al. [14] developed
a 2DOF energy harvester which is composed of different two
cantilevers in size and suspended proof mass with bearings.
The 2DOF energy harvester has wider bandwidth at specific
voltage level than a conventional SDOF system since trans-
lational and rotational mode are designed to be very close to
each other. The torsional moment is occurred by rotational
mode. Abdelkefi et al. [20, 21] conducted the numerical
study for the T shape piezoelectric energy harvester which
undergoes coupled bending and torsion by unbalanced proof
masses. Similarly, a self-excited fluidic energy harvester is
proposed and investigated [22, 23]. It consists of a cylinder
installed to the end of piezoelectric cantilevered beam.
Upstream cylinder in flow direction makes vortex behavior
at the downstream. Therefore, energy harvester has coupled
bending and torsional motion affected by longer cylinder
than width of cantilevered beam.

In this paper, the characteristics of an L shape energy
harvester are investigated and the geometrical tuning design
method is proposed. The proposed energy harvester consists
of a piezoelectric cantilevered beam, a rigid bar orthogonally
attached to the free end of beam, and a proof mass on the
rigid bar.Therefore, the system has bendingmotion as well as
twisting motion. Moreover, the natural frequency of system
can be tuned via changing the location of mass. An analytical
model based on the impedance method is utilized, which is
simple and easily finds the inherent physical properties and
natural frequencies. In experimental study, output voltage
normalized by acceleration is measured and compared. Both
numerical and experimental verification were performed to
show the validity of the model and power performance of the
proposed device.

2. Model of an L Shape Energy Harvester

Proposed L shape energy harvester is composed of a
cantilevered beam with a piezoelectric sheet, orthogonally
attached to the rigid bar at free end of beam and a proof
mass. In order to adjust mass location, foraminate rigid bar is
considered for frequency tuning.The bar which is connected
with a cantilever beam is considered as a rigid bar because its
deformation is much smaller than that of a cantilever beam.
An L shape energy harvester simultaneously plays a role of
vertical and torsional springs. The schematic and simplified
model of the system are illustrated in Figure 1. To portray its
behavior within the extent of the linear vibration theory, a
two-degree-of-freedom (i.e., 2DOF) systemwith an eccentric
mass has been introduced. It is simplified to undamped since
the natural frequencies we are concerned about are almost
determined by mass and stiffness values only. It consists
of two identical springs with interval 𝑑1 + 𝑑2 as shown in
Figure 1(b).The distance from the centerline of the cantilever
to the mass is given by (1/2)|𝑑1 − 𝑑2| and the moment of
inertia, J, of the point mass is (1/4)𝑚(𝑑1 − 𝑑2)2.

The stiffness values are identical to a half of the bending
stiffness of the cantilever and the interval 𝑑1+𝑑2 is modulated
to comply with the torsional stiffness of the cantilever. The
total force 𝐹 applied to the system is the sum of the forces 𝐹1
and 𝐹2 applied to the two springs, respectively, as

𝐹 = 𝐹1 + 𝐹2. (1)

The displacement at the point mass is given by

𝑋 = 𝑑2𝑋1 + 𝑑1𝑋2𝑑1 + 𝑑2 , (2)

where the displacements at points 1 and 2 are 𝑋1 and 𝑋2,
respectively, and can be written by

𝑋1 = 𝐹1𝑘 ,
𝑋2 = 𝐹2𝑘 .

(3)

The equilibrium of moments at the point mass can be
expressed as

𝐽 ̈𝜃 = 𝐹1𝑑1 − 𝐹2𝑑2. (4)

Replacing the rotational acceleration ̈𝜃 in (4) for small angles
with (�̈�2 − �̈�1)/(𝑑1 + 𝑑2) and applying (3) give

𝐹1 [𝑑1 − 𝐽𝜔
2

𝑘 (𝑑1 + 𝑑2)] = 𝐹2 [𝑑2 −
𝐽𝜔2
𝑘 (𝑑1 + 𝑑2)] , (5)

where the harmonic motion is assumed as𝑋𝑖(𝑡) = 𝑋𝑖e𝑗𝜔𝑡 and𝜔 denotes the excitation frequency. The forces 𝐹1 and 𝐹2 can
be expressed, respectively, from (1) and (5) by

𝐹1 = 𝐹 ⋅ 𝑘𝑑2 (𝑑1 + 𝑑2) − 𝐽𝜔
2

𝑘 (𝑑1 + 𝑑2)2 − 2𝐽𝜔2 ,

𝐹2 = 𝐹 ⋅ 𝑘𝑑1 (𝑑1 + 𝑑2) − 𝐽𝜔
2

𝑘 (𝑑1 + 𝑑2)2 − 2𝐽𝜔2 .
(6)
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Figure 1: The proposed L shape energy harvester: (a) schematic of the proposed system and (b) simplified mechanical model.

Substituting 𝐽 = (1/4)𝑚(𝑑1 − 𝑑2)2 and (3) and (6) into (2)
can yield the displacement at the point mass in terms of
constituent parameters. Then, the equivalent stiffness at the
point mass becomes

𝑘eq = 𝐹𝑋 = 2𝑘 ⋅
2𝑘 (𝑑1 + 𝑑2)2 − (𝑑1 − 𝑑2)2𝑚𝜔2
4𝑘 (𝑑21 + 𝑑22) − (𝑑1 − 𝑑2)2𝑚𝜔2 . (7)

The stiffness of (7) is the frequency dependent. Figure 2(a)
shows the variation of stiffness for the three different hole
locations of proof mass. In the low frequencies, the position
of the proof mass affects the stiffness of the harvester. It

implies that the proposed system behaves like a rotational
vibrating system. In the high frequencies, the stiffness does
not matter with the hole position. It works as a conventional
translational system. Thus, the first and lowest mode can be
found as rotational, while the second mode can be found
as translational. The receptance at the point mass can be
obtained from the parallel connection of a mass and the
stiffness of (7) as

𝑋
𝐹 =

1
𝑘eq − 𝜔2𝑚. (8)

Expanding (8) gives

𝑋
𝐹 =

4𝑘 (𝑑21 + 𝑑22) − (𝑑1 − 𝑑2)2𝑚𝜔2
4𝑘2 (𝑑1 + 𝑑2)2 − 2𝑘𝑚𝜔2 (3𝑑21 + 3𝑑22 − 2𝑑1𝑑2) + 𝑚2𝜔4 (𝑑1 − 𝑑2)2 .

(9)

The two undamped natural frequencies can be found
from solving the denominator of (2). The variations of the
first (solid red line) and second (dashed blue line) natural
frequencies for changing the distance of mass are illustrated
in Figure 2(b).The vertical lines denote the locations of three
holes in the rigid bar in the following experiment. The first
natural frequency, which is lowest and associated with the
rotational mode, is consistently decreasing with the distance(1/2)|𝑑1 − 𝑑2| while the second converges. In the proposed
energy harvester, thus, the geometrical tuning strategy can be
established by changing the location of the proof mass on the
rigid bar.

Since the first mode is rotational, the embedded piezo-
electric sheets are stretched in the transverse direction of the
cantilever additionally. Thus, the averaged strain value of the
substrate beam is increased further, resulting in the output
voltage increase.

3. Experimental Validations of an L Shape
Energy Harvester

In order to validate the performance of an L shape energy
harvester, the prototype is manufactured and installed on
the vertical shaker as shown in Figure 3(a). It consists
of a substrate layer (stainless steel), a proof mass (iron,
0.102 kg), and the rigid bar (iron). The foraminate rigid bar
is orthogonally attached at free end of beam with a proof
mass. The geometric and material parameters of the system
are given in Table 1. The lead zirconate titanates (PZT-5A4H,
Piezo System Co.) are used as piezoceramic sheets that are
bonded to the substrate layer. Holes are located on the rigid
bar to validate how the length of the rigid body affects the
energy harvesting performance. The total length of the rigid
bar is 140mm, and the gap of each hole is 30mm.

Figure 3(b) represents the experimental setup for per-
formance evaluation of the proposed energy harvester. As
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Figure 2: (a) The variation of stiffness for the three cases and (b) two undamped natural frequencies.
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Figure 3: Photographs of (a) fabricated energy harvester and (b) experimental setup.

shown in the figure, the setup is composed of a function
generator (AFG 3021B; Tektronix), a power amplifier (Type
2712; Brüel & Kjær), an electrodynamic vertical shaker (Type
4808; Brüel & Kjær), and a voltage measurement device
(National Instruments). In the test, the harmonic excitation
is provided by a vertical shaker. The acceleration input of the
shaker is measured from an accelerometer (Model 393A03;
PCB Piezotronics). The excitation frequency is varied from
1 to 20Hz. The frequency step of 1Hz is considered in the
overall range, and the step-up of 0.1 Hz is carried out in

the vicinity of the resonance frequency. The induced open-
voltage response from the piezoelectric energy harvester is
measured by an oscilloscope.

Figure 4 shows the normalized output voltage in open-
circuit of four different systems (i.e., the conventional system
and the three proposed systems (Hole 1, Hole 2, and Hole
3)). In the figure, it is observed that the proposed systems
have much larger peak values than the conventional system.
Particularly, the case of Hole 3 (i.e., the case that the mass is
placed at the farthest location on a rigid bar) shows the largest



Shock and Vibration 5

0 1 2 3 4 5 6 7 8 9 10
−500

−250

0

250

500

Time (sec)

N
or

m
al

iz
ed

 v
ol

ta
ge

 (V
/g

)

0 2 4 6 8 10
−500

−250

0

250

500

Time (sec)

N
or

m
al

iz
ed

 v
ol

ta
ge

 (V
/g

)

0 2 4 6 8 10
−500

−250

0

250

500

Time (sec)

N
or

m
al

iz
ed

 v
ol

ta
ge

 (V
/g

)

0 2 4 6 8 10
−500

−250

0

250

500

Time (sec)

Conventional system Hole 1

Hole 3Hole 2

N
or

m
al

iz
ed

 v
ol

ta
ge

 (V
/g

)

Figure 4: Time history responses for the resonant frequencies of each case.

Table 1: Geometric and material parameters of the system.

Geometric parameters Piezoceramic Substrate
Size (mm) 25 × 40 55 × 40
Thickness (mm) 0.127 0.2
Material parameters
Mass density (kg/m3) 7750 7850
Young’s modulus (GPa) 66 200
𝑑31 (pm/V) strain coefficient −190
𝑔31 (mm/V) voltage coefficient −11.6

output voltage. It is more than 4.5 times the conventional
case, resulting in the enhanced performance of the proposed
system.The frequency shift is also observed in the figure.The
experiments show that the fundamental natural frequencies
of the system are correspondingly 17, 13.3, 11.4, and 9.2Hz.
This result is slightly different compared to results of modal
analysis (i.e., 16.5, 14.5, 11.8, and 9.5Hz).That is, the resonance
frequency decreases as the location of the mass gets farther.
Thus, we can readily design the harvester having a specific
frequency by changing the location of the mass on the rigid
bar. Time history responses for resonant frequency of each
case are represented in order to clarify the type of output
signal in Figure 4. The output voltages are normalized by
acceleration of excitations. All of output signals are clearly
measured in the sinusoidal wave.
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Figure 5: Normalized output voltages from experiments: insets are
the relative total strains at resonance from FEM simulations.

In the bandwidth, the normalized voltage of the conven-
tional system at 3 dB below the peak is 65.6V/g. The three
cases of the proposed system (i.e., Hole 1, Hole 2, and Hole 3)
show significant increases in bandwidth of 234.3, 228.6, and
208.6%, respectively, compared to the conventional system.
Insets in Figure 5 are the relative total strains at resonance
frequency of each case from FEM simulations. The analysis
results are carried out considering the position of a proof
mass in the static state. Conventional system shows that the
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distribution of strain decreased gradually as it goes away
from the fixed end. However, the L shape energy harvester
can confirm that strain is evenly distributed. In proposed
system, the strain is canceled fromfixed end but on the overall
average is larger than strain of conventional system. As a
result, the proposed energy harvester can produce the high
output voltage. Absolute values of each case are compared in
the next section.

4. Numerical Simulation

In this section, the numerical simulations by using COMSOL
Multiphysics are conducted to clearly show the behavior of
proposed energy harvester. The COMSOL Multiphysics can
help to solve partial differential equation for coupled systems
which are electrical, mechanical, fluid, and so on. In Figure 5,
the four insets represent the normalized strain distributions
obtained from FE analysis in the four different systems.
However, the levels of strain in each inset are not normalized.
Because an L shape energy harvester has relativelymany large
strains, it is difficult to represent the strain of cantilevered
type energy harvester. It is observed that the results from
the proposed systems are quite different from that of the
conventional system; on the other hand, the three different
cases in the proposed systems look similar to one another.
In general, the cantilever beam type is commonly used in
piezoelectric energy harvesting because of the simplicity
and the high averaging strain. However, the conventional
system has low efficiency because the strain distribution is
not consistent.The proposed energy harvester can solve these
problems as FE analysis results.

In order to profoundly discuss the experimental results,
additional numerical simulations are carried out. In the
simulations, the nine virtual nodes on the surface of the
piezoelectric sheet are considered as shown in Figure 6. In
the figure, all the nodes have the identification numbers from
1 to 9 with 𝑥 and 𝑦 coordinates in parentheses. In addition,
the piezoelectric sheet is divided into three sections such as
Sections A, B, and C according to the distance from the fixed
end of the cantilevered beam.

In the simulations, the von Mises stresses at the nodes
are calculated. If the stress distribution is assumed to be
unidirectional, the output voltage from the piezoelectric plate
is known to be generally proportional to the stress of the plate
in the condition. Figure 6 shows the von Mises stresses at the
nodes in the four different cases.

As shown in Figure 7(a), the conventional system has the
constant stresses in the same section (e.g., Nodes 1, 2, and 3 in
Section A) and the area close to the fixed end (i.e., Section A)
has larger stresses than the area away from the fixed end (i.e.,
Section C). This is because there is a simple bending mode
alone in the conventional system. On the other hand, in the
other three cases (see Figures 7(b)–7(d)), a drastic change of
stresses among the three nodes is observed in Section A and
all the three values are larger than the conventional case. In
Sections B and C, the three values are not quite different from
one another even though all the values are much larger than
the conventional case. Definitely, these larger stress values in
all sections affect the high output voltage in the proposed
system.

5. Conclusions

In this paper, an L shape energy harvester deploying a
perpendicular rigid bar with a proof mass is proposed
and investigated. Due to the attached rigid bar having a
proof mass, the device undergoes the coupled bending and
torsional motions, resulting in the frequency shift and the
enhanced performance. To verify the effectiveness of the
proposed energy harvester, it is simplified to a 2DOF model
and its dynamics are described, and the experimental test
by using a vertical shaker and the numerical simulation
by FE analysis software are conducted. It is demonstrated
that the fundamental frequency of the system decreases
and the output voltage from the system gets higher as an
increase in the arm length. Moreover, the reason of the
enhanced performance of the proposed system is discussed
by examining the FE stress analysis results. It is concluded
that the proposed energy harvester has the frequency tuning
capability and the enhanced performance compared with the
conventional one.
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Figure 7: von Mises stresses from numerical simulation: (a) conventional system; (b) Hole 1; (c) Hole 2; (d) Hole 3.
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