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Optimal Beam Subset and User Selection for
Orthogonal Random Beamforming

Tae-Sung Kang and Hyung-Myung Kim, Senior Member, IEEE

Abstract—The throughput performance of orthogonal random
beamforming (ORBF) with a finite number of users is limited
due to the increasing amount of residual interference. In this
letter, we find the optimal beam subset, the optimal user set,
and the optimal number of random beams to maximize the sum
throughput of the ORBF. The proposed scheme provides the
best trade-off between the multiplexing gain and the multiuser
interference by the determination of the optimal number of
random beams as well as the beam selection diversity gain due to
the selection of the optimal beam subset. In addition, two efficient
suboptimal schemes are presented to reduce the computational
complexity and the feedback overhead of the optimal method.

Index Terms—Multiuser MIMO, random beamforming, par-
tial CSI, selection diversity.

I. INTRODUCTION

IN a downlink multiuser MIMO system, when the base
station (BS) transmitter with M antennas communicates

K mobile receivers each of which has a single antenna, the
sum capacity is achieved using dirty paper coding (DPC) and
transmit beamforming schemes [1]-[3] and the sum capacity
is linearly increased with min(M, K). However, since these
methods require the condition that the BS transmitter has
the perfect channel state information (CSI), it is difficult to
satisfy this condition in practice, particularly in frequency
division duplexing systems. There have been several studies
on a model with partial CSI for the purpose of reducing
feedback overhead of the CSI [4],[5]. The orthogonal ran-
dom beamforming (ORBF) method constructs M orthogonal
random beams and selects the user with the highest signal-to-
interference-plus-noise-ratio (SINR) for each beam [4]. As the
number of users goes to infinity, the sum rate scaling is equal
to the sum capacity and, in fact, the multiuser interference is
completely removed by the spatial multiuser diversity effect.
However, in the case of a finite number of users, the multiuser
diversity effect is not large enough to completely remove the
multiuser interference. In fact, even though M increases, the
sum throughput reduction caused by the increase of multiuser
interference can be much larger than the sum throughput
increase achieved by an increase in the number of streams.
Hence, the sum throughput for a small M can be higher
than that for a large M (as shown Figure 1). We can deduce
therefore the optimal number of the random beams may not
be equal to the number of transmit antennas.

Motivated with this observation, in this letter, we consider
the following optimization problem: “How many random
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beams as well as which beams and which users should be
selected for transmitting their data simultaneously to maximize
the sum throughput?”. The determination of the optimal num-
ber of random beams enables the best trade-off between the
multiplexing gain and the multiuser interference. Moreover,
the selection of the optimal beam subset provides the beam
selection diversity gain and the selection of the optimal user
set gives the multiuser selection diversity gain. In [5], the
optimal number of beams for ORBF was addressed. However,
the optimal number of beams in [5] is determined to satisfy
target outage probability while that of the proposed scheme
is determined to maximize the sum throughput considering
beam subset selection. In the optimal method of the proposed
scheme, we assume that the total average transmit power is
one and that each user feeds back the channel gain magnitudes
for all random beams. Since the optimal method requires high
computational complexity and large feedback overhead, two
efficient suboptimal methods are presented to resolve these
problems.

II. SYSTEM MODEL

We consider a downlink multiuser MIMO system with K
mobile receivers equipped with a single antenna and a base
station (BS) transmitter with M antennas. It is assumed that
K > M and that the channel of each user does not vary during
the scheduling interval of T . The received signal of the user
k is represented as

yk =
√

ρkhkx + wk, k = 1, ..., K (1)

where hk is a 1×M channel gain vector of the user k and the
entries of hk are independent and identically distributed with
zero mean and unit variance, x is an M×1 transmitted symbol
vector and wk is complex Gaussian noise with zero mean and
unit variance of the user k. Moreover, the scalar ρk models the
power attenuation due to the path loss and shadowing effect.
The total average transmit power is assumed to be 1; that is,
E[||x||2] = 1. Then the average receive signal-to-noise-ratio
(SNR) becomes ρk.

Let U (Q) ⊂ {1, ..., K} and S(Q) ⊆ {1, ..., M} denote a user
set and a beam subset with Q elements without repetition,
respectively, where Q ∈ {1, ..., M}. At each time slot, Q
users are scheduled among K users, and then the scheduled
Q users’ information data are transmitted via a set of Q
random beams; that is x =

∑
m∈S(Q) vmsm, where vm is

the mth orthonormal random vector generated according to
isotropic distribution [6] and sm is the mth transmit symbol
for m ∈ S(Q). We assume that the kth mobile receiver knows√

ρkhkvm for m = 1, ..., M (which can be estimated by
pilot symbols transmitted from the BS) and feeds back its

1089-7798/08$25.00 c© 2008 IEEE



KANG and KIM: OPTIMAL BEAM SUBSET AND USER SELECTION FOR ORTHOGONAL RANDOM BEAMFORMING 637

magnitude ck,m =
√

ρk|hkvm| for m = 1, ..., M to the BS.
The SINR value, γ

(Q)
k,m, for the mth signal in S(Q) of the kth

user in U (Q) is represented as

γ
(Q)
k,m =

|hkvm|2∑
i�=m,i∈S(Q) |hkvi|2 + Q/ρk

, m ∈ S(Q), k ∈ U (Q)

(2)

where the average transmit power per beam is assumed to be
1/Q, thereby ensuring that the total average transmit power
is 1. In (2), there are

(
M
Q

)
Q! permutations of γ

(Q)
k,m for S(Q)

because γ
(Q)
k,m depends on the permuted set of S(Q).

III. PROPOSED BEAM SUBSET AND USER SET SELECTION

METHOD

A. Optimal Method

Let R(U (Q), S(Q)) denote the sum throughput when users
in user set U (Q) transmit information data via beam subset
S(Q). The sum throughput R(U (Q), S(Q)) is expressed as

R(U (Q), S(Q)) =
∑

k∈U(Q),m∈S(Q)

log2

(
1 + γ

(Q)
k,m

)
, Q = 1, ..., M

(3)

The achievable maximum throughput can be represented as

Rmax = max
Q=1,...,M

max
U(Q),S(Q)

R(U (Q), S(Q)) (4)

In (4), we can find the optimal user set S∗(Q), the optimal
beam subset U∗(Q) and the optimal number of random beams
Q using exhaustive search method. However, in order to obtain
Rmax, we should compute R(U (Q), S(Q)) for

(
K
Q

)
combi-

nations of U (Q) and
(
M
Q

)
Q! permutations of S(Q) for Q =

1, ..., M . Then the total computational complexity of finding
the optimal solution is proportional to

∑M
Q=1

(
K
Q

)(
M
Q

)
Q!, that

is, O((KM)M ), which is practically difficult to compute for
a large K or a large M .

B. Suboptimal Reduced Complexity Method

In this subsection, we propose a suboptimal method to re-
duce the computational complexity. Because the denominator
of γ

(Q)
k,m in (2), namely

∑
i∈S(Q)−{m} |hkvi|2 + Q/ρk, does

not depend on the order of the elements of S(Q)−{m} given
m ∈ S(Q), there can be some duplications in

(
M
Q

)
Q! permuta-

tions of γ
(Q)
k,m. When the duplications of γ

(Q)
k,m are eliminated,

there remain Q γ
(Q)
k,m values for

(
M
Q

)
combinations of S(Q).

Let the jth combination of S(Q) denote S
(Q)
j = {mj,q|1 ≤

mj,q ≤ M and mj,q �= mj,l for q �= l, 1 ≤ q, l ≤ Q} for
j = 1, ...,

(
M
Q

)
. The SINR value for the mj,qth signal of the

kth user can then be expressed as

γ
(Q)
k,j,q =

|hkvmj,q |2∑Q
i=1,i�=q |hkvmj,i |2 + Q/ρk

, ∀q, j, k (5)

Since the SINR value in (5) depends only on the beam subset
but not on user set, the user set maximizing R(U (Q), S(Q))
can easily be found by selecting Q users with the largest
Q SINR values for each beam subset instead of computing
R(U (Q), S(Q)) for all

(
K
Q

)
combinations of U (Q). Hence, the

procedure of the reduced complexity method can be stated as
follows.

Step 1: For Q = 1, ..., M , repeat Step 1-1 and Step 1-2.
Step 1-1: Find the best Q user indices for j = 1, ...,

(
M
Q

)

Initialize Z = {1, ..., K}, U (Q)
j = ∅, q = 1.

Repeat the following equations (6), (7) and (8) until
q = Q

kj,q = arg max
k∈Z

γ
(Q)
k,j,q (6)

U
(Q)
j ← U

(Q)
j ∪ {kj,q} (7)

Z ← Z − {kj,q}, q ← q + 1 (8)

Step 1-2: Find the optimal beam subset index, j∗

j∗ = arg max
1≤j≤(M

Q)

Q∑
q=1

log2

(
1 + γ

(Q)
kj,q,j,q

)
(9)

Then U∗(Q) = U
(Q)
j∗ , S∗(Q) = S

(Q)
j∗ .

Step 2: Find the optimal number of Q∗:

Q∗ = arg max
Q=1,...,M

R(U∗(Q), S∗(Q)) (10)

Then the complexity of the reduced complexity method is
reduced to

∑M
Q=1 K

(
M
Q

)
Q. In Step 1-1, the user selection

procedure is similar to that of the zero-forcing beamformer
with user selection in [3].

C. Suboptimal Reduced Feedback Method

Because the optimal method and the reduced complexity
method require M channel quality indicators (CQIs) for each
user, the feedback overhead is large. However, the follow-
ing procedure reduces the amount of overhead required for
channel feedback. For some training period, using the reduced
complexity method as stated in the previous subsection, the
sample average of Q∗ is obtained. Let Q∗

avg denote the
sample average of Q∗. Note that because Q∗

avg depends on
the number of users (as described in numerical results), this
training period needs only when the number of users changes.
Hence this training period using the reduced complexity
method is short compared to the period applying the reduced
feedback method. Given Q∗

avg and M , the kth mobile sends

max1≤j≤( M
Q∗

avg
),1≤q≤Q∗

avg
γ

(Q∗
avg)

k,j,q and the corresponding in-

dices jk, qk to the BS. Hence, the feedback overhead is
reduced to one CQI and two indices for each user. In the
reduced feedback method, Step 1 of the reduced complexity
method is modified as follows.

Step 1: Given Q∗
avg and M , classify users according to

the users’ indices. Let Dj,q = {k|jk = j, qk = q}, q =
1, .., Q∗

avg, j = 1, ...,
(

M
Q∗

avg

)
.

Step 1-1: Find the best Q∗
avg user indices for j =

1, ...,
(

M
Q∗

avg

)

Initialize U
(Q∗

avg)

j = ∅, q = 1.
Repeat the following equations until q = Q∗

avg

kj,q = arg max
k∈Dj,q

γ
(Q∗

avg)

k,j,q if Dj,q �= ∅ (11)

U
(Q∗

avg)

j ← U
(Q∗

avg)

j ∪ {kj,q} (12)

Dj,q+1 ← Dj,q+1 − {kj,q}, q ← q + 1 (13)
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Fig. 1. Performance comparison of the conventional ORBF and the proposed
schemes : Sum throughput vs. the number of transmit antennas(M ) for K =
10, 100 at an SNR of 10dB; solid line: K=10, dashed line: K=100.
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Fig. 2. Probability Pr(Q∗ = Q) of the reduced complexity method for
M=4 and 6, K=8,32, and 128 at an SNR of 10dB.

Step 1-2: Find the optimal beam subset index j∗

j∗ = arg max
1≤j≤( M

Q∗
avg

)

Q∗
avg∑

q=1

log2

(
1 + γ

(Q∗
avg)

kj,q,j,q

)
(14)

Then U∗(Q∗
avg) = U

(Q∗
avg)

j∗ , S∗(Q∗
avg) = S

(Q∗
avg)

j∗ Note that we
assumed that no user is assigned if Dj,q = ∅ in equation (11).
In the conventional ORBF method, the kth user feeds back
max1≤q≤M γ

(M)
k,q and the corresponding index qk [4]. Hence,

the conventional ORBF can be considered as a case of Q = M
in the reduced feedback method.

IV. NUMERICAL RESULTS

We assumed that the channel is invariant during a schedul-
ing interval (2ms)[7] and that the channel of each antenna of
each user is an identical and independent Rayleigh distributed

channel and that all users have the same SNR of 10 dB. The
simulation was performed more than 100,000 runs. In Figure
1, we compare the proposed schemes and the conventional
ORBF [4]. Figure 1 shows the sum throughput vs. the number
of transmit antennas(M ) for K = 10, 100. We can see that the
throughput of the reduced complexity method is very close to
the throughput of the optimal method. The reduced feedback
method has a lower throughput than the reduced complexity
method because the optimal number of random beams of the
reduced feedback method is statistically determined as Q∗

avg

whereas the optimal number of random beams of the reduced
complexity method is instantaneously determined as Q∗. The
sum throughput of the conventional ORBF method can de-
crease with M since the number of random beams is equal to
M and it increases the multiuser interference. In contrast, the
proposed schemes can increase the sum throughput with M
due to the beam selection diversity gain and the determination
of Q∗ or Q∗

avg to provide the best trade-off between the
multiplexing gain and the multiuser interference. Note that
the proposed schemes require slight increase in the feedback
overhead whereas the amount is much smaller than that of
the throughput improvement achieved in Figure 1. Figure 2
shows the probability, Pr(Q∗ = Q), of the reduced complexity
method for K = 8, 32, 128 and M = 4, 6. When K is small
(K = 8), Pr(Q∗ = 2) is dominant; in contrast, when K is
large (K = 128), Pr(Q∗ = 3) is dominant. As K increases,
the Pr(Q∗ = Q) value of a large Q increases. Similarly, the
Q∗

avg value of the reduced feedback method increases with
the number of users (Q∗

avg = 1 for K < 8, Q∗
avg = 2 for

8 ≤ K ≤ 78, and Q∗
avg = 3 for K ≥ 78 when M = 4).

V. CONCLUSION

In this letter, we report on the process of selecting an
optimal number of random beams, the optimal beam subset,
and an optimal user set to improve the performance of the
ORBF with a finite number of users. In future research, we
intend to consider the notion of the fairness in a heterogeneous
network in which users have different SNRs.
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