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Generalized Laser Three-Point Algorithm for Motion Estimation of 
Camera-Laser Fusion System 

Yunsu Bok, Dong-Geol Choi and In So Kweon 

Abstract- This paper presents a new structure-from-motion 
(SFM) technique called 'generalized laser three-point' algo
rithm. It is designed to estimate the motion of the camera-laser 
fusion system which consists of a 2D laser sensor and multiple 
cameras. The laser points are projected onto the images and 
tracked to other frames to be used as 3D-2D correspondences. 
However, the typical three-point algorithms cannot estimate the 
motion of the system if three points are collinear. Using the 
laser points as 3D points, this case happens frequently if the 
laser sensor scans a large plane (e.g. open ground). Even in 
that case, two frames of the laser data are not collinear if the 
system is moved while it captures the frames. Among three point 
correspondences required to estimate the motion, we select two 
points and the other point from different frames. We estimate 
the relative pose between the frames by solving an 8-degree 
polynomial equation. The experimental results show that the 
proposed algorithm is more appropriate for our fusion system 
than the previous algorithms. 

I. INTRODUCTION 

Structure from motion (SFM) is a popular camera-based 

technique in computer vision and robotics areas. It computes 

the relative pose between two images or the motion of the 

camera through a sequence. It is useful to estimate the ego

motion of the robots or reconstruct the 3D structures of 

arbitrary scenes. For example, [l3] estimates the motion of 

the stereo camera system using triangulated image features 

and their correspondences in the next frame. [14] and [15] 

collect a huge amount of photos from the internet and 

find the correspondences of the features extracted from 

them to estimate the relative poses among them. The SFM 

technique also can be applied to the catadioptric cameras 

[16]. Recently, the researches related to SFM are trying to 

estimate the motion and the structure of various targets such 

as non-rigid body [22], moving points [23] and the human 

motion capture [24]. 

Bok et al. [21] presented a camera-laser fusion system for 

large-scale 3D reconstruction. It also depends on the SFM 

technique because it requires the motion of the system to 

reconstruct 3D structures. The system consists of six cam

eras and a 2D laser sensor. It scans surrounding structures 

vertically and accumulates the scan data to reconstruct 3D 

structures. Unlike the previous approaches using vertical 

laser sensors [10] [11] [12], it estimates 6D motion of the 

system using images and laser data. In motion estimation 
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process, laser points are utilized as 3D points in camera 

coordinate system. They are projected onto the images and 

tracked to other frames to generate 3D-2D correspondences. 

Most of the SFM algorithms utilize the 3D-2D corre

spondences of the feature points. Since each correspondence 

eliminates two degrees of freedom, the three-point algorithms 

are most popular to compute the motion of the camera with 

six degrees of freedom in 3D space. In the case of the 

single-camera system, perspective three-point (P3P, [1]) is 

a well-known pose estimation problem and is solved by 

many researchers. Other methods use an additional point to 

reduce the ambiguity of the algorithm or compute additional 

parameters [2] [3]. The linear solutions using N points are 

also published [5] [6]. The multiple-camera version of the 

three-point algorithm is solved in [4]. The algorithms which 

utilize line features are introduced in [7], [8] and [9]. 

We used the generalized three-point algorithm (G3P, [4]) 

for our system because it provides more accurate result than 

the single-camera based algorithms. However, the system has 

a degenerate case which appears frequently. All laser points 

are collinear if the laser sensor scans a large plane such as 

walls or ground. In this case, we have to depend on the noise 

of the laser data to avoid the degenerate case numerically 

and any existing method cannot provide a robust solution 

to the motion estimation problem. Bok et al. presented 

an alternative algorithm called 'laser three-point' (L3P). It 

estimates the motion of the system by selecting two points 

and the other point from two different frames. Assuming that 

the system is moved while it captures the frames, the points 

are not collinear and the motion of the system is estimated 

even in the case of scanning a plane. 

In this paper, we present the 'generalized laser three-point' 

(GL3P) algorithm. The proposed algorithm is the multiple

camera version of the L3P, and it is designed to estimate 

the motion of our sensor fusion system more accurately 

and robustly. Similar to the L3P algorithm, two points and 

the other point are selected from two different frames. We 

solve the problem by transforming two points (selected 

from the same frame) on two rays and apply the inverse 

transformation to the third point (selected from the other 

frame). The solution is obtained by solving an 8-degree 

polynomial equation. The simulation result and the tests 

using a real sequence show that the proposed algorithm is 

more appropriate for our fusion system than the previous 

algorithms. 

The rest of this paper is organized as follows. Section 

II briefly introduces our camera-laser fusion system for 3D 

reconstruction. In section III we present the details of the 
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Fig. 1. Generating 3D-2D correspondences by projecting and tracking laser 
points 

proposed algorithm. The experimental results using synthetic 

data and a real sequence are given in section IV. Section V 

concludes this paper. 

II. CAMERA-LASER FUSION SYSTEM 

A. Camera-Laser Fusion: Basic Concept 

Since most laser sensors use infrared rays to measure 

distances, the scanned laser points are not seen by the 

cameras. However, they are 'visible' in the images by the 

camera-laser calibration [17] [18]. The laser points can be 

transformed into the camera coordinate system and projected 

onto the images. 

The basic concept of the camera-laser fusion system is 

to utilize the laser points in the camera coordinate system. 

The laser points transformed into the camera coordinate 

system can be considered as the 3D points with accurate 

depth information. The main purpose of the images is to 

find the correspondences of the laser points. In order to 

find their correspondences using templates, we utilize the 

Kanade-Lucas-Tomasi (KLT) tracker [19] which is one of 

the well-known algorithms for tracking image points. If the 

correspondences of the laser points are found in the adjacent 

frame, 3D-2D correspondences are established (see Fig. 1) 

which are useful for the motion estimation. 

B. Vehicle-Mounted System for Outdoor 3D Reconstruction 

In this section, we briefly introduce our sensor fusion sys

tem. The system is designed to reconstruct the 3D structure 

of outdoor environments by capturing data while it passes 

through the target area. The system consists of six cameras 

(PointGrey Flea2) and a 2D laser sensor (SICK LMSI51). 

As shown in Fig. 2, the laser sensor scans 270 degrees 

and the center (135 deg) of its angular range is headed 

to the sky so that the laser sensor scans the both sides of 

the vehicle vertically. Two cameras (l and 4 in Fig. 2) on 

which the laser points are projected see the directions of 45 

1 3. .21 
� 

• • 
4 1 
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Fig. 2. The sensor fusion system consists of six cameras and a 2D laser 
sensor. The vertical laser sensor scans the structures. The non-overlapping 
cameras provide wide field of view which makes the estimated motion 
accurate. 

and 225 degrees of the sensor, respectively. These cameras 

are rotated 90 degrees to project laser points onto them as 

many as possible. The other four cameras track only image 

features. We avoided the forward and backward heading 

directions because there are usually few static features at 

those directions in the scene with roads. 

III. GENERALIZED LASER THREE-POINT 

ALGORITHM 

A. Problem Definition 

We use laser points as the 3D points in the camera-based 

SFM methods. An advantage of using the laser points is that 

the motion is estimated without the previous motions which 

are required to triangulate the image points. We may use the 

typical image-based algorithms such as the perspective three

point [1] for single camera based systems or the generalized 

three-point [4] for multiple camera based systems. However, 

these algorithms have a degenerate case of using three 

'collinear' points. Since we obtain the 3D points from a 

2D laser sensor, the degenerate case appears frequently if 

it scans a large plane such as a vertical wall or the ground 

(see Fig. 3). 

Bok et al. [20] presented the laser three-point algorithm 

to avoid degenerated configuration. In order to estimate the 

motion between consecutive frames, this algorithm utilizes 

laser points from both frames. The union set of the laser 

points from both frames is expected not to be collinear if 

the system moves while capturing data. In Fig. 4, points Ql 
and Q2 scanned at frame 1 and point Q3 scanned at frame 
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Fig. 3. Scanning a plane with a 2D laser sensor is a degenerated 
configuration of the typical three-point algorithms because all laser points 
are collinear. 
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Fig. 4. Laser three· point algorithm [20] : Two points Q1 and Q2 are 
selected from the frame 1 and tracked to the frame 2. The other point Q3 
is selected from the frame 2 and tracked to the frame 1. 

2 are projected onto the corresponding images and tracked 

to the other frames. The angles among the rays (81, 82, 83, 
(/h, (h, 1Y3) and the distance to the points at the scanned 

frame (Ll, L2, L3) are known. The unknown variables are 

the distances to the points (h, l2, h) at the tracked frames. 

We can obtain 3 equations with 3 unknowns from Fig. 4 

and compute solutions by solving a four-degree polynomial 

equation. 

Li + L� - 2LlL2 cos 83 = li + l� - 2hl2 cos (P3 (1) 

Li + l� - 2Lll3 cos 82 = Ii + L� - 2hL3 cos 1Y2 (2) 

L� + l� - 2L213 cos 81 = l� + L� - 212L3 cos 1Yl (3) 

B. Generalized Laser Three-Point Algorithm 

In this paper, we present a generalized version (i.e., a 

modified one for the multiple-camera setups) of the laser 

three-point algorithm. Similar to the laser three-point algo

rithm, we assume that two points Ql = [Xl Yl Zl]T and 

Q2 = [X2 Y2 Z2]T are scanned at frame 1 and a point 

Q3 = [X3 Y3 Z3V is scanned at frame 2. Ql and Q2 
are tracked to frame 2 and Q3 is tracked to frame 1. The 

objective of the proposed algorithm is to compute the relative 

• 

• 

< Frame 1 > 

• 
< Frame 2 > 

z 

y 

x 

< Canonical position of frame 1 > 

z 

y 

x 
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Fig. 5. The frames are transformed into their canonical positions to simplify 
the following processes. In the canonical position of frame 1, Q1 and Q2 
are at the origin and on the x·axis, respectively. In the canonical position of 
frame 2, ray 1 is equal to the y-axis and ray 2 is parallel to the x-y plane. 
The point on ray 1 closest to ray 2 is set as the origin. 

pose [R T] between two frames which moves each point 

Qn (n=1,2,3) onto its corresponding ray with the camera 

center of Pn = [ An Bn Cn]T and the direction vector of 

Vn = [an bn cnV as described in (4), (5) and (6). The ray 

Pn + An Vn on which the point Qn should lie is referred as 

'ray n' in the rest of this paper. 

PI + Al VI = RQl + T 

P2 + A2 V2 = RQ2 + T 

P3 + A3V3 = RTQ3 -RTT 

(4) 

(5) 

(6) 

In order to solve the problem, we compute the trans

formation which makes the two points Ql and Q2 lie on 

their corresponding rays via four steps. The first and the 

second steps are to transform frames 1 and 2 into their 

canonical positions, as described in Fig. 5. Because points 

Ql and Q2 are scanned by the laser sensor, the points and 

the origin of the laser sensor are not collinear (unless one 

instance of the range data corresponding to Ql and Q2 is 

equal to zero). The transformation [Rl T1] of the first step 

is computed using the following equations, where 0 L is 

the origin of the laser sensor in the camera coordinate (it 

can be computed easily using the camera-laser calibration 

result). Let P3 = [ A3 B3 C3]T and V;{ = [a3 b3 C3]T be 

the camera center and the direction vector of ray 3, which 

is transformed into the canonical position of frame 1 by 

[Rl TIl, as described in (11) and (12). 

VI = (Q2 - Ql) /IIQ2 - QIiI (7) 

V2 = (VI X (Ql - OL)) /llvl X (Ql - OL) II (8) 

(9) 

(10) 
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Fig. 6. Transformation of two points onto their corresponding rays: The z
coordinates of the points are modified to be equal to their corresponding rays 
by a rotation on the y-axis. The points are then laid on their corresponding 
rays via transformation on the x-y plane. 

P� = RIP3 + TI 

V; = RI V3 

(11) 

(12) 

In the second step, ray 1 corresponding to point QI is 

aligned to be equal to the y-axis. The line connecting the 

points on the rays which are closest to the other ray is set to 

the z-axis. With this transformation [R2 T2], ray 2 becomes 

parallel to the x-y plane. hand l2 are constants which make 

the point on ray 1 (PI + h VI) closest to ray 2 and the 

point on ray 2 (P2 + l2 V2) closest to ray 1, respectively. 

Let Q3 = [X3 Y3 Z3]T be point Q3 transformed into the 

canonical position of frame 2 by [R2 T2]' as described in 

(17). 

V3 = VdllVIiI 

V4 = (VI X V2) /IIVI X V2 11 

R2 = [ V3 X V4 V3 V4 r 
T2 = -R2(PI + h Vd 

Q3 = R2Q3 + T2 

(13) 

(14) 

(15) 

(16) 

(17) 

The objective of the third and the fourth step is to trans

form points Ql and Q2 onto their corresponding rays (see 

Fig. 6). Because rays 1 and 2 are parallel to the x-y plane, 

we do not have to consider the z-axis if the corresponding 

points have proper z-coordinates. The third step is to make 

the z-coordinates of Ql and Q2 equal to their corresponding 

rays. The z-coordinate of Ql should be zero, and this is 

already satisfied. The z-coordinate of Q2 should be equal to 

that of P2 transformed into the canonical position of frame 

2. Let [ D2 0 d2]T be the transformed coordinate of Q2 ' D2, 
d2 and the transformation [R3 T3] (T3 = 0) are computed 

by the following equations. ¢ is the rotation angle of R3. 

(18) 

-d2 /11�2 - QIiI 1 
D2 /IIQ2 - Ql ll 

(19) 

(20) 

The fourth step is to transform points Ql and Q2 onto 

their corresponding rays in x-y plane. Let y = mx + n be 

the equation of the line connecting the points on the rays 

after the transformation. The transformation changes the x-y 

coordinates of QI and Q2 in the following manner: 

(21) 

(22) 

Let y = rx be the equation of ray 2 in the canonical 

position of frame 2 while ignoring the z-axis. n can be 

expressed in terms of rand m because the transformed Q2 
should be on ray 2. M is defined to simplify the equations. 

D2 
n = -(r- m) 

M 

(23) 

(24) 

(25) 

The transformation [R4 T4] which satisfies (21) and (22) 

is as follows: 

-m 

1 
o !l 

T4 = [0 n 0 JT 

(26) 

(27) 

The fourth step 'two points on two rays' removes four 

degrees of freedom while two degrees remain free. One of 

the free degrees is the slope m of the line connecting the 

two points mentioned in (22). The other is the rotation angle 

e of frame 1 on the x-axis in its canonical position. The 

coordinates of Ql and Q2 are not changed by this rotation 

because they are on the x-axis. 

We transform point Q3 to the canonical position of frame 

1 to find solutions of m and e, as shown in Fig. 7. By means 

of the inverse transformation of [R4 T4], Q3 is changed in 

the following manner: 
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Fig. 7. Point Q3 transformed by the inverse transformation of 'two points 
on two rays' should lie on ray 3 (= P3 + .\3 V3). Three equations with 
three unknowns are generated by this process. 

[ x; 1 [ x' 1 3 
y� =Rr y� -RrT4 
Z" Z' 3 3 

<[ 1 m ! ][ y;:� n 

1 
-m 1 

0 0 

[ J(m) 1 
g(m) 

Z' 3 

f(m) = 
X3 + my� D2m(r - m) 

- M2 M 

g(m) = -m x� + y� D2(r - m) 
- M2 M 

Applying the inverse transformation of [R3 T3], 

[ x�' 

y�' 
Z'" 3 

1 [ Co� ¢ � Si� ¢ 1 [�� 1 - sin ¢ 0 cos ¢ z� 

[ f ( m) cos ¢ + z� sin ¢ 1 
= g(m) 

-f (m) sin ¢ + z3 cos ¢ 

This point should be on ray 3 rotated on the x-axis. 

[ ��; 1 [ 0
0

1 

z�' 

o 
cos e 
sin e 

(28) 

(29) 

(30) 

(31) 

(32) 

Three equations are derived from the constraint of (32). 

f(m) cos ¢ + z� sin ¢ = A� + A3a� 

g(m) = (B� + A3b�) cos e - (C� + A3C�) sin e 

(33) 

(34) 

TABLE I 

COMPUTATION TIME OF 3-POINT ALGORITHMS (TIME UNIT: 
MICROSECONDS) 

Setup Algorithm Equation Matrix Number 

P3P 2.449 6.957 2,058,666 
Single L3P 9.080 15.382 2,809,168 
camera G3P 14.586 15.850 2,059,202 

GL3P 8.649 11.419 2,817,704 
P3P 2.434 6.973 2,067,519 

Two L3P 9.001 14.571 2,484,941 
cameras G3P 8.955 9.922 742,796 

GL3P 8.049 9.484 1,308,315 

- f (m) sin ¢ + z� cos ¢ 

= (B� + A3b�) sin e + (C� + A3C�) cos e 
(35) 

A3 is expressed in terms of m from (33). e is eliminated by 

computing the squared sum of (34) and (35). The candidates 

of m are computed by solving an eight-degree polynomial 

equation derived from (33), (34) and (35). For each candidate 

of the solution, we compute the coordinates of the points in 

the canonical positions of frames 1 and 2. Q3 in the canonical 

position of frame 1 is equal to (P� + A3 V£). Ql and Q2 in 

the canonical position of frame 2 are computed by (21) and 

(22), respectively. The relative pose between the canonical 

positions is computed by registering two point sets. 

IV. EXPERIMENTAL RESULTS 

A. Simulation using synthetic data 

We generated a synthetic data set to verify the performance 

of the proposed algorithm. Three points and the relative pose 

are generated randomly. After generating the ground truth, 

we added Gaussian noise to the 3D points and projected their 

locations on the images. We tested the single-camera system 

and non-overlapping two-camera system (heading in the 

opposite direction) using non-collinear points and collinear 

points. The simulation results displayed in Fig. 8 are identical 

to what we expected. In the case of the two-camera setup, 

the generalized algorithms show the better performance than 

the single-camera-based setup (see Fig. 8(c) and 8(d)). We 

propose L3P and GL3P to avoid degeneration and indeed 

they provide more accurate results than the typical three

point algorithms in such a case (see Fig. 8(b) and 8(d)). The 

proposed algorithm shows the best performance among the 

three-point algorithms in terms of accuracy. 

We also examined the computation time of the proposed 

algorithm. Every three-point algorithm tested in this paper 

computes the solutions in three steps: (1) computes the 

coefficients of a four- or eight-degree polynomial equation, 

(2) solves the equation, and (3) computes the transformation 

matrix for each solution. In Table I, 'Equation' and 'Matrix' 

indicate the average time for (1)+(2) and (1)+(2)+(3), re

spectively. The total number of solutions is also included in 

the table in the column denoted as 'Number' . Table I shows 

that the proposed algorithm computes the solution matrices 

faster than L3P and G3P and that its computation time is 

short enough to be applied to real-time implementations. 
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Fig. 8. The graphs show the rotation error of four different three
point algorithms (P3P [1], L3P [20], G3P [4] and GL3P (proposed)) using 
synthetic data: (a) a single camera and non-collinear points, (b) a single 
camera and collinear points, (c) non-overlapping cameras and non-collinear 
points, and (d) non-overlapping cameras and collinear points. The results of 
P3P and G3P are not displayed in (b) and (d) because the errors resulting 
from them are very large (about O.S rad) compared to those of the other 
algorithms. 
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Fig. 9. A selected frame to verify the performance of the proposed GL3P 
algorithm (a) image of camera I (b) image of camera 4 (c) laser data. The 
red points in the images are the laser points projected onto them. 

B. Experiment using real data 

The proposed algorithm is also verified using real data . 

Because we do not know the ground truth of the motion 

between the adjacent frames, the final result refined using 

laser points and image features is referred to as the ground 

truth (i.e., the desired result). We used a frame with no 

structures nearby to test the worst case of scanning only the 

ground. We selected three points randomly and computed 

the candidate 20,000 times using both the G3P and GL3P 

algorithms. The difference between the candidate and the 

ground truth is shown in Fig. 10. The proposed method 

provides the solutions with less serious errors than the G3P 

algorithm. Furthermore, the number of the samples which 

give no solution by the proposed method is much smaller 

than that by the G3P algorithm. Although both algorithms 

compute an appropriate candidate with a large number of 

RAN SAC iteration, the result shows that the proposed al

gorithm has a higher probability of computing an accurate 

initial solution within a small number of iterations. 

We performed another experiment using short sequences 

with a closed loop. Again we consider the final result refined 

using all of the inliers among the image features and the 

laser points as the ground truth. The results of the RANSAC 

process (1,000 iterations) using the G3P and the proposed 

GL3P are compared to that result. The results are similar to 

the ground truth if we utilize all of the laser data (see Fig. 

ll(a) and Fig. li(c». However, if we reduce the maximum 

range of the laser sensor (five meters in our experiment) 
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Fig. 10. The histograms of the angle differences between the ground truth 
(refined result) and the candidates from RANSAC using G3P ([4], (a» and 
GL3P (proposed, (b» : The proposed GL3P algorithm provides a larger 
number of the accurate candidates than the G3P algorithm. Moreover, the 
number of the degenerate cases is reduced using the proposed method; the 
number of candidates generated from 20,000 iterations are 6,650 (G3P) and 
16,491 (GL3P). 

both results become erroneous. In Fig. lI(b) and Fig. lIed), 

the result using the proposed algorithm contains a small 

amount of drift in the rotation, while the result using the G3P 

algorithm contains severe distortion. When using real data, 

the G3P may estimate something with the laser points on 

the ground because they are not perfectly collinear. However, 

they do not guarantee the accuracy of the estimation result 

using the G3P algorithm. It can be guaranteed only by the 

laser points on non-ground structures or with a large amount 

of laser data on the ground. This result shows that the 

proposed algorithm shows better performance than the G3P 

algorithm with the limitation of an actual experiment. 

The final result of 3D reconstrucion using the system in 

Fig. 2 is shown in Fig. 12. The sequence is captured in 

the KAIST campus. The process of the motion estimation 

is similar to our previous approach [21], but the initial 

estimation part is changed to the proposed GL3P algorithm. 

The result shows the performance of the sensor fusion 

system. 

V. CONCLUSION 

In this paper, we have presented a new motion estimation 

algorithm for the camera-laser fusion system. In our camera

laser fusion system, the laser points with accurate depth 
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Fig. 11. The motion of short sequences with a closed loop is estimated 
using the G3P ([4]) and the GL3P algorithms (proposed). The initial motion 
(the result of the RANSAC process) is compared to the ground truth (final 
result refined using all of the inliers, GT). (a)(c) Using all laser points, 
the results contain small accumulation errors. (b) (d) Using a part of the 
laser points (maximum range limited to 5 meters), the result using GL3P 
contains a small drift on rotation while the result using G3P contains severe 
distortions. 
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Fig. 12. Parts of the reconstruction result of the KAIST campus using the 
sensor fusion system in Fig. 2 and the proposed algorithm 

infonnation are available in the camera coordinate system. 

They are used as the 3D points in the motion estimation pro

cess instead of the triangulation result of the image features. 

(Actually both of them are used to obtain the final estimation 

result [21].) We have proposed the generalized laser three

point algorithm to avoid the degenerated configuration of 

scanning a plane with a 2D laser sensor. We have computed 

the relative pose between two frames by selecting two points 

and the other point from different frames and solving an 

eight-degree polynomial equation. The proposed algorithm 

outperforms typical algorithms in both cases using synthetic 

data and real data. 
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