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Abstract- In this paper, the Stability Augmentation 
System (SAS) is designed to improve the stability 
while Parallel Evolutionary Optimization based on 
Lagrangian I1 (PEvolian 11) is successfully applied to 
satisfy several constraints and to minimize the rising 
time. A controller to stabilize F-16 aircraft flying 
with a steady state around the altitude of 25,OOOft is  
described. The nonlinear pitching motion model of 
F-16 is linearized in the range of the flight envelope of 
velocity vs. altitude. Then the statically unstable system 
is stabilized by applying feedback linearization. As the 
gain-scheduling method is introduced at various oper- 
ating points within the flight envelope, the optimized 
controller is designed all over the envelope. Parallel 
Evolutionary Optimization based on Lagrangian 11 is 
used to optimize the proportional and integral gains of 
the controller, satisfying complex nonlinear Constraints. 

Keywords- Evolian, constrained problem, Lagrangian, 
F-16, and parallel evolutionary optimization 

1 Introduction 

F-I6 aircraft flying at a very high altitude has nonlinear 
pitching motion, which is statically unstable. Several pa- 
rameters, indispensable to flight, change with the altitude 
and the velocity of F-16. A lot of researches tried to make 
useful models for stable control and analysis [I] .  Also, there 
have been a lot of researches on investigating the suitabil- 
ity of the orthogonal function technique for global nonlinear 
modeling on a realistic problem. namely a nonlinear aero- 
dynamic database 121 obtained from wind tunnel tests of a 
modem fighter. First of all, to design the optimal controller, 
many nonlinear-constraint problems must he solved and a 
lot of methods have been developed to solve them [3]. 

In this paper, compact multivariate polynomial expres- 
sions developed in [ l ]  are used as the nonlinear pitching 
motion model of the aircraft due to the compactness and 
the good performance for capturing the nonlinearities. With 
this model, a pitching motion controller is designed for fast 
response time, satisfying complex nonlinear constraints of 
the flight pitching motion. 

Section 2 describes the nonlinear pitching motion and 
Section 3 presents the sfable controller by applying two 
steps of feedback linearization : state feedback stahiliza- 
tion and regulation. In Section 4 and 5 ,  Evolutionary Opti- 
mization based on Lagrangian (Evolian) [5][6] and Parallel 
Evolian (PEvolian) are described. Also in Section 6. to sat- 
isfy complex nonlinear constraints, Evolian and PEvolian 

(a) (b) 

Figure 1: (a) Flight envelope of F-I6 (b) Definition of char- 
acters related to pitching rates 

optimize proportional (P) and integral (I) gains at various 
operating points. Finally, conclusions are presented in Sec- 
tion 6. 

2 Problem Definition 

A F-I6 fighter flying with a steady state at an altitude around 
25.000 ft is considered. Here a global nonlinear paramet- 
ric modeling technique in [ I ]  is used to model its nonlinear 
pitching motion and such models are useful in robust and 
nonlinear control design. As a result, the state-space equa- 
tion can be represented as follows: 

x = A x +  Bu 

where x = [e q] is the state vector and U = 6. is the eleva- 
tor deflection in radian. In this state vector a is the angle of 
attack in radian and q is the pitching angular rate in radian 
per second. Consider the flight envelope of the velocity vs. 
the altitude shown in Figure I(a). In the state-space equa- 
tion above, matrices A and B are obtained by linearization 
from the nonlinear F-16 model at various operating points 
in  Figure I (a). Because this system is a unstahle system 
statically, the aim of this paper is to design the pitching mo- 
tion controller with the fastest response time t l  satisfying 
the following constraints: 

0.35 5 csp 5 1.3 

e 1.6rad/sec 5 wsp 5 5.5radIsec 

Aqn/Aq i  < 0.3 

500 qmazlqss < 3.0 ,  Q < t i  < f~ 

Gain margin > 6 dB, Phase margin > 60° 

-loo 5 a 5 +4S0, -25 5 6, 5 +25O 
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Only pitching angular rate q is observable and also the 
controller must control only q. The commanded angular 
rates qcmd is 10°/sec, which is the desired steady state re- 
sponse. In reality. lines AB and DE are curved lines. In 
this paper, they are simplified as straight lines. In general, 
the flight envelope includes various operating points in the 
range of the polygon ABCDE. But, since the engine-model 
given in [ I ]  is well approximated to a real model for Machs 
less than I, we consider the polygon ABFE as the real flight 
envelope. 

3 Stability Augmentation System by Feedback 
Linearization 

3.1 Nonlinear dynamics for pitching motion of F-16 

Consider the following assumptions: 

slide slip angle /3 = 0 

terms related to gravity are neglected 

steady level flight (p = 0: T = 0) 

With above assumptions, the nonlinear equation for state 
variables a: y related to short period motion i n  6-DOF dy- 
namic equation is as follows: 

1 
m If b = -{-sina(T+ C.y(a)) +cosaCz(a)}qS 

where T is the wing reference chord, b, the wing span, 
CS ~ C.Y. ~ CY! CY. ~ CZ: CZ., the aerodynamic force coeffi- 
cients. CL. C,I~, C,V, the aerodynamic moment cozfticients, 
p, y-  1 ' .  the body axis angular rates, V, the airspeed, h, the 
flight altitude, a, the angle of attack, 8, the sideslip angle, 
a,, the elevator deflection, AI .  the aircraft weight, B, the 
span, T ,  the thrust, p, the air density, and g, the dynamic 
pressure(1/2pV~). 

3.2 Equilibrium points of given dynamics 

To use feedback linearization method for given nonlinear 
dynamics, we must calculate the equilibrium points. The 
equilibrium point in aeromechanics is called a trim point, 
which is very difficult to calculate manually. Therefore, 
trim points are calculated by applying 'fminsearch' after 
defining c i 2  + Q 2  as the objective function, provided that 
given system is convex and the termination condition is le- 
6. The value of p is rhe function of altitude and a thrust 
is the function of the altitude and the velocity, where the 
engine model for F-16 is used. With equilibrium points 
(at.,,,, qtrim> setrjm) calculated at each operating point 

such as A, B, F, E and G , ~  state feedback stabilization can 
now be realized as presented in the next sub-section. 

3.3 Feedback linearization 

In order to check the stability of the system of ( I ) ,  new 
variables y1, yp  are introduced and zl, z p  are replaced with 
XI = a - atrzm and xp = q - qtrim. After the replacement 
and the linearizaton, we get 

x = Ax+ Bu, ( U =  6,) , . 

Using Eqn.(2), the stability at origin can be checked by 
Lyapunov indirect method. Assume the linearized pair (A, 
B) is controllable, or at least stabilizable. The closed-loop 
system (SAS : stability augmentation system) is constructed 
by applying the linear state feedback control U = Iix to the 
open-loop system. After designing a matrix K to assign 
eigenvalues of A + .BK to desired locations in the open 
left-half complex plane, the closed-loop system is 

f = i (Z ,  K z ) .  (3) 

Clearly, the origin is an equilibrium point of the closed- 
loop system. The linearlization of (3) is given by 

ai  az 
82 azl 

j:= [-(z,lix)+ - ( z , K z ) K ]  (4) 

Since A + B K  is Hurwitz, it follows that the origin is an 
asymptotically stable equilibrium point of the closed-loop 
system (3). That is, (atr;,, qtrim: detTi,) at each operating 
point is asymptotically stable. 

Figure 2 shows the F-16 controller designed through 
above two steps. In this system, the eigenvalues of total lin- 
earized system matrix can be assigned to desired locations 
in the open left-half complex plane by tuning the values of 
the PI (proportional integral) controller gains Ii, and Ii, in 
spite of large values of a and q. Therefore, the system is 
globally exponentially stable. 

.-I i C m 
Figure 2: Designed F-I6 PI controller 

4 Evolian 

In this section, Evolian (Evolutionary Optimization based 
on Lagrangian) 11 is described. Evolian was first proposed 
in [SI to integrate the concept of constraint scaling and multi 
phase optimization. In this paper, notations and definition of 
of EAs are followed as in Back's book [4]. 
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4.1 Evolian I1 

The augmented Lagrangian method is one of the most ef- 
fective general classes of nonlinear programmine methods, 
which can be viewed as a combination of the penalty func- 
tions and the local duality method. The augmented La- 
grangian for the constrained problem is 

where f (5)  is the cost function, gl(5) = ?naz{O,gk ( f ) }  
the magnitude of the violation of the kth inequality con- 
straint, and h j ( Z )  the violation of the j th  equality con- 
straint. The last two terms of the right-hand side are added 
to put gradual emphasis on any violated constraints. From 
the viewpoint of duality theory, the augmented Lagrangian 
is simply the standard function for the problem 

subject to  gl(Z) 5 0,  h j (Z )  = O,Vk , j  

This problem is equivalent to  the original problem, since 
the addition of the square terms lo the objective does not 
yield the optimal value or the optimum solution point. How- 
ever, whereas the original Lagrangian may not be convex 
near the solution. and hence the standard duality method 
cannot be applied, the square terms tend to convexifi the 
Lagrangian. For sufficiently large penalty parameter st , 
the Lagrangian will indeed be locally convex. This justi- 
fies the use of the second phase which guarantees a global 
optimum for the convex program. A typical step of the aug- 
mented Lagrangian method starts with Xt[ t] :  k = 1,. . . , T 

and p, [t] ,  j = ll.. . Then Z [ t ]  is found as the minimum 
point of equation (5). Next  XI;[^] and p j [ t ]  are updated to 
X k [ t  + I ]  and p j [ t  + 11, respectively. A standard method for 
the update is 

X k [ t  + I] + + EStg;(Z-l[ t])  alld 

I I j [ t  + 11 + p j [ t ]  + t s * h j ( 5 1 [ t ] )  (6) 

where e is a small positive constant. The reason for using 
such an update can be illustrated as follows. From the well- 
known duality theory, near true Lagrange multipliers and 
T ,  the dual function is defined by: 

$+(i,a) = m i n [ f ( Z )  + P g ( 5 j  + a%(?)] (7) 

where it is understood that the minimum is taken locally 
with respect to Z near optimum 1. Locally the original 
constrained problem (CP) is equivalent to unconstrained lo- 
cal maximization of the dual function 4 with respect to La- 
grange multipliers. Hence an equivalence between a con- 
strained prohlem in varithles Z and unconstrained problem 
in Lagrange multipliers X and ii is established. 

Figure 3: Peak determination algorithm 

Figure 4: In Evolian 11, the Lagrange multipliers are updated 
in parallel in Local optimum subpopulation space 

When there are constraints, the subsequent phases of 
Evolian should be applied. The existence of multiple peaks 
implies the need for multiple Lagrange multipliers since 
different local optima conveys different Lagrange multipli- 
ers. Thus, for subsequent phases, the Lagrange multipliers 
should be initialized in each potential local optimum region. 
For this purpose, Evolian I1 has a routine to determine the 
multiple peaks in the current population space as shown in  
Figure 3. Here, Npeak is the number of peaks in the popu- 
lation space, P e a k ( j )  is the variable representing j th  peak, 
and utol is the similarity measure parameter in the objective 
space. Since we are only interested in the global minimum, 
only the peaks having the global optimum are to be calcu- 
lated by the peak determination algorithm. To ease this pro- 
cess of determination, the individuals are sorted in ascend- 
ing order of the Objective function value. The high-ranked 
individuals are determined to be peaks if they have ohjec- 
tive values near the hest one and also have a distance of at 
least less than the sharing parameter cshare from the ear- 
lier arrived at peak(s). The peak determination algorithm 
correctly determined multiple peaks with almost the same 
objective values as that of the best peak. For the func- 
tion f1, the algorithm correctly determined multiple peaks. 
while only one peak was determined for the function f 2  as 
it  has only one global minimum. After the determination of 
local peaks, the Lagrange multipliers are assigned to each 
local peak and are updated at the peak point according to 
the update rule (6). Each local region undergoes, in paral- 
lel, subsequent phases of Evolian until it meets the stopping 
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criteria as follows: 

t m e ,  i f l /?'( t)  - 8'(t - l)ll i €*.I and 
I@(?'@)) - @(Z'(t - 1))l 5 ca.? i fa l se ,  othenuzse 

Here, and ea.2 are sufficiently small positive constants, 
and F ' ( t )  and ?'( t -1)  are the best solutions in phases land 
1-1, respectively. The rationale for using this kind of termi- 
nation criterion can he explained in the course of deriving 
the KT optimality condition for the feasible solution. It can 
he said that if the penalty parameter is designed such that 

L(P(t)) = 

St # (1 - 2c)st-l l  

and if the hest solution and its objective function do not 
change in the two subsequent phases, then the hest solu- 
tion is a feasible solution. This forms the novel termination 
criterion. For the second term? !he Lipschitz condition of 
the objective function with a Lipschitz constant is emhed- 
ded and the KT optimality is approved. It is worthy to note 
that since the novel termination criterion compares the best 
solutions only in two subsequent phases, the time needed 
for Evolian I1 in determining its convergence is only one 
outer loop iteration much shorter than that of Evolian(N,,). 
This may help to lighten the computational burden in the 
numerical computation method. 

Evolian I1 is an improved version of Evolian in every re- 
spect, such as the feasibility of the obtained solution, global 
convergence, computational complexity, and convergence 
speed. The feasibility of the solution and convergence speed 
have a trade-off. The trade-off between the two can he 
arrived at by utilizing a hyhrid rate in the hybrid penalty 
function. Local convergence can be guaranteed with as- 
sumptions such as local convexity of the problem space, in- 
creasing penalty parameter sequence, and the Lipschitz se- 
quences satisfy the termination condition (81, then it can be 
assumed that the local convergence is guaranteed. After the 
first phase, the local minimum regions are determined us- 
ing the peak determination algorithm. By applying the mul- 
tiple Lagrange multipliers to these subpopulation regions. 
the glohalness of a local solution can be improved. In addi- 
tion. this subpopulation scheme is inherently parallel so that 
the computation time will be greatly reduced if it is imple- 
mented on a parallel machine. To reduce the computational 
complexity, the constraint scaling techniques in Evolian is 
applied only after the first phase of Evolian 11, and subse- 
quent phases use the same constraint scaling factors. An- 
other reason for this is that if the constraints are scaled in 
subsequent phases, it will be difficult to determine the La- 
grange multipliers with differently scaled constraints while 
adapting themselves according to the constraint function. 
When multiple peaks are determined after the first phase, 
the different scaling factors are also set multiply for each 
peak in  the subpopulation regions. For faster computation, 
the constraint scaling factors are approximated as follows: 

Algorithm (Evolian 11) 
1. Initialization 

(8) (a) t + l ( t  indicates the phase number) 
(h) set Lagrange multipliers: 

X k j t ]  + O , k = l > . . . , r  
&It] + O , j = 1 , " ' : 7 ? 2  

(c) set a penalty parameter: st + SO 

(d) initialize the population for inner-loop EP 
2. While (not termination condition) do 

(a) execute EP for the augmented Lagrangian described 

where g:(?) = rnaz(yk(Z), -%) 
(h) if t = 1, execute determination algorithm 
(c) if t = 1, update multiple constraint scaling factors 

(d) update Lagrange multipliers for multiple peaks by: 
by (9) for multiple peaks 

X I [ t ]  + Xk[ t - l ]+ tS t - lY : (Z ' [ t~ l ] ) ;k  = 1 : " -  :1' 
p3[ t ]  + ~~[ t - l ]+€s l_ lh , (Z ' [ t - l ] ) , j  = 1 , " . : 7 7 L  

(e) update the penalty parameter 
(fit + t + 1 

Figure 5 :  Evolian I1 algorithm 

where 6 is a small positive number. with all these proper- 
ties, the overall procedure for Evolian I1 is implemented as 
follows: 

5 The Hybrid-grained Parallel Evolian 

Parallelization can he categorized into ( I )  global paral- 
lelization, (2) coarse-grained parallelization, and (3) fine- 
grained parallelization by the connection structure of pro- 
cessors [8][9][ IO]. Among these, coarse-grained and fine- 
grained parallelization are regarded to expect better perfor- 
mance utilizing the migration of individual between sub- 
populations. To enhance the performance, the hybrid- 
grained parallel scheme, by which two parallelizations are 
coupled with the best migr?tion method, was used in these 
experiments. In internal fine-grained model. the grid con- 
nection structure of suh-populations as shown in Figure 
6(a), which means that the recombination and the selection 
of individuals between suh-populations are done only in the 
neighborhood internally in a processor, was used to harmo- 
nize the exploration capability and exploitation capability. 
These fine-grained parallelized processors were connected 
externally by the coarse-graiced model to reduce the load 
of communication among processors, as shown in Figure 
6(b). Figure 7 shows the hybrid-grained parallel structure 
for 16 processors. 

6 Experiments 

The aim of this experiment is to minimize t l  while satis- 
fying all constraints. We defined the cost function as the 
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o;"lm@ E I.,,p"l",i,m Yvp"lrli,,n gin, processors hold data increases, show that each as value the numher of critical of parallel constraints Evolian tends 11 

Pop"l.li0" to he uniformly satisfied without being biased against any 
constraint. These experimental results show the good per- 

*Ipyl",i.m ,..yul.,im formance of Parallel Evolian I1 for optimization problems 
with complex parametric constraints. 

(a) (b) 

Figure 6: (a) The internally fine-grained connecrion struc- 
ture for I processor (h) The externally coarse-grained con- 
nection structure for 4 processors 

7 Conclusions 

The Stability Augmentation System for the pitching motion 
of F-I6 aircraft was designed to improve the stability while 
Parallel Evolian I1 was successfully applied to satisfy sev- 
eral constraints and to minimize the rising time t l .  Dur- 
ing the process, the nonlinear control techniques, feedback 
linearization and adaptive pole-placement were used effec- 
tively. Since the linearization and the optimization were 
done at four boundary points composing of the flighi enve- 
lope and the performance was good, we conclude that Par- 
allel Evolian I1 and the SAS have excellent performance for 
the problem of designing the aircraft controller with com- 
plex constraints. Further research work includes the test- 
ing of Parallel Evolian I1 on a larger and useful class of 
problems, and also on real-world domain optimization proh- 
lems. 

Figure 7: The hybrid-grained parallel structure for 16 pro- 
cessors 

output t ,  of the PI controller (the inputs 2, and xy of Evo- 
lian I 1  are gains Kq and IC,, and its output is t l ) .  Evolian 
I1 calls the cost function to evaluate each population and to 
minimize t l  to satisfy all constraints in every generation. 
These procedures were experimented, running with visual 
C++6.0. The parameters used in Evolian 11 were in the fol- 
lowing. The population size was 16, the max-generation 
number was 500 and the mutation method was a random 
generation using Gaussian distrihution. The stopping crite- 
ria was emor-tolerance by Evolian 11, the penalty-decreasing 
rate of y(z) was 0.5, and the penalty-decreasing rate of h ( x )  
was 5.0. 

Tahle I shows the optimization results of PI controller 
gains, rising time and constraints hy Evolian I1 and Paral- 
lel Evolian 11. The parameters used at each operating point 
are all the samc. Tahle I(a) shows optimization results by 
Evolian I1 using I processor and Parallel Evolian I1 using 4 
processors at A. B, F. and G points in flight envelope. As the 
generation increased, fitness value, t l  was minimized while 
satisfying all the constraints. As shown in Tahle I(a) and 
(h). hold data mean that results by Parallel Evolian I1 are 
better than those hy single Evolian 11 in respect of the con- 
verging capahility to an optimal solution. where deviations 
hetween the hest case and the worst case are smaller than 
those hy single Evolian. Tahle I(h) shows the optimization 
results hy Parallel Evolian I1 using I ,  4, and I6 processors at 
E point in the flight envelope, where finding optimal gains 
is not easy. Although the optimal gain was nor found at 
point E due to critical constraints u ) , ~ , ,  and the phase mar- 
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0.5 1 I750 
-3.603078 

K,, m. -3.603069 
w. -3.607824 
. 16.181598 
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(a) Results by Evolian II using I processor and Parallel EvolianIl using 4 processors at A, B, F, and G points in flight 
envelope. The fitness value, t l  was minimized satisfying all the constraints. 
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