
  

  

Abstract— The stabilization of man-made artificial systems has 
been achieved by sensor based state feedback control with high 
computational bandwidth and high stiffness structures. In 
contrast, many biological systems have been achieved similar or 
superior stable behavior with low speed signal transmission via 
nervous systems, which is easy to introduce unstable 
performance from a control engineering perspective. In order to 
explain this phenomenon, the concept of self-stabilization has 
recently been proposed and investigated. Self-stabilization is 
defined as the ability to restore its original state after a 
disturbance without any feedback control. In this paper, the 
self-stabilizing function of a musculoskeletal system for 
arbitrary motion in the vertical plane is analytically investigated 
using Lyapunov stability theory. Based on this investigation we 
propose a design method to realize the self-stabilizing function 
of a musculoskeletal system, and experimentally verify that the 
self-stabilizing function can be physically realized by the 
proposed Lyapunov function. 

I. INTRODUCTION 

In classical control theory, feedback control has been widely 
utilized to improve the stability of systems. Sensors with high 
resolution and computing power of high bandwidth have been 
required to achieve stable feedback control of a robot.  

In case of human, sensory feedback also plays a significant 
role in realizing stable movements. However, the sensory 
system of human has relatively low resolution, computing 
power, and nerve transmission delay [1, 2] which can cause 
serious instability problem in engineering systems. To 
explain the stable human movement, Kawato [3] have instead 
emphasized the importance of feedforward control and 
internal inverse dynamics model acquired by feedback 
learning and stored in cerebellum. In another previous study, 
Bizzi [4] observed that disturbed arm movement of 
deafferented monkeys returned to the original target state. 
The results suggest that stable motion can be obtained by 
feedforward control and depends on not solely the central 
nervous system but also the dynamic properties of the 
musculoskeletal system.  

For these reasons, stabilizing function of the 
musculoskeletal system has been analytically investigated 
and defined as self-stabilizing function of musculoskeletal 
system. Wagner [5, 6] analytically derived the self-stabilizing 
criteria for a single joint of human musculoskeletal system 
using eigenvalue analysis. Although this result is significant, 
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the condition does not sufficiently explain why the 
musculoskeletal system can be self-stabilized because the 
derived self-stabilization criteria using eigenvalue analysis is 
effective for only static musculoskeletal systems 
(time-invariant system), not dynamic musculoskeletal 
systems (time-varying system). To explain the stabilizing 
function of dynamic musculoskeletal systems, Sugimoto [7] 
analytically derived new stability criteria for the cyclic 
motion of a one degree-of-freedom (DoF) musculoskeletal 
system. However, it should be also theoretically extended to 
new stability criteria for arbitrary motion of a multi-DoF 
musculoskeletal system because a one-DoF musculoskeletal 
model cannot reflect the interference effect among perturbed 
joints.  

In the field of robotics, Plooij [9, 10] attempted to produce a 
stable feedforward controlled manipulator designed by 
optimization method in control engineering. The results are 
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Fig. 1 Designed self-stabilized manipulator (a) and its block 
diagram (b). The previously determined control input is solely 
used.  
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interesting, but limited because it cannot perform arbitrary 
motion but only pre-defined specific one cyclic motion. 

 In this study, we believe that the self-stabilizing function of 
the biological musculoskeletal system is considered to 
produce a manipulator that can achieve stabilization of 
arbitrary motion via a feedforward controller. In our previous 
study [8], a sufficient condition for the self-stabilization of a 
two-DoF dynamic musculoskeletal system for arbitrary 
motion was analytically derived by Lyapunov stability theory 
which is often used to prove the stability of time-varying 
systems. In this paper, we will show that biological human 
musculoskeletal system satisfies the sufficient condition for 
the self-stabilization and a self-stabilized manipulator can be 
physically realized (see Fig. 1) in both numerical simulation 
and real world. The self-stabilized manipulator in this paper 
does not use any sensor for state feedback control but uses 
only its own body dynamics. These results are significant 
because they support the hypothesis that stable human motion 
does not only depend on feedback control of central nervous 
system but also the dynamics of musculoskeletal system and 
concept of self-stabilizing function of musculoskeletal system 
can be applied to robotics field. 

II. STABILITY ANALYSIS OF THE MUSCULOSKELETAL 
SYSTEM 

A. Mathematical Model of Error System 
Fig. 2 shows the model of a two-DoF musculoskeletal 

system whose joint torque is generated by agonistic and 
antagonistic muscles. The joint angle coordinate system of 
Fig. 2 shows two coordinates: joint angles θ1 and θ2. For the 
upper limb, θ1 and θ2 represent the shoulder and elbow joint, 
respectively. The equation of motion can be expressed in the 
form of Lagrange's equation.  
 

𝐌𝐌�̈�𝚯 + 𝐂𝐂(𝚯𝚯) + 𝐃𝐃�𝚯𝚯, �̇�𝚯� = 𝐓𝐓 (1) 
 
where 𝐌𝐌  is the inertial matrix, 𝐂𝐂  is the vector for the 
gravitational force effect, 𝐃𝐃 is the vector for Coriolis and the 
centrifugal force effect, 𝚯𝚯 is the joint angle vector, and 𝐓𝐓 is 
the joint torque vector. Because the inertial matrix 𝐌𝐌  is 
non-singular, the inverse matrix 𝐆𝐆 = 𝐌𝐌−1 always exists and 
satisfies the following equation: 
 

𝐆𝐆 = �G11 G12
G21 G22

� , γ = min
t
�
G11G22
G12G21

� = 1.30 

 

G11G22
G12G21

≃
�1 + m2

4M� �(1 − cosθ2) �2 + m2
4M� + m1

4M�

�(1 − cosθ2) �1 + m2
4M��

2  

(2) 

 
The value of γ  depends on the geometric and mass 
distribution properties of the musculoskeletal system. In case 
of a human arm, γ is approximately 1.30. By multiplying both 
sides of (2) by matrix 𝐆𝐆, it can be rewritten as follows: 
 

�̈�𝚯 = 𝐆𝐆𝐓𝐓 + 𝐇𝐇 (3) 
 

where 𝐇𝐇 = −𝐆𝐆(𝐂𝐂 + 𝐃𝐃). For simplification, the equation of 
motion can be rewritten in the following state equation form: 
 

�̇�𝐗 = 𝐅𝐅(𝐗𝐗) 

𝐗𝐗 = �

θ1
θ2
ω1
ω2

� ,𝐅𝐅(𝐗𝐗) = �

ω1
ω2

G11T1 + G12T2 + H1
G21T1 + G22T2 + H2

� (4) 

 
Then, error system 𝐙𝐙(t) is defined as follows: 
 

𝐙𝐙(t): = 𝐗𝐗(t) − 𝐗𝐗∗(t) = [Zθ1 Zθ2 Zω1 Zω2]T (5) 
 
where 𝐗𝐗∗(t) is the previously determined target state, and 
𝐗𝐗(t) is the perturbed real (actual) state. The linear differential 
equation of the error system 𝐙𝐙(t)  is obtained by 
differentiating (5) with respect to time t and linearizing by 
Taylor expansion as follows: 
 

�̇�𝐙(t) = �̇�𝐗(t) − �̇�𝐗∗(t) = 𝐅𝐅(𝐗𝐗) − 𝐅𝐅(𝐗𝐗∗)

= 𝐅𝐅(𝐗𝐗∗ + 𝐙𝐙) − 𝐅𝐅(𝐗𝐗∗) =
∂𝐅𝐅
∂𝐗𝐗 |𝐗𝐗=𝐗𝐗∗𝐙𝐙(t) + o(||𝐙𝐙(t)||) 

 

�̇�𝐙(t) ≃ 𝐀𝐀(t)𝐙𝐙(t) (6) 
 
The origin of the error system is the equilibrium point (i.e., 
�̇�𝐙(t) = 𝟎𝟎 where 𝐙𝐙 = 𝟎𝟎). Therefore, target state 𝐗𝐗∗(t) can also 
be considered the equilibrium point. The coefficient matrix 
𝐀𝐀(t) is called the Jacobian matrix and is solely determined by 
target state 𝐗𝐗∗(t) and the behavior of the error system 𝐙𝐙(t) is 
dominated by this Jacobian matrix. The details of each 
element in Jacobian matrix 𝐀𝐀(t) can be derived as follows: 

 
Fig. 2 Two-DoF musculoskeletal model on the vertical plane 
and its joint angle coordinate system (θ1 and θ2). The three 
point masses (M, m1, and m2) and moment of inertias (I1 and 
I2) are modeled.  
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𝐀𝐀(t) = �

0 0 1 0
0 0 0 1

a11(t) a12(t) b11(t) b12(t)
a21(t) a22(t) b21(t) b22(t)

� 

 

aii = Gii
∂Ti
∂θi

+
∂Hi

∂θi
, aij = Gij

∂Tj
∂θj

+
∂Hi

∂θj
 

bii = Gii
∂Ti
∂ωi

+
∂Hi

∂ωi
, bij = Gij

∂Tj
∂ωj

+
∂Hi

∂ωj
 

(7) 

 
If the origin of the error system (i.e., 𝐙𝐙 = 𝟎𝟎) is a stable 
equilibrium point, then the musculoskeletal system can be 
considered to have a self-stabilizing function. It is well 
known that a system is asymptotically stable if and only if 
every eigenvalue of a time invariant matrix 𝐀𝐀 has a strictly 
negative real part. However, if the musculoskeletal system 
dynamically changes its target state, then the error system 
becomes a time-varying system or a non-autonomous system 
(i.e., 𝐀𝐀(t) ≠ const.) and the stability of the origin of (6) is not 
guaranteed by the negative eigenvalues of 𝐀𝐀(t). 

As a sufficient condition for the stability of a time-varying 
system (6), in this study, Lyapunov stability theory is used to 
investigate the self-stabilizing function of the 
musculoskeletal system. 

B. Sufficient Condition for Self-stabilization 
Lyapunov stability theory states that a system is 

asymptotically stable if a decrescent and positive definite 
scalar function V(𝐙𝐙, t):𝐑𝐑4 × 𝐑𝐑+ → 𝐑𝐑  exists such that 
−V̇(𝐙𝐙, t) is also a positive definite scalar function, where t is 
time, and 𝐙𝐙 is the state of the system [11]. V(𝐙𝐙, t) is called a 
Lyapunov candidate function and the existence of Lyapunov 
functions is a sufficient condition for system stability. In this 
study, the following decrescent and positive definite function 
is defined as a Lyapunov candidate function: 

 
V(𝐙𝐙, t) =

1
2

[−a11 − b11 − 1]Zθ1
2 +

1
2 �

Zθ1 + Zω1�
2 

(8) 
 +

1
2

[−a22 − b22 − 1]Zθ2
2 +

1
2 �

Zθ2 + Zω2�
2 + cZθ1Zθ2 

where c = 1
2

[𝑎𝑎12 + 𝑎𝑎21 + 𝑏𝑏12 + 𝑏𝑏21]. If the Lyapunov candidate 
function (8) is positive definite function, then the coefficient 
−aii − bii − 1 should be a positive value and the following 
inequality is derived. 
 

Gii
∂Ti
∂θi

< −
∂Hi

∂θi
, Gii

∂Ti
∂ωi

< −
∂Hi

∂ωi
− 1 

⟹ aii < 0, bii + 1 < 0 
(9) 

 
The right hand side terms originate from the term 𝐇𝐇 
(gravitational, Coriolis and centrifugal effects) which 
depends on state of musculoskeletal system. Since Gii  is 
always positive, ∂Ti

∂θi
 and ∂Ti

∂ωi
 should take negative value which 

physically means the stiffness and viscosity of the joint. If 
these stiffness and viscosity can sufficiently suppress the 
right hand side terms, then, the term aii and bii are dominated 
by ∂Ti

∂θi
 and ∂Ti

∂ωi
 respectively.  

However, positive definiteness is not solely obtained by the 
condition (9). It can be easily shown by the following 
inequality induced by the inequality of arithmetic and 
geometric means. 

where N = mint �√a11a22 −
|a12+a21|

2
+�(b11 + 1)(b22 + 1) − |b12+b21|

2
� . 

V(𝐙𝐙, t)  is a positive definite function if the coefficient of 
�Zθ1��Zθ2� is positive. 
 

�a11a22 −
|a12 + a21|

2
> 0, 

�(b11 + 1)(b22 + 1) −
|b12 + b21|

2
> 0 

(11) 

Substituting (7) to (11), the following inequalities are derived. 

γ ≥
[k1 + k2]2

4k1k2
,

[d1 + d2]2

4d1d2
 (12) 

where ∂Ti
∂θi

= ki(t) is the stiffness of joint i, and ∂Ti
∂ωi

= di(t) is 
the viscosity of joint i. As noted in (2), γ is determined by the 
geometric and mass distribution properties of the 
musculoskeletal system. Here, we define α(t)  as the ratio 
between two joint stiffness values, and β(t)  as the ratio 
between two joint viscosity values. 
 

α(t) =
ki(t)
kj(t) , β(t) =

di(t)
dj(t) (13) 

where α(t) and β(t) are positive and less than 1. Then, (12) is 
rewritten by (13) as follows: 

γ ≥
[1 + α(t)]2

4α(t)
,

[1 + β(t)]2

4β(t)
 

⟹ 2 �γ − �γ2 − γ� − 1 ≤ 0.35 ≤ α(t), β(t) ≤ 1 
(14) 

 
where the left hand side is calculated as 0.35 for γ = 1.30. 
Condition (14) guarantees that (8) is a positive definite 
function if the values of the stiffness and viscosity between 
two joints are not considerably different. As a result, 
Lyapunov candidate function (8) can be a positive definite 
function if the condition (9) and (14) holds. 

The next step is to investigate whether the total time 
derivative of the Lyapunov candidate function is negative 
definite or not. The total time derivative of the Lyapunov 
candidate function can be calculated as the following 
quadratic form: 

V̇(Z, t) = 𝐙𝐙T𝐏𝐏(t)𝐙𝐙 < 0 
 

𝐏𝐏(t) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡a11 −

ȧ11 + ḃ11
2

0
a12 + a21

2
+

ċ
2

ε

0 b11 + 1 −ε
b12 + b21

2
a12 + a21

2
+

ċ
2

−ε a22 −
ȧ22 + ḃ22

2
0

ε
b12 + b21

2
0 b22 + 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 
(15) 

where ε = a12−a21+b12−b21
4

≈ 0  is negligible. As noted 
previously, error system (6) is asymptotically stable if 

V(𝐙𝐙, t) ≥ W(𝐙𝐙) 
(10)  = N�Zθ1��Zθ2�+

1
2 �

Zθ1 + Zω1�
2 +

1
2 �

Zθ2 + Zω2�
2 
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inequality is satisfied, i.e., 𝐏𝐏(t)  is negative definite. The 
symmetric matrix 𝐏𝐏(𝐭𝐭) is negative definite if the following 
conditions are satisfied: 
 

Gii
∂Ti
∂θi

< −
∂Hi

∂θi
− δii, Gii

∂Ti
∂ωi

< −
∂Hi

∂ωi
− 1 

⟹ aii + δii < 0, bii + 1 < 0 
(16) 

 
�(a11 + δ11)(a22 + δ22) − �

a12 + a21
2 + δ12� > 0, 

�(b11 + 1)(b22 + 1) − �
b12 + b21

2 � > 0 
(17) 

where δii = − ȧii+ḃii
2

, and δij = ċ
2
. Condition (16) have almost 

the same form as condition (9) except the existence of term 
δii and δij. Because δii consists of the time partial derivative 
terms of ȧii  and ḃii , it physically represents how rapidly 
equilibrium point (target state) varies. Therefore, it is 
considered as an unstable term and requires that the negative 
stiffness ∂Ti

∂θi
 of (16) takes on a more negative value than that 

of (9).  
From the above Lyapunov stability analysis, we reach a 

conclusion that the most significant parameter to obtain 
self-stabilization is an actuator which can assign sufficient 
stiffness and viscosity in order to suppress unstable terms. 
The required minimum stiffness and viscosity which can 
guarantee self-stabilization depends on motion intensity and 
gravitational change. In this section, mathematical model to 
derive self-stabilizing condition of musculoskeletal system is 
solely used. In the next section, we use the physiological data 
of biological musculoskeletal system and investigate whether 
biological musculoskeletal system is designed to satisfy these 
mathematical conditions. 

C. Biological Musculoskeletal System 
In physiology and biomechanics, the negative gradient 

property of human joint torque with respect to joint angle and 
angular velocity is well known [13]. In the previous studies, 
Anderson [14] measured the maximum voluntary knee joint 
torque with respect to joint angle and angular velocity as 
shown in Fig. 3. Lee [15-17] also measured human ankle joint 

impedance with both relaxed and active muscles. The 
measured relaxed ankle stiffness is approximately 20 [Nm/
rad] and this value increases to approximately 60 [Nm/rad] 
with 10% muscle activation. Based on these values, a simple 
mathematical Hill-type muscle model [18] is prepared for 
numerical simulation.  

The numerical simulation results are shown as Fig. 4. As 
predicted by Lyapunov stability criteria (16), Fig. 4 shows 
that red colored perturbed trajectories converge to blue 
colored target trajectories, which means that the origin of 
error system 𝐙𝐙(t) is asymptotically stable. As a result, it is 
considered that biological musculoskeletal system has 
self-stabilizing function with its sufficient joint stiffness and 
viscosity. 

 

III. SIMULATION AND EXPERIMENTAL RESULTS 

Based on the results of the previous section, a 
self-stabilizing manipulator is designed in this study. The 
simulation and experimental results will be treated in this 
section. This manipulator moves in the vertical plane and has 
two revolute joints, which is the same as the model in Fig. 2. 

A. Hardware Design Method 
Fig.  5 (a) shows the manipulator designed for 

self-stabilization in this study. As discussed in the previous 
sections, the negative gradient properties of the joint torque 
are the most significant for the self-stabilization. And these 
negative gradient properties can be obtained by designing a 
new actuator. Two DC motors (Maxon EC motor, 
Switzerland) with a reducer (gear ratio of 6: 1), a variable 
radius gear transmission system (see Fig. 5 (b)), and linear 
springs are implemented for the stiffness and viscosity of the 
joint.  

The variable radius gear is a gear with a radius that is 
defined as a function of joint angle θi . This function is a 
monotonically decreasing function which means the gear 
ratio η(θi)  monotonically decreases with respect to joint 
angle θi (i.e., ∂η

∂θi
< 0 is always satisfied.). Joint torque Ti is 

expressed as (18). 
 

Ti =  ηζTm − kiθi (18) 
where Tm  is the motor torque, η(θi) is the variable radius 

 
Fig. 3 Three-dimensional relationship among joint torque, 
angle and angular velocity of the human knee. Modified from 
[14]. 

 
Fig. 4 The simulation results of time trajectories of the joint 
angle state of biological musculoskeletal system.  
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gear ratio, ζ is the constant gear ratio and ki  is the spring 
constant. Thus, the joint torque-angle gradient is calculated as 
follows: 

∂Ti
∂θi

≃ Tmζ
∂η
∂θi

− ki < 0 (19) 

 
There are two kinds of stiffness in (19). One is passive 
stiffness −ki < 0  induced by spring, the other is active 
stiffness induced by product of positive motor torque Tm > 0 
and variable radius gear ∂η

∂θi
< 0. Since this active stiffness is 

proportional to motor torque, it can provide additional 
stiffness for the self-stabilization. The torque-angular 
velocity gradient is calculated as follows: 
 

∂Ti
∂ωi

= η2ζ2 ∂Tm
∂ωm

< 0 (20) 

 
where ωm is the angular velocity of the DC motor. For the 
DC motor, the negative gradient property (i.e., ∂Tm

∂ωm
< 0) is 

always satisfied because of the back-electromotive force 
induced by the motor coil. As a result, Fig. 5 (c) shows 
three-dimensional relationship among joint torque Ti, angle 
θi , and angular velocity ωi . The negative gradient with 
respect to joint angle and angular velocity is identified.  

To determine the required stiffness and viscosity value of 
the joints for self-stabilization, the target motion should be 
determined first. Although the manipulator can be 
self-stabilized not only for periodic motion but also for any 
arbitrary motion, the target trajectory 𝐗𝐗∗(t) is selected as a 
1.0 [Hz]  periodic motion for demonstration in this paper. 
This target trajectory 𝐗𝐗∗(t) is described as an ellipse shape in 
the Cartesian coordinate as shown in Fig. 1. To satisfy 
Lyapunov stability criteria (16) with respect to the target 
motion, passive stiffness of spring is selected as 0.50 [kN/m] 

 
(a)       (b) 

 
(c) 

Fig. 5 Design of the self-stabilizing manipulator inspired by 
biological musculoskeletal systems. (a)Front view, (b) 
Variable radius gear transmission system for active stiffness, 
and (c) Three-dimensional relationship among joint torque, 
angle and angular velocity. Tm = 4.570 [Nm] case. 

 
 (a) 

 
(b) 

Fig. 6 (a) Lyapunov stability criteria. Passive stiffness: 
0.50 [kN/m]  stable case, (b) Lyapunov stability criteria. 
Passive stiffness: 0.16 [kN/m] unstable case. 

Table I 
Specifications of the self-stabilizing manipulator 

Properties Values Unit 

Length link 1 l1 0.20 m 

Length link 2 l2 0.20 m 

Mass M 0.30 kg 

Mass link 1 m1 0.23 kg 

Mass link 2 m2 0.23 kg 

Stiffness of spring ki 0.50 or 0.16 kN/m 

Motor stall torque 4.570 Nm 
Gear reducer ratio ζ 6 − 
Viscosity of motor 

(with reducer) 
0.72 

(0.02 × 62) Nms/rad 
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and viscosity of motor with reducer is selected as 0.72 [Nms/
rad]. Fig. 6 (a) shows that condition (16) is satisfied if these 
values are used. However, if the passive stiffness of spring 
decreases to 0.16 [kN/m], condition (16) is not satisfied as 
Fig. 6 (b) shows. The specifications of the manipulator are as 
shown in Table I. 
 

B. Simulation Results 
Fig. 7 shows the simulation results. The stiffness of the 

spring is equally set to 0.50 [kN/m]. The red-colored curve is 
the perturbed trajectory 𝐗𝐗∗(t) and the blue-colored curve is 
the predicted target trajectory 𝐗𝐗∗(t). It is assumed that the 
initial error is occurred by disturbance at t = 0 [s]. As shown 
in Fig. 7 (a), the initial error between the target and real 
trajectory decreases and approaches to 0.  

However, if the stiffness of springs decrease to 0.16 [kN/
m], the manipulator shows unstable motion as Fig. 7 (b) 
shows. Condition (16) is a sufficient condition. Thus, it does 
not guarantee the instability of the system even if is not 
satisfied. However, Fig. 7 (b) shows that the system in Fig. 7 
(b) is unstable when the sufficient condition (16) is not 
satisfied. Based on these results, the hardware experiment is 
implemented. 

 

C. Hardware Experimental Procedure 
The block diagram of the open-loop control of the 

manipulator is shown in Fig. 1 (b). Since there is no closed 
loop for external disturbance, the manipulator is controlled by 
an open-loop controller with previously defined motor input 
as shown in Fig. 8. To determine the open-loop control input 
for the DC motors, the searching control input process is 
prepared using the PD controller in this study. This PD 
controller automatically modifies control input in order to 
follow target trajectory and one period (i.e.,  1.0 [s]) of this 
control input is stored for feedforward control. 

After storing the control input, the manipulator is open-loop 
controlled with the stored control input and affected by 
external disturbances that cause angle and angular velocity 
error. The motor input does not change despite disturbances 
as shown in Fig. 8. In this paper, two cases of hardware 
experiment are treated. The one is the case that satisfies 
condition (16) with 0.50 [kN/m] springs, and the other is the 
case that does not satisfy condition (16) with 0.16 [kN/m] 
springs.  

 

D. Hardware Experimental Results 
Fig. 9 shows the hardware experimental results. Fig. 9 (a) 

shows tha each joint angle of the red-colored trajectory 
converges to the blue-colored predicted target trajectory, after 
the external disturbance at t = 4.0 [s] . These results 
demonstrate that the manipulator has a self-stabilizing 
function because it satisfies condition (16).  

However, as predicted in the simulation results of Fig. 7 (b), 
this self-stabilizing function is lost as shown in Fig. 9 (b) if 
the stiffness of the springs decreases to 0.16 [kN/m]. After 
extremely small disturbance at t = 1.0 [s], the error diverges 
with time and the manipulator collapses at the end. Since the 
case in Fig. 9 (b) does not satisfy the sufficient condition, the 
self-stabilization is not guaranteed. These results imply that 
the sufficient condition for self-stabilization in (16) is less 
conservative sufficient condition. 

 
 
 

 
(a) 

 
(b) 

Fig. 7 Simulation results of time trajectory of joint angle. 
(a) Passive stiffness: 0.50 [kN/m] stable case. (b) Passive 
stiffness: 0.16 [kN/m] unstable case. 

 
Fig. 8 Periodic control input for two DC motors. 
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IV. DISCUSSION 

In general, the sufficient condition for stability is rather 
conservative. A large number of stability criteria for 
time-varying system often treat the fastest speed of varying 
eigenvalue as the unstable factor and the least negative 
eigenvalue as the stable factor. Thus, it tends to overestimate 
the unstable factor and underestimate the stable factor. As a 
result, it makes a condition for stability of time-varying 
system conservative. However, because the range of the 
stiffness of stable cases which does not satisfy the proposed 
self-stabilizing condition (16) is narrow, the sufficient 
condition proposed in this study is appropriate to design 
self-stabilized manipulators in engineering perspective. 

As discussed in section II, condition (16) also treats the time 
derivative term δii as an unstable term. This means that rapid 
change in motion (intensity of motion) requires much more 
stiffness of joints for self-stabilization. Thus, it is difficult to 
provide sufficient stiffness with respect to such a rapidly 
varying motion using a single type of spring stiffness. 

However, since both active stiffness mechanism and motion 
intensity are proportional to amplitude of motor torque, the 
self-stabilized manipulator in this study can correspond to 
wide range of motion intensity. It is well known that 
biological muscle also has the function that stiffness is 
proportional to muscle activation rate. Therefore, it is 
considered that active stiffness both the manipulator in this 
study and biological musculoskeletal system play significant 
role in maintaining self-stabilizing function. 

The stiffness which is expressed as a negative gradient in 
angle-torque relation does not explicitly appear in the block 
diagram as shown in Fig. 1 (a). However, since the state error 
induces the changes of joint torque through the DC motors 
and springs, the negative gradient works as a hidden feedback 
gain instead of PD controller. In view of control engineering, 
mathematically designed self-stabilizing function in this 
study plays the same role as both sensors and PD controller. 
This can explain why the manipulator in this study can be 
self-stabilized by open-loop control and it is considered that 
the stability of human motion depends on both self-stabilizing 
function of musculoskeletal system and feedback control of 
neural system. Since this kind of system that uses stabilizing 
dynamic properties of its body does not involve signal 
transmission and computation delay for feedback control, it 
does not become unstable in an environment where signal 
delays are considered. 

 

V. CONCLUSION 
In this study, the self-stabilizing function of a 

musculoskeletal system is analytically investigated using the 
Lyapunov stability theory. A Lyapunov candidate function is 
proposed and the sufficient condition for self-stabilization is 
obtained. The condition is the existence of negative gradient 
properties of torque with respect to joint angle and angular 
velocity.  

From the numerical simulation results, it is considered that 
biological musculoskeletal system could have self-stabilizing 
function since its biomechanical data satisfies mathematically 
derived self-stabilizing condition in this study. From those 
results, a manipulator inspired by the self-stabilizing function 
of a musculoskeletal system is physically realized and the 
design method is introduced. Based on this condition, the 
negative gradient is realized by DC motors and springs and 
self-stabilizing function is identified in simulation and 
hardware experiment. Due to the implemented 
self-stabilizing function, the manipulator is stabilized from 
the external disturbances without any feedback control. If the 
manipulator does not satisfy the proposed condition in this 
study, stability of the manipulator is not guaranteed anymore. 

Since this kind of self-stabilized manipulator does not 
require sensor based feedback control and heavy computation 
for control input, it is robust to signal delay. It is considered 
that the concept of self-stabilization is promising for stable 
motion control with open-loop control in robotics field. 

 
(a) 

 
(b) 

Fig. 9 Experimental results of time trajectory of joint angle. 
(a) Passive stiffness: 0.50 [kN/m] stable case. (b) Passive 
stiffness: 0.16 [kN/m] unstable case. 
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