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Shape-induced chiral ordering in two-dimensional packing of snowmanlike dimeric particles
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Understanding the distinctive phase behaviors in random packing due to particle shapes is an important issue
in condensed matter physics. In this paper, we investigate the random packing structure of two-dimensional (2D)
snowmen via wax-snowman packing experiments and Brownian dynamics simulations. Both experiments and
simulations reveal that neighboring snowmen have a strong short-range orientational correlation and consequently
locally form particular conformations. A chiral conformation is dominant for high area fractions near the jamming
condition (ϕ > 0.8), and the proportion of the chiral conformation increases with γ . We also found that the
attractive interaction does not have a significant impact on the results. The geometry of chirally ordered snowmen
causes a mismatch with 2D crystalline symmetries and thus inhibits the development of long-range spatial order,
despite the strong orientational correlation between neighbors.
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I. INTRODUCTION

Dense random packing of hard particles is a fundamental
problem in condensed matter physics. In recent decades a great
deal of study has been dedicated using the hard particle systems
[1–6] to understand the underlying mechanisms of physical
phenomena such as melting [7], jamming [8–10], and glass
transitions [11–13] in a variety of systems. In random packing
of hard particles, the geometry of particles including shape
and size plays a crucial role in determining phases of systems
as well as microscopic structures [14–23]. For example, a
binary system composed of two kinds of particles of different
sizes shows remarkably distinctive phases and structures from
a system of identical particles; binary disks exhibit more
complicated phases including various superlattices [24,25],
and remain in a glassy phase even at higher densities, compared
to monodisperse disks [26–29].

A two-dimensional (2D) system of snowman-shaped
dimeric particles (called “snowmen”) is a good model to
demonstrate the importance of both size and shape anisotropy
of hard particles. This snowman system is composed of
anisotropic particles in 2D, each of which consists of a pair
of binary disks connected by a bond. Various 2D snowman
shapes can be generated by varying the head-to-body radius
ratio γ (=Rh/Rb) from 0 to 1 [Fig. 1 (a)], where Rb is
the radius of the larger disk (body) and Rh is that of the
smaller disk (head). These 2D snowman shapes are suitable
to tile the 2D space so that we can construct several types
of periodic packing structures. Such periodic packings of
snowmen resemble those of binary disks [24,25]. Figures 1(b)–
1(i) show the compact periodic packing configurations of
2D snowmen, which correspond to the particular γ ’s where
both the mean coordination number and the occupied area
fraction ϕ are maximized. On the other hand, a bond—the
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characteristic that distinguishes snowman shapes from binary
disks—remarkably changes the local structure and phase
behavior if snowmen are randomly assembled. While binary
disks exhibit a continuous jammed states spectrum from the
maximally random jammed (MRJ) state to the phase-separated
crystal state without an ideal glass transition [27,28], the
existence of a bond in snowmen prohibits local segregation of
constituent disks of snowmen and reduces the jammed phase
spectrum [23].

Previously, Han and Kim [23] discussed the effect of 2D
snowman shapes on the packing structure at different length
scales near the MRJ state. In their paper, the spatial ordering
between snowmen was suppressed as the shape became
asymmetric by changing γ from 0 or 1. Thus, asymmetric
snowmen fail to attain ordered structures even at high area
fractions near the MRJ fraction (ϕ ∼ 0.84), contrary to the
symmetric snowmen (γ = 0 and 1) where a disorder-order
transition exists. Snowmen with large γ (=0.5 and 0.7) were
strongly correlated with the surrounding particles in their
orientation. A question arises from these results: Why does
such a strong orientational correlation leave snowman particles
to be disordered?

In this paper, we investigate the structure of random
packing of 2D asymmetric snowman particles and present
the key findings. We characterize the amorphous structure of
a 2D monolayer of wax snowman particles in terms of the
relative position and orientation between the nearest neighbors.
First, we show that two neighboring snowmen preferentially
form particular conformations (named “patterns”), having
certain angles: parallel (P), antiparallel (AI and AII), and
chiral (C) patterns (Sec. III). Second, we find that the chiral
conformation is dominant in random jammed packing of
snowmen. Additionally, by performing Brownian dynamics
(BD) simulations, we demonstrate that the preference for
chiral ordering in snowman packing is not related to the
type of short-range interaction between particles and increases
with γ (Sec. IV). These findings are intriguing because
only the chiral conformation does not fit 2D crystalline
symmetries contrary to the other three patterns. We suggest
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FIG. 1. (a) A 2D snowman shape is characterized by γ , which is the radius ratio between its head (smaller) and its body (larger disk).
(b)–(i) Regularly tiled structures of 2D snowmen for particular γ values, where the mean coordination number and the area fraction per particle
are maximized. These periodic configurations can be divided into identical tiling-units: individual snowmen for panels (b), (c), (e), and (i); l-m
or l-n units for panels (d), (f), and (h); and l-m-m′ units for (g).

that the preference for local chiral ordering inhibits the
development of long-range spatial order in random snowman
packing despite the strong orientational correlation between
neighbors.

II. EXPERIMENTAL SYSTEMS AND
SIMULATION DETAILS

A. Experiment

Our experiments are performed using flat and thin snowman
platelets, which are floating at the air-water interface. The
fabrication and packing of 2D wax-snowman particles are
described in Ref. [23]. Paraffin wax is melted in a flat dish and
cut by a snowman-shaped cutter. Snowman particles with three
different head-to-body radius ratios, γ (=0.3, 0.5, and 0.7), are
produced, and they are mono-dispersed in size and shape; the
snowman-body radius Rb is fixed at 10 mm (Rh varied only)
and the thickness is about 3 mm. The particles are spread
on water in a trough (430 × 400 mm2 inner area) and float
because they are hydrophobic and slightly lighter than water.
The snowmen in our experiment have short-range attraction
with other particles due to capillary interaction [23,30–32]
and can be regarded as non-Brownian particles because of
their large size. The area fraction ϕ is controlled either by
changing the number of particles or by moving a barrier.
A random configuration is generated by perturbation, such
as stirring by tweezers and gentle shaking for less than a
minute with an amplitude of a few centimeters. As a result,
the particles are randomly dispersed without any preference
in their positions and orientations, and the newly obtained
configuration is independent of previous ones. As shown in
Figs. 2(a) and 2(b), each configuration of snowmen is recorded
by a webcam. To obtain positions and orientations of the
snowmen, each snowman is labeled by a pair of distinguishable
dots—one at the center of a body and the other at the point
where a body and its head meet. Figures 2(a) and 2(b) show
the results of our image processing, and an actual snowman
particle labeled by the dots is presented in the inset of
Fig. 2(a).

B. Brownian dynamics simulation

We perform BD simulations [33] to study packing of 2D
snowmen with γ = 0.3, 0.5, and 0.7. Four-hundred snowmen
are initially located at the square lattice sites within a region
enclosed by four walls on each side and compressed by moving
the walls during the packing process. The positions of walls

FIG. 2. (Color online) (a) and (b) Experimental results of random
packing configurations at the area fraction ϕ = 0.66 (a) and 0.83 (b).
These binary images are obtained by image processing the raw image
data. A bird’s eye view of an actual snowman particle labeled by
dots is shown in the inset of panel (a). (c) and (d) BD simulation
results at area fractions ϕ = 0.66 (c) and 0.83 (d). By moving walls
(white rectangles) on each side, systems are compressed from the
initial area fraction ϕinitial to the final area fraction ϕfinal. Snowmen
are distinguishable from neighbors by different gray scales. The inset
shows a zoomed-in image of the region in the yellow box. γ = 0.7 in
panels (a)–(d).
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and snowmen are updated at each time step �t . The new
position of each snowman, xi(t + �t), is computed using the
over-damped Brownian dynamics with thermal fluctuation,
R(t), and the sum of all interaction forces exerted on the
snowman, Fi ,

xi(t + �t) = xi(t) + Fi

ζ
�t +

√
2DR(t), (1)

where ζ is the friction constant coefficient of snowmen,
D = kBT/ζ is the diffusion constant, and R(t) is a δ-correlated
stationary Gaussian process with zero mean and satisfies
〈R(t)〉 = 0 and 〈R(t)R(t ′)〉 = δ(t − t ′). The interaction force
between two snowmen is the vector sum of forces between
their constituent disks Fjk = −∇Ujk , and Ujk is a Lennard-
Jones-type interaction,

Ujk = ε

(
Rjk

2Rb

) {(
Rjk

r

)12

− 2

(
Rjk

r

)6
}

�(Rjk − r). (2)

Here, ε is the interaction strength and �(Rjk − r) is the
Heaviside step function, such that snowman particles interact
only when they overlap each other. For two disks j and k from
two distinct snowmen, r is the distance between their centers
and Rjk is the contact distance, given as follows

Rjk =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2γRb if j and k are heads,
if j is a body and k is a head

(1 + γ )Rb

or vice versa,
2Rb if j and k are bodies,

(3)

where Rb is the radius of bodies. The interaction between walls
and snowmen is the same as the Lennard-Jones-type potential,
which is only dependent on the distance between them.

As the four walls start moving toward the center of the
system at a constant speed, v, regardless of the motion of
snowman particles, the system is compressed from the initial
area fraction ϕinitial ∼ 0.3 to the final area fraction ϕfinal =
0.9. The compression rate, related to a dimensionless number,
Pe = va/D ∼ 1, is sufficient to make the particles evenly
distributed over the system by Brownian relaxation without
crowding near the walls, where a is the particle size and D

is the diffusion constant. The simulation constants are chosen
to avoid too much overlap of snowman particles as well as
inhomogeneous packing: kBT = 0.025 ε, ζ = εt0/R

2
b , and

t0 = 2 × 10−4, where t0 is the time required for a particle
to diffuse as far as its radius. Particles do not overlap with
their neighbors by more than a few percent of their radius on
average under these conditions. Additionally, at lower density
(ϕ < 0.7) the effective temperature is increased tenfold for a
faster packing process.

We perform BD simulations under two different conditions:
soft-core particles with and without short-range attraction.
First, we use purely repulsive soft-core particles by cutting
the potential where the repulsive force between neighboring
particles is zero [Eq. (2)]. Second, we use soft-core particles
with Lennard-Jones-type short-range attraction. We add an
attractive interaction between the repulsive soft-core particles
by modifying the original step function of Eq. (2).

FIG. 3. (Color online) (a) The distribution of angle θ between
two neighboring snowmen γ = 0.3 (black), 0.5 (blue or gray),
and 0.7 (magenta or light gray) at the MRJ fraction (ϕMRJ ∼
0.84) from random packing experiments. (b)–(e) Snapshots of local
configurations of the snowman particles (γ = 0.5). The highlighted
snowmen are of particular angle differences: θpeak = 0◦ [panel (b)];
180◦ [panels (c) and (d); and 23◦, 45◦, and 74◦ [panel (e)]. Four
types of “patterns” are defined from these θpeak: (b) parallel, (c)
antiparallel I, (d) antiparallel II, and (e) chiral patterns. (f) The
criterion for classification, whether two snowmen form one of the
particular patterns or not, is based on θ and dbb, dbh, and dhh, which
are the distances between two bodies, one body and one head, and
two heads, respectively.

III. OBSERVATION OF CHIRAL ORDERING IN 2D
SNOWMAN PACKING EXPERIMENT

Han and Kim [23] previously reported that asymmetric
snowmen remain disordered even at high ϕ, while disks and
dimers (γ = 0,1) undergo a disorder-order transition. As γ

increases from 0 or decreases from 1, a snowman shape
becomes more asymmetric and interferes with the hexagonal
crystalline packing that can be achieved using disks and dimers
[24,25,34].

On the other hand, orientations of snowmen are correlated
with their nearest neighbors, as seen by the distribution of
angle θ between nearest-neighboring snowmen at the MRJ
fraction (ϕ ∼ 0.84) for three different size ratios γ ’s (=0.3,
0.5, and 0.7) in Fig. 3(a). There exist several peaks at θpeak =
0◦, 23◦, 45◦, 74◦, and 180◦. We find that two of these peaks,
0◦ and 180◦, appear in the relative orientation between nearest
neighbors in the 2D periodic snowman packing [Figs. 1(b)–
1(i)]. Each packing configuration can be divided into identical
tiling blocks comprised of neighboring pairs. A snowman pair
with a zero angle difference can form a parallel conformation,
as indicated by the two labeled snowmen shown in Figs. 1(c)
and 1(e). A pair with a 180◦ angle difference can be matched
to antiparallel conformations such as either l-m or l-n pairs in
Figs. 1(d), 1(f), and 1(h). Figures 3(b)–3(d) show examples
of such particular conformations with θ = 0◦ and 180◦. In
addition, one more conformation corresponding to the other
θpeak = 23◦, 45◦, and 74◦ appears when neighboring snowmen
with γ = 0.3, 0.5, or 0.7 are in tight contact as shown in
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FIG. 4. The distribution of the particular patterns at the MRJ
fraction for γ = 0.3, 0.5, and 0.7 in wax-snowman packing
experiments. From bottom to top: parallel (black), antiparallel I
(dark gray), antiparallel II (gray), and chiral (white) patterns. As
γ increases, the total amount of all the patterns exceeds 0.4, and the
chiral pattern is preferred most.

Fig. 3(e). This conformation is named chiral because it has
two distinct possibilities due to mirror symmetry.

Considering the θpeak, we defined four particular confor-
mations (called patterns) of neighboring snowmen—parallel
(P), antiparallel I (AI) and II (AII), and chiral (C) patterns,
in Figs. 3(b)–3(e), respectively. We set criteria to categorize
each neighboring pair into four types of patterns by using
the relative positions and orientations between two snowmen,
which include the angle difference θ , the distance between
two bodies (dbb) and two heads (dhh), and the shorter
distance between one’s body and the other’s head (dbh) as
shown in Fig. 3(f). Small deviations from the ideal pattern
conformations are allowed as shown in the table of Fig. 3;
|θ − θpeak| < δθ and |dkj − Rjk| < δd, where Db = 2Rb, and
j and k are constituent disks. We decide the marginal angle
difference, δθ , from the peak widths of θpeak and the marginal
distance, δd, from the criteria for particle-particle contact
determination [23]: δθ = 5◦ and δd = 0.15Db in data analysis
for the experiments. Variations of the marginal values within
δd < 0.15Db do not affect the overall tendency in pattern
distributions, and δθ is fixed. There is no significant difference
in the criteria between the four patterns.

In Fig. 4, we present the distribution of four particular
patterns in random packing of snowmen with γ = 0.3, 0.5,
and 0.7 at the MRJ fraction. The proportion of each pattern
is defined as Npattern/Ntotal, where Npattern is the number
of snowmen assembling the pattern and Ntotal is the total
number of particles. A small fraction of the snowmen are
double counted because they form more than one pattern with
different neighbors simultaneously, 2.1%, 3.4%, and 3.5%
for γ = 0.3, 0.5, and 0.7, respectively. Other snowmen of
1 − ∑

Npattern/Ntotal are in contact with their neighbors with
random orientations, except for θpeak. The distribution of each
pattern exhibits γ dependence in detail; as γ increases, pattern
P decreases, pattern AII is nearly unchanged, and the others
increase. Interestingly, the chiral pattern is the most dominant
pattern in the structures of random snowman packing. This
chiral pattern cannot fit in 2D crystalline symmetries, contrary
to the other patterns. The mismatch between the locally
favored structure and 2D symmetries inhibits the system from
developing long-range spatial order except for the case of

γ = 1, where the chiral pattern and the others become identical
so that particles exhibit quasi-long-range bond order [23,34].
Therefore, this suggests that the preference for chiral ordering
between snowmen can be a key factor in explaining why
snowman particles remain disordered at high ϕ despite their
strong orientational correlation with their neighbors.

IV. PREFERENCE FOR LOCAL CHIRAL
ORDERING AND ITS STABILITY

Short-range attractive forces act on the snowman particles
located at the air-water interface due to the capillary interaction
[23]. Unfortunately, we cannot check how the attraction
affects the local ordering between neighbors in our packing
experiments, because it is difficult to completely remove the
attractive interaction between the particles floating on water
surfaces. We perform BD simulations under two different
conditions instead—snowman particles with and without
short-range attractive interaction, as described in Sec. II B.
The attractive potential of the soft-core particles is stronger
than the given thermal energy and also longer ranged than
capillary attraction between wax snowman particles; ε = 40
kBT and the cutoff length ξcutoff (∼Db) is greater than the
capillary length ξcapil (∼0.1Db) [23].

To see the effect of this attractive interaction on the packing
structure, systems with two different interactions at ϕ = 0.85
are compared via the radial correlation function g(r) and the
bond-orientational correlation function g6(r) for the center-
of-mass of snowmen, as shown in Fig. 5. The g6(r) is defined

FIG. 5. (Color online) (a) Radial correlation function g and (b)
sixfold bond-orientational correlation function g6 near the MRJ
fraction (ϕ = 0.85) from BD simulations. Simulations are performed
under two different conditions by modifying the Lennard-Jones-type
potential: soft-core interaction without attraction (orange or light
gray) and with short-range and weak attraction (navy or dark gray).
There is no significant difference between the two cases. The graphs
are vertically shifted for clarity: γ = 0.3, 0.5, and 0.7 from top to
bottom. The distance is normalized by Db = 2Rb, and the strength of
the Lennard-Jones potential ε = 2.
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FIG. 6. The distribution of the patterns for γ = 0.3, 0.5, and 0.7 from BD simulations with two different conditions: snowman particles
(a) with attraction and (b) without attraction. Parallel (black), antiparallel I (dark gray), antiparallel II (gray), and chiral (white) patterns from
bottom to top. (a) The pattern distribution at ϕ = 0.85. Similar to the experimental results in Fig. 4, the chiral pattern is dominant compared
with other pattern types at a high fraction (ϕ = 0.85). (b) The pattern distribution at ϕ = 0.7–0.9. As ϕ increases, the fractions for all the
patterns dramatically increase. Regardless of the existence of short-range attraction, the chiral pattern is the most preferred conformation.

as [16,19]

g6(r) = Re〈ψ∗
6 (0)ψ6(r)〉, (4)

with a local bond order parameter,

ψ6(rj ) = 1

Nj

Nj∑
k=1

ei6θjk (rj ), (5)

where Nj is the number of neighbors of the particle j , θjk(rj )
is the angle between a vector connecting the center-of-mass
of particles j and k and an arbitrary fixed axis. All the
correlation functions for γ = 0.3, 0.5, and 0.7 have a few
peaks, which exponentially decay within a distance of less
than several-particle diameters, and the peaks decay faster and
become weaker at high γ . This is consistent with the previous
experimental results [23] in the positions and decaying range of
the peaks, except that the peaks of g and g6 are broadened and
weakened because the soft-core interaction allows the particles
to be slightly overlapped. Meanwhile, in the correlation
functions, there are no significant differences between the
two disordered structures of the cases with and without
attraction.

The two systems, however, show differences in terms of
the pattern distribution. The total fraction of patterns for the
system with attractive interaction is slightly greater than that
of the nonattractive case, as presented in Figs. 6(a) and 6(b);
the total fraction is about 0.45 for the attractive system and
0.35 for the nonattractive system at ϕ = 0.85. Nevertheless,
the relative fractions of the four patterns are quite similar,
and the fraction of the chiral pattern is dominant for both
the attractive and the nonattractive systems. These findings
imply that snowmen may favor the local chiral ordering
between neighbors in random packing regardless of attractive
interactions.

In Fig. 6(b), we present the change of the pattern distribution
during the packing process (ϕ = 0.7–0.9) in nonattractive
soft-core snowman systems. At ϕ = 0.7, only 10% of
snowmen in the system form patterns because the particles
are not in close contact with their neighbors at low densities.
As ϕ increases, the particles become closer to each other

and orientational degrees of freedom are reduced by their
neighbors. These changes result in a drastic increment of the
number of patterns. For the system with short-range attraction,
attractive forces cause the snowmen to come into contact with
surrounding particles at ϕ lower than that in the nonattractive
case. This early formation of snowman aggregates induces a
difference in the total fraction of patterns between attractive
and nonattractive cases, as mentioned above. The chiral pattern
becomes the largest fraction among the particular patterns as
ϕ approaches the jamming condition, especially for the large
γ ’s (=0.5 and 0.7).

In Fig. 7, we present how the proportion of the chiral pattern
changes with increasing γ from 0.3 to 0.7 at ϕ = 0.85. At
γ = 0.3, the chiral pattern is equally favored with the ordered
patterns. However, the fraction of the chiral pattern increases
with γ and becomes dominant; the increment of the fraction is
more rapid at γ = 0.3–0.5. This γ dependency is in contrast
to the other patterns; the parallel pattern decreases and the
antiparallel patterns show an insignificant change. This pref-
erence for chiral ordering depending on γ is consistent with
the experimental results in Sec. III. Moreover, this also can be
also related to our suggestion at the end of Sec. III; as more
snowman form the chiral pattern, the system becomes more
structureless, although the orientational correlation becomes

FIG. 7. The proportion of the chiral pattern depending on γ at
ϕ = 0.85. As γ increases from 0.3 to 0.7, the fraction of the chiral
pattern increases.
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stronger. This phenomenon is analogous to the geometrical
frustration of pentagons, which have fivefold symmetry and are
mismatched to 2D crystalline symmetries. If pentagons have
a strong orientational correlation between their neighbors by
forming side-to-side contacts at high densities, they can neither
tile the 2D space periodically nor develop long-range order.

V. CONCLUSION

We have performed wax-snowman packing experiments
and BD simulations to investigate the the structure of dense
random packing of 2D snowmanlike particles at the individual
particle level. The snowman packing experiments revealed
that asymmetric snowman particles are strongly correlated in
orientation with the surrounding particles and thus prefer to
locally form certain types of conformations near the maximally
random jammed (MRJ) fraction. There were four types of
patterns: parallel, antiparallel I and II, and chiral. We found
that the chiral ordering, which does not fit 2D crystalline
symmetries, is dominant in the random packing structure.
Additionally, BD simulation results showed that the preference
for chiral ordering is not affected by the short-range interaction
between particles and increases with γ . These findings suggest
that the chiral ordering inhibits the development of spatial
order of the system due to the mismatch of its geometry with
2D symmetries.

While the snowman shape does not interfere with the 2D
crystalline symmetries and can construct several 2D periodic
structures, the shape favors unexpected chiral ordering and
there is consequently a mismatch between locally preferred
structures and 2D crystalline symmetries. Shedding light on
why the chiral structure is more dominant rather than the other
conformations will be interesting future work, and related
findings may provide the possibility to modulate the phases
of snowmen by minimizing the chiral ordering and developing
spatial order.
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