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Abstract—In structural character recognition, a character is usually viewed as a set of strokes and the spatial relationships between

them. Therefore, strokes and their relationships should be properly modeled for effective character representation. For this purpose,

we propose a modeling scheme by which strokes as well as relationships are stochastically represented by utilizing the hierarchical

characteristics of target characters. A character is defined by a multivariate random variable over the components and its probability

distribution is learned from a training data set. To overcome difficulties of the learning due to the high order of the probability distribution

(a problem of curse of dimensionality), the probability distribution is factorized and approximated by a set of lower-order probability

distributions by applying the idea of relationship decomposition recursively to components and subcomponents. Based on the

proposed method, a handwritten Hangul (Korean) character recognition system is developed. Recognition experiments conducted on

a public database show the effectiveness of the proposed relationship modeling. The recognition accuracy increased by 5.5 percent in

comparison to the most successful system ever reported.

Index Terms—Pattern recognition, handwritten character recognition, stochastic relationship modeling, hierarchical character

representation, Hangul character recognition.
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1 INTRODUCTION

OFFLINE character recognition has been extensively
studied over the last few decades and, as a conse-

quence, many commercial OCR systems are available today.
On the other hand, handwritten character recognition
(HCR) is in an early stage, though its accuracy has increased
significantly in recent years. Due to its comparatively low
performance, it has been applied with restrictions to the size
of lexicon, restrictions on writing styles, etc. [1].

The main difficulty in achieving high-performance HCR
lies in absorbing various cursive variations in handwritten
characters. In other words, the pattern variations coming
from different writers and different writing instruments
should be dealt with. Both structural and statistical methods
can be used for this purpose. In general, structural methods
make use of the local structural information of character
patterns, i.e., strokes which are intuitive to human concep-
tion, and they may be robust to noise and geometrical
transformations. On the other hand, statistical methods
utilize the global statistical information of character patterns
and they are easy to implement in a systematic and
trainable manner. Although statistical features can be
measured in a multiresolution feature space [2], [3], they
are said to be global in the sense that they are usually
extracted and averaged in subimages such as meshes.

Recently, researchers have attempted to secure the merits
of both methods by combining them in the belief that a

more effective character description is possible by introdu-
cing a statistical method into a structural method, and vice
versa [4], [5], [6], [7], [8]. Our research also focuses on a
combining method in which strokes are represented in a
statistical manner.

In the combining approaches, a character is defined by a
set of strokes and the spatial relationships between them
(Fig. 1). Accordingly, character recognition makes use of
two kinds of information to classify a character, namely,
information about the strokes themselves and information
about the neighborhood relationships between the strokes.
Most previous research concentrated on the former and
gave little emphasis on the latter. The researchers simply
utilized heuristic measures such as interstroke features or
symbolic relationships to represent the neighborhood
relationships [9], [10], [11], [12]. However, these heuristic
measures are sensitive to noise in input data and, as a
result, they occasionally produce an unexpected result.
Moreover, in heuristic relationship modeling, robust auto-
matic model learning is difficult because of its ad hoc
characteristics.

Recently, some researchers recognized the importance of
the latter kind of information and proposed methods to
model the relationships stochastically [13], [14], [15]. They
represented a character with a joint probability distribution
over its strokes and approximated the distribution by a
product of conditional probability distributions, each of
which reflects the dependency or stochastic relationship
between strokes. In this paper, we define a dependency as a
relationship between some number of strokes wherein a
change to one of the strokes implies a potential change to the
others, and represent it by a conditional probability distribu-
tionover the strokes. Fig. 2 illustrates the importanceof such a
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relationship in character recognition. As a reversed L-shaped
stroke moves around, the resulting Hangul (Korean) char-
acter class changes abruptly.

Stochastic relationship modeling has a few advantages
over conventional heuristic modeling. First, it represents the
relationships in an explicit and stochastic manner. There-
fore, strokes as well as their relationships can be modeled in
a unified probabilistic framework. Second, it is system-
atically learnable from training data thanks to its stochastic
characteristic. Generally, data-driven approaches are favor-
able in the sense that all model parameters are trainable
from real data. In spite of these benefits, it shows some
limitations in its practical applications. Since the stroke of a
character has a complicated relationship with the other
strokes, a probability distribution of a high order is
demanded to represent the relationship and, thus, a huge
amount of training data and computation are needed to
estimate it. Such data are unavailable in many real-world
applications (a problem of probability estimation).

One of the approaches to alleviate this problem is a
sequential pattern recognition approach [3], [16]. In the
approach, the classification problem is considered as a
sequential decision process in which a classifier determines
a subset of total features sufficient to classify an input
pattern and makes a terminal classification decision only
based on them. Although this approach can relieve the
problem of probability estimation to a certain extent, it
inevitably has a trade off between accuracy and efficiency
because only partial features or information are utilized in
recognition.

Another approach is to impose restrictions on the
relationship structure of a character and to approximate

the high-order probability distribution with lower-order
probability distributions with the conditional independence
assumption or Markov assumption [14], [15], [17], [18]. Fig. 1c
shows an example. The most important point in this kind of
approximations is to reduce information loss during the
approximation as much as possible. That is, the relationship
structure should be carefully chosen to reduce approxima-
tion errors. However, it is well-known that finding the best
relationship structure is an NP-complete problem [18].

One alternative to selection of the relevant relationship
structure is utilizing an intrinsic hierarchical structure of
characters. Characters, especially of oriental character
systems such as Korean and Chinese, are comprised of
several components (named as radicals or graphemes) and
each component can be furthermore decomposed into
smaller subcomponents (Fig. 3). In this hierarchical char-
acter structure, there exist strong relationships between
strokes in the same component or subcomponent (within-
component stroke relationships), while there exist weak
relationships between strokes over different components
or subcomponents (between-component stroke relationships).
Based on these hierarchical characteristics, we can consti-
tute a good relationship structure by decomposing overall
stroke relationships into within-component and between-
component stroke relationships.

In this paper, we propose an efficient and effective
modeling scheme by which strokes as well as relationships
are represented by utilizing the hierarchical characteristics
of target characters. In the proposed method, a character is
stochastically defined by a multivariate random variable
over the components and its probability distribution is
factorized and approximated by a set of lower-order
probability distributions which represent components and
the stroke relationships between components. In the same
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Fig. 1. Stroke relationships in a character: (a) a Hangul character,
(b) relationships between strokes, and (c) a restricted relationship
structure.

Fig. 2. Importance of stroke relationships.

Fig. 3. Hierarchical character representation.
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way, components are represented by their subcomponents
and the stroke relationships between the subcomponents. In
other words, the proposed method approximates the high-
order stroke relationships in a character with lower-order
stroke relationships in its components and subcomponents.
Since the hierarchical character structure can be regarded as
the inherent structure of characters, the proposed method
can also reduce information loss during the approximation
more or less.

The rest of this paper is organized as follows: Section 2
describes a probabilistic framework in which strokes and
stroke relationships are represented. In Section 3, we
introduce a hierarchical character structure and propose a
method of utilizing the probabilistic framework in the
hierarchical structure. Then, a handwritten Hangul recogni-
tion system based on the proposed method is presented in
Section 4. Some experimental results are given in Section 5
and conclusions are made in Section 6.

2 STOCHASTIC MODELING OF STROKES AND

STROKE RELATIONSHIPS

In structural character recognition, a character is repre-
sented by its structural elements such as strokes or points
and the relationships between them. In this section, we
introduce a method to model the elements and their
relationships simultaneously in a probabilistic framework.

A character with a set of n elements, fSigni¼1 is stochasti-
cally defined by a random variable,M ¼ fS1; . . . ; Sng, which
is governed by a joint probability distribution P ðMÞ. In the
sense that all probabilistic contexts implied in the character
can be derived from the joint probability distribution, M is
said to be governed by P ðMÞ. For example, a probability
distribution of an individual element, i.e., P ðSiÞ, as well as
dependencies between elements like P ðSijSj; SkÞ, can be
deduced from P ðMÞ. When Sis are strokes, we may define
each P ðSiÞ using distributions over position, length, and
slope of Si, and P ðSijSj; SkÞ by conditional distributions over
position, length, and slope ofSi given those ofSj andSk. Fig. 4
illustrates an example of the dependencies between strokes.
In the numeral “7,” the length and slope of a stroke S3 are
highly dependent on those of the other two strokes,S1 andS2,
and when S1 and S2 are slant, S3 is also likely to be slant, and
vice versa.

The central problem of this stochastic character modeling
is how to estimate the n-dimensional probability distribution
from a finite amount of training data. It has been an
important problem in designing information systems from
the beginning of information science due to the insufficient
availability of training data and limited computation [19].
To our knowledge, there seems to be no systematic and

optimal solution to the problem in a general case. Instead, a
few attempts have been made to find its approximate
solution [19], [20].

Generalizing these approximation approaches, the high-
dimensional joint probability distribution P ðMÞ can be
approximated as follows:

P ðMÞ ¼ P ðS1Þ
Yn
i¼2

P ðSijS1; . . . ; Si�1Þ

�
Yn
i¼1

P ðSijNðSiÞÞ;
ð1Þ

where NðSiÞ is a set of elements on which Si is dependent,
which is referred to as neighbors of Si and each conditional
probability distribution, P ðSijNðSiÞÞ, describes the depen-
dency of Si on its neighbors, namely, a change in the
distribution of Si according to its neighbors. That is, both
strokes and their dependencies on their neighbors are
stochastically modeled by the conditional probability
distributions, which are therefore referred to as dependency
probability distributions. Boundary conditions for the product
approximation in (1) to be permissible as a probability
distribution are found in [19].

In this stochastic framework, dependency probability
distributions are intrinsically of a high order because an
element is more or less dependent on all the other elements
except itself and the problem of probability estimation
remains unsettled. Therefore, some restrictions or assump-
tions should be imposed on the neighborhood to alleviate
the problem.

One solution is to limit the order of the neighborhood to
a low order. As shown in [14], [19], [20], a set of kth-order
neighborhoods can be systematically defined in the sense of
mutual information maximization. This solution is effective
when the order of P ðMÞ, i.e., n, is small. On the contrary, as
n becomes larger, it may suffer from several problems such
as insufficient training data, high computational complex-
ity, and increases in approximation errors. That is, when the
order of the neighborhood, i.e., k, is large, a great deal of
training data and computation are needed to estimate the
dependency probability distributions. On the other hand,
when k is small, the approximation error of the solution
gradually increases due to the limitations of a low-order
distribution in representing a high-order dependency.

Another solution is to presume a known parametric form
of the dependency probability distributions such as a
Gaussian density [15], [21]. By assuming the underlying
form of the distributions, the number of model parameters
decreases to a manageable size and the distributions can be
estimated from a comparatively small amount of training
data. Nevertheless, this solution also suffers from the same
problem as the first solution because the underlying
assumption may be overridden as n becomes larger.
Therefore, in this solution as well, the relationship structure
or dependency structure must be carefully selected in order
that the assumption may be valid.

3 HIERARCHICAL, STOCHASTIC CHARACTER

MODELING

For the stochastic character modeling to be effective, it is
important to find a relevant dependency structure between
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Fig. 4. An example of stroke dependencies.
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strokes. However, it is well-known that finding the best
dependency structure is an NP-complete problem [18]. In
this section, as an alternative to this problem, we propose a
modeling scheme in which dependencies between strokes
are represented by utilizing the hierarchical characteristic of
characters.

3.1 Hierarchical Character Structure

Characters, especially of oriental character systems such as
Korean and Chinese, can be represented in a more efficient
form using the hierarchical characteristics of the character
systems [7], [22], [23]. In this paper, we take up a 4-layer
hierarchy where characters, components, subcomponents,
and basic strokes are located at each layer (Fig. 3).

At the top layer, characters are located and represented
by their constituents called components. Simple characters,
such as alphanumeric characters, consist of only one
component, whereas complex characters, such as Korean
and Chinese characters, are comprised of several compo-
nents. At the second layer, components are placed and
represented by their constituents called subcomponents. At
the last two layers of the hierarchy, subcomponents and
basic strokes are positioned in order. Conventionally,
subcomponents or complex strokes are defined as fre-
quently used combinations of basic strokes by analyzing the
shape of character patterns and basic strokes are intuitively
defined and grouped into horizontal strokes, vertical
strokes, right-slanted strokes, left-slanted strokes, loops,
etc. In this paper, we define a stroke as a basic stroke
because there is no concept of pen-on and pen-off in offline
character recognition.

3.2 Hierarchical Character Representation

In the hierarchical character structure, there exist strong
relationships between strokes in the same component or
subcomponent, while there exist weak relationships be-
tween strokes over different components or subcomponents
(Fig. 5). In this section, we describe the method of
decomposing stroke relationships in a character into stroke
relationships within and between components and sub-
components based on these hierarchical characteristics.

Hereafter, we use mathematical notations, M, C, G, and
S, to indicate characters, components, subcomponents, and
strokes, respectively. Using these notations, each character
can be described as follows:

M ¼ fC1; . . . ; CjMjg
Ci ¼ fGi1; . . . ; GijCijg
Gij ¼ fSij1; . . . ; SijjGijjg;

where 1 � i � jMj, 1 � j � jCij, and jMj, jCij, and jGijj are the
numbers of components of M, subcomponents of Ci, and

strokes ofGij, correspondingly. Also, we use capital letters to
indicatemodels and lowercase letters to data. For example,m
is a sample or an instance of a character modelM.

A character M that is composed of jMj components, C1,
. . . , CjMj, is represented collectively by a joint probability
distribution P ðC1; . . . ; CjMjÞ and the joint distribution can be
represented by a product of jMj probability distributions as
follows:

P ðMÞ ¼ P ðC1; . . . ; CjMjÞ ¼
YjMj

i¼1

P ðCijNðCiÞÞ; ð2Þ

whereNðCiÞ¼fC1; . . . ; Ci�1g for1< i � jMjandNðC1Þ ¼ fg.
By multiplying and dividing

QjMj
i¼1 P ðCiÞ to the right-

hand side of (2), we arrive at (3).

P ðC1; . . . ; CjMjÞ ¼
YjMj

i¼1

P ðCiÞ � PBðC1; . . . ; CjMjÞ ð3Þ

PBðC1; . . . ; CjMjÞ �
YjMj

i¼1

P ðCijNðCiÞÞ
P ðCiÞ

: ð4Þ

Each term on the right-hand side of (3) can be interpreted as
stroke relationships within and between components. That
is, P ðCiÞ can be regarded as the stroke relationships within
a component Ci, while P ðCijNðCiÞÞ

P ðCiÞ can be regarded as the
stroke relationships between a component Ci and its
neighbor components, which are normalized by P ðCiÞ.
Consequently, the stroke relationships in a character can be
decomposed into the stroke relationships within and
between its components (Fig. 5).

In (3), each P ðCiÞ can be viewed as representing a
component Ci and each component can be recursively
represented by its subcomponents in the same way.

P ðCiÞ ¼
YjCij

j¼1

P ðGijÞ � PBðGi1; . . . ; GijCijÞ

PBðGi1; . . . ; GijCijÞ ¼
YjCij

j¼1

P ðGijjNðGijÞÞ
P ðGijÞ

:

Equivalently, each subcomponents can be represented by
its constituents, i.e., strokes as follows:

P ðGijÞ ¼
YjGijj

k¼1

P ðSijkÞ � PBðSij1; . . . ; SijjGijjÞ

PBðSij1; . . . ; SijjGijjÞ ¼
YjGij j

k¼1

P ðSijkjNðSijkÞÞ
P ðSijkÞ

:

Consequently, a character is represented collectively by
its strokes and relationships between its constituents such
as components, subcomponents, and strokes in a unified
probabilistic framework utilizing the hierarchical character-
istics of characters. In this framework, the complexity of
each stroke models is very small compared to that of a
character model. Also, the relationships between constitu-
ents can be approximated by low-order dependency models
because they are weak relative to the stroke relationships
within the constituents. Therefore, the overall complexity of
a character model can be considerably reduced with a
reasonable assumption. In this paper, the complexity of a
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Fig. 5. Decomposition of stroke relationships: (a) a Hangul character,
(b) relationships between strokes, and (c) relationships within and
between components.
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model is defined as the maximum order of probability
distributions which are needed to represent the model.

From the viewpoint of modeling, each stroke can be
modeled by any stochastic stroke modeling methods such
as random graph-based stroke modeling [7], [22], stochastic
stroke modeling with an assumption of a Gaussian
distribution [14], Bayesian network-based stroke modeling
[15], etc. On the other hand, modeling of the relationships
between constituents is so complicated that it will be
handled in detail in the next section.

3.3 Modeling of Dependencies between
Constituents

In this section, we describe a method to approximately
model the dependencies between constituents such as
components, subcomponents, and strokes. We explain the
method with a case of the dependencies between compo-
nents for explanatory easiness. The method applies to the
other cases in the same way.

3.3.1 Feature-Point-Based Global Dependency

Modeling

The complexity of the dependencies between components,
i.e., PBðC1; . . . ; CjMjÞ in (4), is the same as that of P ðMÞ. As a
result, the problem of probability estimation still exists in
the proposed framework. Fortunately, the dependencies
between strokes over components are relatively weak and
this characteristic can be utilized to reduce the complexity.

Based on the hierarchical characteristics of characters, we
model the dependencies between components approxi-
mately by a global dependency between feature points of
the components. In other words, the stroke dependencies
over the components are roughly described by the spatial
relationships between their feature points including end
points, bending points, crossing points, T-junction points,
etc. (Fig. 6).

PBðC1; . . . ; CjMjÞ ¼
YjMj

i¼1

P ðCijNðCiÞÞ
P ðCiÞ

�
YjMj

i¼1

P ðF ðCiÞjF ðNðCiÞÞÞ
P ðF ðCiÞÞ

;

ð5Þ

where F ðCiÞ is a set of feature points of Ci, that is,

F ðCiÞ ¼ fC1
i ; . . . ; C

nci

i g
F ðNðCiÞÞ ¼

[
Ck2NðCiÞ

F ðCkÞ;

where Cj
i s are the feature points of Ci and nCi

is the number
of the feature points of Ci.

The distributions on the right-hand side of (5) are further

expanded by using a chain rule P ð�; �Þ ¼ P ð�ÞP ð�j�Þ.

P ðF ðCiÞÞ ¼ P ðC1
i Þ

Ynci

j¼2

P ðCj
i jC1

i ; . . . ; C
j�1
i Þ ð6Þ

P ðF ðCiÞjF ðNðCiÞÞÞ ¼ P ðC1
i jF ðNðCiÞÞÞ�

Ynci

j¼2

P ðCj
i jC1

i ; . . . ; C
j�1
i ; F ðNðCiÞÞÞ: ð7Þ

Consequently, the dependencies between components
are approximated by a product of the dependencies
between feature points of the components. Each of the
point dependencies in the above equations is modeled by
linear-regression based dependency modeling, which will
be explained later on.

3.3.2 Modeling of Point Dependencies

The dependencies between feature points in the form of
P ðXjY1; . . . ; YkÞ in (6) and (7) are modeled by linear-
regression-based dependency modeling [21].

The linear-regression-based dependency modeling can
be summarized as follows: Let X be a feature point and be
dependent on k feature points, Y1; . . . ; Yk. Then, its
coordinate can be estimated by a linear combination of
the coordinates of Yis with some white Gaussian noise
added and a conditional probability distribution of X given
Yis is specified by a Gaussian distribution due to the
Gaussian noise term.

Ef~XXg ¼ ~��þ
Xk
i¼1

Bi
~YiYi ð8Þ

fð~xxj~y1y1; . . . ; ~ykykÞ ¼

ð2�Þ�
n
2j�j�

1
2exp � 1

2
ð~xx�~vvÞT��1ð~xx�~vvÞ

� �
; ð9Þ

whereBis are the regressionmatrices and~vv ¼ ~��þ
Pk

i¼1 Bi~yiyi.

Here, a conditional probability distribution P ðXjY1; . . . ; YkÞ
can be obtained from (9)with the help of a definite integral. In

addition, all the model parameters for the linear-regression-

model can be automatically estimated from training data

using an MLE (maximum likelihood estimation) technique [21].
Fig. 7 shows an example of linear-regression-based

dependency modeling. Given that X and Yis correspond
to the feature points of a numeral “7,” the linear-regression
based dependency modeling can be viewed as predicting
the position of X from the previous feature points, Yis. That
is, the conditional probability P ðX ¼ xjY1 ¼ y1; Y2 ¼ y2;

Y3 ¼ y3Þ tells with what probability X will be located at
the position of x.
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Fig. 6. Feature-point-based dependencymodeling between components.

Fig. 7. Linear-regression-based modeling of point dependencies.
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3.4 Analysis of Hierarchical, Stochastic Character
Representation

In the previous sections, we developed the hierarchical,
stochastic character representation, the primary goal of
which is to alleviate the problem of probability estimation,
i.e., lack of training data in the stochastic character
modeling. Using the proposed representation allows all
model parameters to be estimated from a comparatively
small amount of training data with manageable complexity
for the following reason: The number of model parameters
is greatly reduced by decomposing and approximating the
stroke relationships in a character. According to (3), (4), (5),
(6), (7), (8), and (9), a probability distribution of high order
for a character is factorized into probability distributions of
much lower order for components and probability distribu-
tions which are the approximation of intercomponent
relationships with a Gaussian assumption. Additionally,
component-based approaches as the proposed method are
favorable because training data for components are more
plentiful than those for characters. In the oriental character
systems such as Hangul and Chinese, many characters
share some components. Especially, Hangul characters are
constructed by combining only 24 components.

The proposed representation has a few advantages over
the previous stochastic character representations and
conventional character representations. First, it represents
the stroke relationships in a character explicitly in a
probabilistic framework with intuitive hierarchical charac-
teristics of characters. Second, it is able to represent global
features such as components and subcomponents, while
traditional stroke-based character representation focuses
only on local stroke features. Therefore, a conceptually high
level of character descriptions is possible. Finally, both
global stroke relationships between constituents and local
stroke relationships within constituents are explicitly mod-
eled in our method. This characteristic can make the
character modeling more robust because they are mutually
supplementary.

4 HIERARCHICAL HANGUL CHARACTER

RECOGNITION SYSTEM

Based on the hierarchical, stochastic character representa-
tion, a Hangul character recognition system has been
developed. To promote understanding of Hangul character
recognition, we first introduce the characteristics of Hangul
characters and difficulties of their recognition and then
proceed to the explanation of our system.

4.1 Introduction to Hangul Character Recognition

Hangul, one of several invented alphabets in the world, was
intended to have a hierarchical structure. Hangul characters
(syllables) are composed of two to four components
(graphemes) and they are classified into six types according
to the form of grapheme composition (Fig. 8). For each

character type, graphemes are named as first consonant
(FC), vertical vowel (VV), horizontal vowel (HV), or last
consonant (LC) on the basis of their shape and relative
locations in a character (Fig. 9). There are 24 basic
graphemes in Hangul and they constitute 44 complex
graphemes and 11,172 syllables in all.

Since a Hangul character consists of several graphemes,
the difficulty of Hangul character recognition can be
compared to that of English word recognition, which is
known to be a difficult task. In Hangul, furthermore, the
existence of many character classes of similar shape and
touching between graphemes make the recognition more
difficult. In particular, the touching between graphemes
varies because Hangul graphemes are composed on a two-
dimensional space, whereas Roman alphabets are com-
posed in left-to-right order. Fig. 10 shows some examples of
the Hangul character recognition. Fig. 10a indicates input
images and their true labels and Figs. 10b, 10c, 10d, 10e, and
10f indicate five interpretations for the corresponding input
images. Each interpretation represents both the results of
grapheme segmentation and recognition in gray and label,
respectively. We can see from these examples that the input
image is matched to several character classes of similar
shape and that a small change in an interpretation results in
another character class.

4.2 Hierarchical Hangul Character Representation

In our system, a 3-layer hierarchy was adopted in which
characters, components (graphemes), and subcomponents
are located in order. To reduce the modeling endeavor, the
basic stroke layer in the 4-layer hierarchy was merged into a
subcomponent layer.

4.2.1 Subcomponent Modeling

Analyzing the shape of Hangul characters, 47 frequently
used combinations of basic strokes were defined as
subcomponents. Subcomponents include basic strokes for
the completeness of the system, in other words, in order
that every character can be constructed by combining
subcomponents. Each subcomponent is modeled by an
extended random graph [7], one of the stochastic stroke
modeling methods. In an extended random graph, each
random vertex corresponds to a feature point such as the
end point, bending point, crossing point, or T-junction point
and it models the angle differences between pairs of the
strokes incident from the feature point. On the other hand,
each random edge models a basic stroke, i.e., the distance
and direction between two feature points. Consequently, an
instance of the extended random graph is an attributed
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Fig. 8. Six types of grapheme composition rules.

Fig. 9. Hangul graphemes.
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graph in which vertices and edges are labeled with
quantized angles and lengths. The output probability of
an attributed graph g ¼ ðVA;EAÞ for an extended random
graph G ¼ ðVP ;EP Þ is defined as follows:

P ðG ¼ g; IGÞ �
Y

�i2VP ;vi2VA

P ðvi ¼ �ð�iÞÞ�
Y

Sj2EP ;sj2EA

P ðsj ¼ �ðSjÞj�Þ;
ð10Þ

where IG ¼ ð�; �Þ is an isomorphism from G to g and P ðvi ¼
�ð�iÞÞ and P ðsj ¼ �ðSjÞj�Þ are probabilities that random
variables �i and Sj will produce the attributes encoded at vi
and sj, respectively. Fig. 11 shows an example of a
subcomponent model and its instances.

4.2.2 Component Modeling

In Hangul, 44 components or graphemes are sufficient to
constitute all characters (Fig. 9). However, handwritten
Hangul graphemes have large structural variations and a
single grapheme model cannot deal with them. Therefore,
we constructed multiple models for a grapheme by
identifying such structural variations from training data
(Fig. 12). Grapheme models consist of one to eight
subcomponent models.

A grapheme model consists of several subcomponent
models and its instance is generated by combining instances
of the subcomponent models. The output probability of a
grapheme instance c ¼ fg1; . . . ; gjCjg for a grapheme model
C ¼ fG1; . . . ; GjCjg is defined by (3) as follows:

P ðC ¼ c; ICÞ ¼
YjCj

i¼1

P ðGi ¼ giÞ�

PBðG1 ¼ g1; . . . ; GjCj ¼ gjCjÞ;
ð11Þ

where IC is an isomorphism from C to c, that is, a
correspondence between gis and Gis. In this equation,
P ðGi ¼ giÞs are calculated by summing output probabilities
in (10) over all possible mappings from Gi to gi and
PBðG1 ¼ g1; . . . ; GjCj ¼ gjCjÞ is modeled and calculated by
the feature-point based global dependency modeling. The
feature points of a grapheme instance are recursively
defined by the feature points of its subcomponent instances
(Fig. 13).

4.2.3 Character Modeling

Characters are modeled in a similar way to the grapheme
modeling. A character model is comprised of several
grapheme models and its instance is generated by combin-
ing instances of the grapheme models. The output prob-
ability of a character instance m ¼ fc1; . . . ; cjMjg for a
character model M ¼ fC1; . . . ; CjMjg is defined as follows:

P ðM ¼ m; IMÞ ¼
YjMj

i¼1

P ðCi ¼ ciÞ�

PBðC1 ¼ c1; . . . ; CjMj ¼ cjMjÞ;
ð12Þ
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Fig. 10. Segmentation and recognition of Hangul characters: (a) input images and their true labels and (b)-(f) interpretations of input images.

Fig. 11. Subcomponent modeling: (a) an extended random graph and

(b) its instances.

Fig. 12. Construction of multiple grapheme models: (a) various structural

forms of a grapheme and (b) corresponding grapheme models.
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where IM is an isomorphism from M to m, i.e., a
correspondence between cis and Cis. In this equation,
P ðCi ¼ ciÞs are calculated by summing the output prob-
abilities in (11) over all possible mappings from Ci to ci and
PBðC1 ¼ c1; . . . ; CjMj ¼ cjMjÞ is modeled and calculated by
the feature-point-based global dependency modeling.

In character modeling, the feature points of a character
instance may be recursively defined by the feature points of
its grapheme instances as in grapheme modeling. However,
it is time-consuming to use all of the feature points because
most of them are redundant in representing the global
dependency between grapheme instances. Therefore, for
each character class, we selected a set of feature points from
all possible feature points and used them to represent the
global dependency (Fig. 14).

4.3 Hierarchical Hangul Character Recognition

In the hierarchical Hangul character representation, char-
acter recognition is formulated as a problem that finds a
character model M̂M that maximizes a posteriori probability
given an input attributed graph X.

M̂M ¼ argmaxMP ðMjXÞ ¼ argmaxM
P ðXjMÞP ðMÞ

P ðXÞ :

The model likelihood P ðXjMÞ is defined using (12) as
follows:

P ðXjMÞ �
X

ðm;IM Þ
P ðM ¼ m; IMÞP ðX �m ¼ noiseÞ;

where ðm; IMÞ is a matching from X to M, X �m is an
induced subgraph of X by m, and P ðX �m ¼ noiseÞ is a
probability that the induced subgraph is noise. The induced
subgraph of X by m is the subgraph obtained from X by
deleting the edges ofm. The subgraph indicates a part of the
input that does not participate in thematching ðm; IMÞ. In this
case, a penalty is assessed by means of P ðX �m ¼ noiseÞ.

Deciding noisiness of an input stroke is a hard problem
because the decision should be based on the cognitive
contexts. In this paper, a heuristic penalty that is exponential
to the length of unmatched arcs is assessed, that is, P ðX �
m ¼ noiseÞ is assumed to have an exponential distribution
over the length of the unmatched input arcs. In Hangul, an
input attributed graph can be interpreted as several character
classes with some input arcs unmatched (Figs. 10 and 15).
Adopting an exponential distribution as a penalty has an
effect of lowering the matching probabilities of such inter-
pretations on a large scale and prohibiting too many input
strokes from being unmatched in the interpretations.

4.4 Recognition Process

Fig. 15 illustrates the overall recognition process. The
recognition process consists of four stages—attributed
graph construction, subcomponent extraction, grapheme
matching, and character matching, in order. First, an
attributed graph is constructed from an input character
image. Second, subcomponents are extracted from the
attributed graph using a technique of subgraph isomorph-
ism. Third, grapheme instances and character instances are
successively generated by combining subcomponents and
grapheme instances, respectively. Finally, a character
instance with the maximum a posteriori probability is
selected among the character instances as a recognition
result.

4.4.1 Attributed Graph Construction

An input character image is converted to an attributed graph
through skeletonization, stroke extraction, graph construc-
tion, andattribute labeling. First, the input image is thinned to
one-pixel width. It is generally known that skeletonization or
thinning often distorts the shape of a character and that the
thinning distortion makes stroke extraction inconsistent. In
our system, a gray-scale skeletonization algorithm was
adopted to reduce the thinning distortion [24].

Second, strokes are extracted from the thinned image. In
most applications, a stroke is defined as a sequence of
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Fig. 13. Grapheme modeling: (a) a grapheme model, (b) its subcompo-

nent models, and (c) its instance and feature points.

Fig. 14. Character modeling: (a) a character model, (b) its grapheme

models, and (c) its instance and selected feature points.

Fig. 15. Recognition process.
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collinear line segments that are located between two feature
points, for example, the end point, bending point, crossing
point, or T-junction point. However, for several reasons,
including the thinning distortion, a definition of the
colinearity between line segments becomes indefinite and
the stroke extraction process is sensitive to noise. Therefore,
in this step, we only extract linear line segments themselves
and deal with the problem of colinearity in the next stage of
subcomponent extraction using multiple-to-one edge
matching.

Third, a graph is constructed by assigning the extracted
line segments and their end points to the edges and vertices
of the graph, respectively. Finally, an attributed graph is
constructed by labeling the vertices and edges of the graph
with some attributes. Each vertex is labeled with the joint
angles between pairs of its incident edges and each edge is
labeled with the length and direction of its corresponding
line segment. Angles and directions are quantized to
16 levels and lengths are normalized by a character height
and quantized to 12 levels.

4.4.2 Subcomponent Extraction

Subcomponent instances are extracted from the input
attributed graph using subgraph isomorphism. All con-
nected subgraphs of the attributed graph are matched to all
subcomponent models and only the subgraphs with a
sufficiently high matching probability are stored in a
candidate pool. The details of the subgraph isomorphism
algorithm are found in [7]. General subgraph isomorphism
was modified in order that multiple-to-one edge matching
is possible.

4.4.3 Grapheme and Character Matching

In the stage of grapheme matching, instances of a grapheme
model are generated by combining subcomponent instances
that correspond to its subcomponent models (Fig. 16). After
that, instances of a character model are generated by
combining instances of its grapheme models. Finally, a
character instance with the maximum a posteriori prob-
ability is selected from the generated character instances as
a recognition result.

5 EXPERIMENTS

As an application of the proposed hierarchical, stochastic
character representation, we developed a Hangul character
recognition system, which was explained in Section 4. To
evaluate its performance, some experiments were con-
ducted on a KU-1 database [25]. The database consists of
1,000 sets of the 520 most frequently used Hangul character
classes and each set contains 520 unconstrained character
patterns that are handwritten by one person. Some
examples are shown in Fig. 17.

Among the database, the first 200 sets were used for
training. To train grapheme and subcomponent models,
character patterns should be segmented into grapheme
patterns and then into subcomponent patterns in advance.
However, the segmentation is a laborious job. To solve this
problem, we used an embedded training technique which is
based on an EM (expectation and maximization) algorithm
[26]. First of all, model parameters or probability distribu-
tions of subcomponent, grapheme, and character models
are initialized. The initial values can be given manually by
human knowledge or systematically from existing models.
After the initialization, expectation and maximization steps
are alternated until the parameter estimates converge. In the
expectation step, each character pattern is matched to the
hierarchical character model of its true class to find the
possible segmentations of the character pattern, given the
current model parameters. In the maximization step, the
new ML (maximum likelihood) estimates of the parameters
are obtained using the segmentation results. The details of
the MLE algorithms for subcomponent models and linear-
regression-based dependency models are explained in [7]
and [21], respectively.

For testing, recognition experiments were conducted on
another 100 sets of the KU-1 database. Although we have
already analyzed the hierarchical character representation
in comparison with other stochastic modeling methods in
Section 3, we also compared the performance of the
proposed system with that of a random graph-based system
[7], the most successful system ever reported, in order to
ensure fairness. The random graph-based system is also
based on a hierarchical character representation and it
differs from the proposed system in dependency modeling.
The random graph-based system uses reference-point-
based heuristic dependency modeling, while the proposed
system uses feature-point based stochastic dependency
modeling. The results are summarized in Table 1. Since
our approach is grapheme-based, all Hangul characters can
be recognized, although they are not in the training data,
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Fig. 16. Grapheme and character matching: (a) a grapheme model and

its instance and (b) a character model and its instance.

Fig. 17. Samples in a KU-1 database.

TABLE 1
Performance Comparison between a

Random Graph-Based System and the Proposed System
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only if the graphemes are included. Modern Hangul
language consists of 11,172 character classes and only
2,350 classes among them are popularly used. When target
characters were restricted to 520 classes, 90.3 percent of
recognition rate was obtained and 87.7 percent of recogni-
tion rate was achieved when target characters were
restricted to 2,350 classes. According to these results, the
recognition rates increased by about 4.2 percent and
5.5 percent correspondingly as the stochastic dependencies
were considered. The performance of the proposed system
is at par with or outperforms other statistical methods such
as hidden Markov Models [27] and k nearest neighbor
classifiers [28]. The recognition rates of the individual
statistical classifiers were reported as less than 80 percent
on the KU-1 database even though much more accuracy can
be obtained by combining several classifiers [27].

Fig. 18 shows some examples that were corrected as the
global stochastic dependency modeling was introduced.
Since the random graph-based system tends to recognize a
character by accentuating local characteristics of the
character, some character images were misclassified into
other classes with good local correspondences, but com-
paratively poor global correspondences to the images. On
the other hand, the proposed system could avoid such
mistakes by modeling global dependencies. The examples
of Fig. 19 show that the proposed method can effectively
represent the global dependencies between the graphemes.

Figs. 19a and 19b show the recognition and segmentation
results of the random graph-based system and the proposed
system, respectively. Although each segmented grapheme
patterns looks like a typical pattern of its grapheme class,
their combinations do not form typical character patterns in
the random graph-based system. However, it is not the case
with the proposed system. By stochastically modeling the
spatial relationships between graphemes, the proposed
system could find the correct recognition results.

We have also investigated the sources of misclassifica-
tion by analyzing about 1,500 misclassified data. Fig. 20
shows some images misclassified in the proposed system.
The main sources of errors are as follows in the order of
importance:

. Ambiguous patterns: In Hangul, there exist a large
number of confusing character classes, as seen in
Figs. 10, 18, and 20. Also, various cases of grapheme
touching in handwriting make the discrimination
very hard.

. Insufficient dependencymodeling: For good dependency
modeling, the variance � in (9) should be sufficiently
small because the smaller it is, the less the uncertainty
with which the position of X can be estimated from
Yis. That is, the global shape of patterns can be well
modeled when the variance is small. However, a
detailed analysis of our system showed that some
grapheme models had large variances. As a result,
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Fig. 18. Correctly recognized samples in the proposed system: (a) input images, (b) attributed graphs, (c) results of a random graph-based system,

and (d) results of the proposed system.
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somegrapheme instances of a true labelwerematched
with low probabilities, while some grapheme in-
stances of a wrong label were matched with high
probabilities. This problem seems to be due to the
various cursive variations of handwritings and a
limitation of the linear-regression-based dependency
modeling.Therefore,more endeavors shouldbemade
in modeling dependencies between subcomponents
to deal with these cursive variations in the future.

. Preprocessing errors: While the proposed stroke
analysis yields a probability to facilitate combination
with other analysis results, it suffers from preproces-
sing errors such as thinning distortion, stroke over-

lapping, and missing segmentation points. Even
though we have applied a grayscale skeletonization
algorithm to overcome these problems, this category
of errors still occupies a large portion of total errors.

Another practical problem of the proposed system is its
high computational complexity. The complexity is mainly
due to the subgraph isomorphism algorithm used in
subcomponent extraction and the candidate combination
process in grapheme and character matching. Currently,
average processing time for a Hangul character is about
0.44 seconds on an AMD Athlon 1.8GHz system.

6 CONCLUSION

In this paper, the concept of stochastic character modeling
was introduced and formulated for structural character
recognition, where strokes as well as their relationships are
represented in a unified probabilistic framework. Also, the
hierarchical, stochastic character representation was pro-
posed to overcome the problem of probability estimation in
the stochastic character modeling. Since the stochastic
character modeling needs to estimate joint probability
distributions of a high order from limited training data, it
suffers from the problem of probability estimation in many
practical applications. The proposed method alleviated this
problem by utilizing the hierarchical characteristics of target
characters.

Based on the proposed character representation, a
Hangul character recognition system was developed. The
recognition experiments conducted on a public database
showed that the proposed method can effectively represent
strokes and their relationships. As a result, the recognition
accuracy increased by 5.5 percent in comparison to the most
successful system ever reported. Future work will include
more indepth studies on the dependency modeling between
subcomponents to absorb the various cursive variations in
the handwriting of different individuals.
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Fig. 19. Advantages of stochastic dependency modeling: (a) results of
heuristic dependency modeling and (b) results of the stochastic
dependency modeling.

Fig. 20. Misclassified samples in the proposed system: (a) input images, (b) attributed graphs, (c) results of a random graph based system, and

(d) results of the proposed system.
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